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An Algorithm of Constructing a Bipartite Graph
from a Bipartite Graphical Sequence Set
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For a graph G= (V, E) , G is called a bipartite (multi) graph if there is a set of
vertices V such that the following ( 1 ) through ( 3 ) are satisfied :

(1) V=V UVa, (2) ViNVa=d, and

(3) For any edge e=(u,v) €E, if u€ V; then v€ V: are satisfied.

In this paper, when two degree sequences s1 : di1, diz, <+, dis, s2 & de1, de2, -+, deq, and
two sets of vertices Vi= (vii, viz, ==+, vip) , Vo= {va1, vaz, *--, viq) , are given, propose
an algorithm which performs the following ( 1 ) through ( 3 ) :

(1) Decide that whether a given non-negative integer sequence set S= (si, s2) is a degree
sequence set of a bipartite (multi) graph.

(2) If S= (s1, s2) is a degree sequence set of a bipartite (multi) graph then construct
a bipartite (multi) graph G= (ViUV2, E) such that Vi= {vi1, viz, *+--, vio} , such that
V2= {va1, vez, -**-, vaq) and such that, for ecvery Jj, 1=j=<p (1£J=q, respectively) , the
degree of vi; is di; (ve; is dz2j) . .

(3) The time complexity of above ( 1 ) through ( 2 ) is

J O(IVI+1tE!) for bipartite multigraph construction,
1 O {pg+1VI) for bipartite graph construction,
where | VI =p+qand | E | =32";.1d;;.

In the following sections, S= (s1, s2) is called a bipartite (multi) graphical sequence set
if S is a degree sequence set of a bipartite (multi) graph.



1. Introduction

The subject of this paper is the problem of finding an algerithm of constructing a bipartite (
multi) graph from a bipartite (multi) graphical sequence set : ” For two given non-negative integer
sequences si & di1, diz, *+**, dip (p21 and Z°j-1di;21) , and sz I dar, dez, ccvr, dea (a21 and
39;.1dz; 1) , decide that whether S= (si, s2) is a bipartite (multi) graphical sequence set.
If S is so then construct a bipartite (multi) graph G= (ViUVe, E) from it ", where Vi= {
Vi, Viz, *tccy Vip) , Vo= {vai, vez, --+*, vaq) and, for every j, 1SjSp (1=jSq, respectively
)} , the degree of vi; is di; (vz; is doj) . ,

In this paper, show that the bipartite multigraph construction problen (BMC-problem, for
short) can be solved in linear time, and that the bipartite graph construction problen (BC- .
problem, for short) can be solved in polynomial time.

The problem of finding an algorithm of comstructing a (multi) graph from a (multi) graphical
sequence, is solved in [1]J[21L81[5]. In them, a polynomial time algorithm has been given by
Havel and Hakini. '

In this paper, an O (I Vi + 1 E 1) algorithn of solving the BMC-problem and an O (pq+
1V 1) algorithm of solving the BC-problem are given, where | VI =p+q and | E | =ZXPji.1di;.
In the following sections, the following ( 1 ) through ( 2 ) will be discussed :

(1) Show a condition C such that a non-negative integer sequence set S= (si, s2) is a
bipartite (multi) graphical sequence set if and only if C holds, where s ! di1, diz, -7, dip,
and s2 : d21, dez, °°-*, d2q.

(2) Propose an algorithm satisfying the following ( i ) through (iii) (i.e., algorithm of
solving the BMC-problen and the B C-problem) ‘

(i) Decide that whether a given non-negative integer sequence set S= (si, s2) is a
bipartite (multi) graphical sequence set.

(ii) If S= (si, se) is a bipartite (multi) graphical sequence set then construct a
bipartite (multi) graph G= (ViUVe, E) such that Vi= {vi1, viz, *+**, vip} , such that Ve
= {vai, vaz, *-*-, v2q) and such that, for every j, 1Sj=p (I1=2j=q, respectively) , the degree
of vi; is dij (vz; is d2j) .

(iii) The time complexity of above ( i ) through (i i) is

{ O(IVI+I1E1) for BMC-problen,
1 O (pg+1V1) for B C-problen.

2., Preliminaries

A graph G= (V, E) consists of a finite set of vertices V and finite set of edges E such
that each element of E is an unordered pair of distinct elements of V : E= {(u,v) lu,veV} .

For a graph G= (V, E) , G is called a bipartite (multi) graph if the following ( 1)
through ( 3 ) are satisfied @

(1) V=ViUV., (2) ViNVe=9d, and

(3) For any edge e=(y,v), if u€ Vi then v€ V. are satisfied.

Por an edge e=(u,v), u (v, respectively) is adjacent to v (u) , u (v) is incident to e, and e
is incident to v (u) . )

If u=v then the edge e is called a self-loop. For two edges ei ={(u,v) and e2=(u’,v’), e and
e2 are called multiple edges if and only if e;#ez, u=u’ and v=v’ hold.

