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Abstract: In graph theory, the decomposition problem of graphs is a very important topic.
Various types of decompositions of many graphs can be seen in the literature of graph theory.
This paper gives a Hamilton Cg-bowtie decomposition of the complete multi-graph AK,,.
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1. Introduction

Let K, denote the complete graph of n vertices. The complete multi-graph AK,, is the complete
graph K, in which every edge is taken A times. Let Cy be the k-cycle (or the cycle on k vertices).
The Cg-bouwtie is a graph of 2 edge-disjoint Ci’s with a common vertex and the common vertex is
called the center of the Cy-bowtie. In particular, a Ci-bowtie satisfying n = 2(k — 1) + 1 is called
the Hamilton Ci-bowtie because the Ci-bowtie spans AK,,.

When AK, is decomposed into edge-disjoint sum of Hamilton Ci-bowties, we say that AK,, has
a Hamilton Cy-bowtie decomposition. This Hamilton Ci-bowtie decomposition of MK, is called a
Hamilton Cj-bowtie design.

In this paper, it is shown that the necessary condition for the existence of a Hamilton Ci-bowtie

decomposition of AK, is (i) n=2(k — 1) + 1 and (ii) A = 0 (mod k) for odd k, A = 0 (mod 2k)
for even k. Decomposition algorithms are also given.



It is a well-known result that K, has a C3 decomposition if and only if n = 1 or 3 (mod 6). This
decomposition is known as a Steiner triple system. See Colbourn and Rosa[2] and Wallis[15].
Hordk and Rosa[3] proved that K, has a Cs-bowtie decomposition if and only if » = 1 or 9 (mod
12). This decomposition is known as a C3-bowtie system. For combinatorial designs, see [1,4,5,15].
Another type of foil-decompositions, see [6-14].

2. Hamilton Ci-bowtie decomposition of \K,

Notation. We consider the vertex set V of AK,, as V = {1,2,...,n}. We denote a Hamilton
Ci-bowtie passing through vy — va — V3 — ... — U — V1, U] — Vg1 — Vg2 — ... — V2k—1 — V1 DY
(U]_, V2, U3, -y Uk) U (Uh Vk+15 Uk+2 ++-5 U2k—1)-

Theorem 1. If AKX, has a Hamilton Ci-bowtie decomposition, then (i) n = 2(k — 1) + 1 and (ii)
A =0 (mod k) for odd k, A =0 (mod 2k) for even k.

Proof. When n = 2(k — 1) + 1, suppose that AK,, is decomposed into b Hamilton Cjy-bowties.
Then b= An(n — 1)/4k = M2k — 1)(k — 1)/2k. Thus, A =0 (mod k) for odd k, A = 0 (mod 2k)
for even k.

Theorem 2. If MK, has a Hamilton Cp-bowtie decomposition, then (sA)K, has a Hamilton
Ci-bowtie decomposition for every s.
Proof. Obvious. Repeat s times the Hamilton Ci-bowtie decomposition of AK,,.

Theorem F. Let p be prime and a be integer. Then a” = a (mod p).

Corollaly F1. Let p be prime and (a,p) = 1. Then a®~! = 1 (mod p).

Corollaly F2. Let p be prime and (a,p) = 1. Then sa?~} =5 (mod p) for 1 <s <p— 1.
Definition. When sa” ™! = s (mod n), let a; = sa’ ' modn (i =1,2,..,n)for 1 < s <n - 1.
Find the first ¢ (¢ = 2, 3,...,n) such that a; = s. Put the i be L.

Then the sequence a; (= s), az(= sa), az(= sa?), ..., ar(= s) is called an L-orbit starting s.

When there exist (n — 1) L-orbits starting 1,2, ...,n— 1, we say that n admits L-orbits.

Note. Let p be prime. It is a widely known result that p admits p-orbits and that a is called a
primitive root w.r.t. mod p. In particular, the least a denoted g is called the least primitive root
w.r.t mod p.

Example 1. (p, g) table.

(p,g) = (2,1), (3,2), (5,2), (7,3), (11,2), (13,2), (17,3), (19,2), (23,5), (29, 2), (31, 3), (37,2),
(41,6), (43, 3), (47,5), (63, 2), (59, 2), (61, 2), (67, 2), (71, 7), (73,5), (79, 3), (83, 2), (89, 3), (97, 5).

Example 2. p-orbit.

(p,g9)=(5,2) p-orbit: 1,2,4,3,1.

(p,g)=(7,3) p-orbit: 1,3,2,6,4,5,1.

(p,g) = (11,2) p-orbit: 1,2,4,8,5,10,9,7,3,6, 1.

(0, g) = (13,2) p-orbit: 1,2,4,8,3,6,12,11,9,5,10,7, 1.

(p,g) = (17,3) p-orbit : 1,3,9,10,13,5, 15,11, 16, 14,8,7,4,12,2,6, 1.

(p,g) = (19,2) p-orbit: 1,2,4,8,16,13,7,14,9,18,17,15,11,3,6, 12,5, 10, 1.

(p,g) = (23,5) p-orbit: 1,5,2,10,4,20,8,17,16,11,9,22,18,21,13,19,3,15,6,7,12, 14, 1.



Theorem 3. Let n be prime. When n = 2(k — 1)+ 1, A = 0 (mod %), and k odd, AK,, has a
Hamilton Cg-bowtie decomposition.

Example 3.1. Hamilton Cs3-bowtie of 3K5.

(n,g) = (5,2) n-orbit: 1,2,4,3,1.