For a graph G, G is called a multigraph if G contains some multiple edges and no self-loop.
For a graph G, G is called a simple graph (graph, for short) if G contains no multiple edge and




no self-loop.

For a vertex v€V, a number of edges being incident te v, is called a degree of v and it is
denoted by deg(v).

A non-negative integer sequence set S= (si, s2) is a bipartite (multi) graphical sequence
set if the following ( 1 ) through ( 2 ) are satisfied, where s: : di1, di2z, **--, dip, and sz &
de1, de2, -+, deq

(1) all vertices of V1 can be labeled vi1, vi2, <--*, vip such that the degree of wvi; is
di; for every j, 1=j=p, and

(2) all vertices of V2 can be labeled vz1, vaz, **-, vaq such that the degree of vz; is
d2; for every j, 1S3i=q.

3. Bipartite Multigraph

3.1 Data Structure

Suppose that Vi= {vi1, vi2, **++, vip} and that Ve= {va1, va2, ***+, veq) . Use an array
ADJLIST containing two listheads. Each listhead represents a set of vertices V;. The nodes
in the linked lists have the forn [VTX, DEG, LINK], where VTX is a vertex number,
DEG is a current degree of a vertex and . I NX is a pointer field.

For example, suppose that s; : dji, dj2, dj3, and that V;= {vji, vjz, vjs} , for every j, 1=j
=2. Then the data structure is the following.

ADJLIST
Vi [2] = [vi1, dir, =] = [vie, diz, 2] = [vis, dis, Al
Va [=] = [var, d21, =] = Lvez, d22, =] = [vz3, des, A]

In the following of this paper, a listhead of V; (1=j=2) is denoted by POINT(V ), VT X of
a vertex vin (1=h=p or 1=h=q) is denoted by VTX(vin), DEG of a vertex vj» is denoted by DEG(
vin) and LINK of a vertex vjn is denoted by LINK(vin).

3.2 Algorithm
In this section, discuss the algorithm for BMC-problem. The algorithm is the following.

Algorithm BMGC.
Begin
1. (1) x &« ZPjaidy; 3 y & 29 .1de;
(2) If {x#y} then begin
A sequence set S= (s1, s2) is not a bipartite multigraphical sequence set ;
halt end ; .

2. (1) For every j, 1£j=2, POINT(V;) « A ;
(2) For j=1, p do begin

If {di;>0) then begin
LINK{v1;) « POINT(Vi1) ; DEG(vi;) « di; ; VIX(vi;) < v1; ;
POINT(V1} « VIX(vi;) end end ;
(3) Por j=1, q do begin
If {de;>0) then begin
LINK(va;) ¢ POINT(V2) ; DEG(ve;) « dzj ; VIX(vz;) ¢« vz, ;



POINT(V2) ¢ VIX{v2;) end end ;
(4) Vi e {vir, viz, *=v7, vip} 3 V2 & {var, vaz, =+++, vaq} ; G & ViUVe ;
3. (1) u & POINT(V:) ;
(2) ywhile {u#A)} do begin
vhile {DEG(u)>>0} ~do begin
PTR ¢ listhead of V2 ; v « POINT(V2) ;
vhile {v#A) do begin ,
G « G+e, where e= (VTX{u),VIX(v)) ; DEG(u) « DEG(u)—1 ;
DEG(v) « DEG(v)—1 ; '
If {DEG(v)=0)} then begin
If (PTR=listhead of V} then POINT(V2) « LINK(v)
else LINK(PTR) « LINK(v) end
else PIR « v ; |
v < LINK(v) ;
If (DEG(u)=0} then go to EXIT end en
EXIT : u ¢ LINK(u) end ;
4. A bipartite multigraph G= (V1UV2e, E) with deg(vi;j)=di; ( with deg(ve;)=dz;,
respectively) for every j, 1=j=p (1£jSq) , is constructed ; halt
End. (Algorithm BMGC terminates.)
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33 Time complexity

Clearly, Step 3-(2) are performed at most p times and edge addition is performed at ZP®j.1dij
times. The time complexity of Step 2-(2) is O (1 V 1) , where | VI =p+q.

Thus, the time complexity of Algorithm BMGC is O (I VI+1E 1), vwhere IEI| =
ZPetdrj. ,

4, Bipartite Graph

41 Necessary and Sufficient Condition

In this section, discuss the condition C . such that S= (si, sz) is a bipartite graphical
sequence set if and only if C holds, where s1 & di1, diz, **°, dip, di1 Sdi2S - Sdip, 1Sdis=
q, so - de1, doz, *v+0, degy, d21=deo=-Sdaq, 1=5deySp, are two given non-negative integer
sequences.

Such the condition C is obtained by the following theoren.

Theoren 1. For two non-negative integer sequences si & di1, diz, **:r, dip, and s2 © dei,
d22, *--+,d2q, S= (s1, s2) is a bipartite graphical sequence set if and only if the following
(1) through ( 2 ) are satisfied : :

(1) ZPj=1dij=29%21de;, and

(2) A sequence set S’= (s’1, s’2) is a bipartite graphical sequence set, where s’; : dii,
diz, **-, di,p-1, and 8’2 1 d’21 =da1, d’22=de2, -+, d'2t=der, d'2,t+1=d2 te1—1, c-r, dT2q=
deq—1 (t=q—dis) .