Ly: 1,41 Ly: 2,32

Hamilton Cs-bowtie = (5,1,4) U (5,2, 3).

This starter comprises a Hamilton Cs-bowtie decomposition of 3K.

Example 3.2. Hamilton C;-bowtie of 7Kj3.

(n,g9) = (13,2) n-orbit: 1,2,4,8,3,6,12,11,9,5,10,7, 1.
Ly:1,4,3,12,9,10,1 Lo : 2,8,6,11,5,7,2.

Hamilton C7-bowtie = (13,1,4,3,12,9,10) U (13,2,8,6,11,5,7)
Hamilton C7-bowtie = (13,4,3,12,9,10,1) U (13,8,6,11,5,7,2)
Hamilton C7-bowtie = (13,3,12,9,10,1,4) U (13,6,11,5,7,2,8).
These starters comprise a Hamilton C7-bowtie decomposition of 7K3.

Example 3.3. Hamilton Cy-bowtie of 9K;7.

(n,9) = (17,3) mn-orbit : 1,3,9,10,13,5,15,11,16,14,8,7,4,12,2, 6, 1.
L;:1,9,13,15,16,8,4,2,1 Lo : 3,10,5,11,14,7,12,6, 3.

Hamilton Cyg-bowtie = (17,1,9,13,15,16,8,4,2) U (17, 3,10,5,11, 14,7,12,6)
Hamilton Co-bowtie = (17,9, 13,15,16,8,4,2,1) U (17,10, 5,11,14,7,12,6, 3)
Hamilton Cy-bowtie = (17,13, 15,16, 8,4,2,1,9) U (17,5,11,14,7,12,6, 3,10)
Hamilton Cy-bowtie = (17,15, 16,8,4,2,1,9,13) U (17,11, 14,7,12,6, 3,10, 5).
These starters comprise a Hamilton Cg-bowtie decomposition of 9K 7.

Theorem 4. Let n be prime. When n = 2(k—1) + 1, A = 0 (mod 2k), and k even, AK,, has a
Hamilton Cg-bowtie decomposition.

Example 4.1. Hamilton C;-bowtie of 8K7;.

(n,g) = (7,3) n-orbit: 1,3,2,6,4,5,1.

L:1,3,2,6,4,51.

Hamilton Cys-bowtie = (7,1, 3,2) U (7,6,4,5)

Hamilton Cy-bowtie = (7,3,2,6) U (7,4,5,1)

Hamilton Cs-bowtie = (7,2,6,4) U (7,5,1,3).

These starters comprise a Hamilton Cs-bowtie decomposition of 8 K.

Example 4.2. Hamilton Cs-bowtie of 12K;.

(n,g) = (11,2) mn-orbit : 1,2,4,8,5,10,9,7,3,6, 1.
L:1,2,4,85,10,9,7,3,6,1.

Hamilton Cg-bowtie = (11,1,2,4,8,5) U (11, 10,9,7,3,6)

Hamilton Cg-bowtie = (11,2,4,8,5,10) U (11,9,7,3,6,1)

Hamilton Cg-bowtie = (11,4,8,5,10,9) U (11,7,3,6,1,2)

Hamilton Cs-bowtie = (11,8,5,10,9,7) U (11,3,6,1,2,4)

Hamilton Cg-bowtie = (11,5,10,9,7,3) U (11,6,1,2,4,8).

These starters comprise a Hamilton Cg-bowtie decomposition of 12K71.

Example 4.3. Hamilton Cjg-bowtie of 20K;.

(n,g) = (19,2) n-orbit : 1,2,4,8,16,13,7,14,9,18,17,15,11,3,6,12,5, 10, 1.
L:1,24,8,16,13,7 14,9,18,17,15,11, 3,6, 12, 5,10, 1.



Hamilton Cjo-bowtie = (19,1,2,4,8,16,13,7,14,9) U (19, 18,17, 15,11, 3,6, 12, 5, 10)
Hamilton Cio-bowtie = (19,2,4,8,16,13,7,14,9,18) U (19,17, 15,11, 3, 6,12, 5, 10, 1)
Hamilton Cjo-bowtie = (19,4,8,16,13,7,14,9,18,17) U (19, 15,11, 3,6, 12,5, 10, 1,2)
Hamilton Cyo-bowtie = (19,8, 16,13,7,14,9,18,17,15) U (19, 11,3,6,12, 5,10, 1,2, 4)
Hamilton Cyo-bowtie = (19, 16,13,7,14,9,18,17,15,11) U (19, 3,6,12,5,10,1,2, 4, 8)
)
)
)
)

Hamilton Cyp-bowtie = (19,7,14,9,18,17,15,11,3,6) U (19,12,5,10,1,2,4,8,16,13
Hamilton Cjg-bowtie = (19, 14,9, 18,17,15,11,3,6,12) U (19,5,10,1,2, 4, 8,16,13,7
Hamilton Cig-bowtie = (19,9,18,17,15,11,3,6,12,5) U (19,10,1,2,4,8,16,13,7,14).
These starters comprise a Hamilton Cg-bowtie decomposition of 20K7q.

(
(
Hamilton Cyo-bowtie = (19,13,7,14,9,18,17,15,11,3) U (19,6,12,5,10,1,2,4,8, 16
(
(

Main Conjecture. AK, has a Hamilton C-bowtie decomposition if and only if (i} n = 2(k—1)+1
and (ii) A = 0 (mod k) for odd k, A =0 (mod 2k) for even k.
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