Proof. Suppose that S’= (s’1, s’2) is a bipartite graphical sequence set. There is a
bipartite graph Gi= (V’1UV’2, E1) having two sets of vertices V’i= {v'y1y, viiz, -,



Vi.p-1} such that deg(v’i;)=di; holds for each j, 1SjSp—1, and V’2= {v'z1, V22, *--, V'2q
} such that deg(v’2;)=d’2; holds for each j, 1SjSq. } ‘

Let G= (ViUVe, E) be a new bipartite graph having Vi=V' i U {vis}) , Ve=V’; and E=
E1UA, vhere A= {ej=(vip,v'2;) | t+1=j=q) . For every vertex Vv'i;£G:, 15j=<p—1, assume
that the label of v’i; is replaced to vi; € G. Then, for G, deg(vi;)=di; is satisfied for every J,
1=3j=p, and deg(v’2;) =d2; is satisfied for every j, 1<j=q. .

Since S’= (s’1, s’2) is a bipartite graphical sequence set, =° ';.,di;=23%.;d’2; holds for
Gi. Thus Z°;-1di;= 2% =1d2; is satisfied for G. : '

Hence S= (s1, s2) is a bipartite graphical sequence set.

Inversely, suppose that S= (si, sz) 'is a bipartite graphical sequence . set. (i.e., suppose
that there is a bipartite graph G having two sets 'of vertices Vi= {vi1, viz, "=+, vip} such
that deg{vi;)=di; holds for every j, 1=j=p, and Va— {va1, vez, “*-+, v2q)} such that deg(ve;)=
dz2; holds for every j, 1=j=q.)

Assume that G contains a vertex u€ Vi such that the following conditions ( 1 ) through ( 2)
hold :

(1) deg{u)=dip, and

(2) there is an edge (u,u;) for every vertex u; € Vo with deg(u;) =de;, t+1SjSq.

Then a bipartite graph G —u has a sequence set S’= (s’1, s’2) , and, therefore, S’= (5’1,
s’2) is a bipartite graphical sequence set. Let the label of u be vio. .

Assume that G does not contain a vertex u€ Vi such that above the conditions ( 1) through
(2) hold.

Then the following conditions ( 3 ) through ( 4 ) hold :

(3) For some j, t+1=j=q, G has a vertex u; € V2 such that deg{uj)=dz; holds and such
that there is not an edge e: =(vi,,u;), and

(4) For some j, 1=jSt, G has a vertex u’; € V2 such that deg(u’;)=dz; holds and such
that there is an edge e2=(vip,u’;).

Since deg(u’;) 21 and deg(u;)=deg(u’;), there is a vertex vixe Vi (1=k=p—1) such that
there is an edge es={vix,u;) and such that there is not an edge ea=(viv,u’;). Set G’'=G+ {es,
es}) — {e2, es} . Then G’ has same sequence set of G which is S= (s1, s2)

By repeating above operation, a bipartite graph containing vi, satisfying above the ;:onditions
(1) through { 2 ), can be obtained.

By above discussion, S’= (5’1, s’2) is a bipartite graphical sequence set.

Q. E. D,

4.2 Algorithm
By Theorem 1, an algorithm of solving the B C-problem, can be obtained directly. In this
section, discuss such an algorithnm.

Suppose that si : dir, diz, **-+, dip, di1Sd12S - Sdip, 1Sdip=q, that sz I der, dee, -,
deq, de1=deeS - Edeq, 1=5d2¢=p, and that 1Sp=q.

4.2.1] Data Structure

Suppose that Vi= {vi1, viz, **+-, vip} and that Vo= {vo1, vaz, -**-, vao)

Use an array ADJ L I ST: containing two listheads, for V; (1£3=2) . The data structure of
V; and its vertices are the following ( 1) through ( 2 ) :

{ 1) There are two listheads. j-th listhead represents a set of vertices V; for every j, 1=



is2.
(2) The nodes in the linked lists have the forn {VTX, DEG, LINK], where VTX
is a vertex number, DEG is a current degree of a vertex and L I NK is a pointer field.
Use an array ADJ L I S T2 containing p listheads, for V:. The data structure of Vz and . its
vertices are the following ( 1 ) through ( 2 ) :
(1) There are p listheads. Each of them represents a degree of vertices of V. For every k,
1SkSp, k-th element of the array indicates a node which represents a vertex v with deg(v) =k.
(2) The nodes in the linked lists have the forn (VTX, DEG, LINK], where VTX
is a vertex number, DEG is a current degree of a vertex and L I NK is a pointer field.
For example, suppose that si @ 2, 4, 4, 4, 4, that se : 2, 2, 4, 5, 5, that. Vi= {vi1, viz,
Vi3, via, vis} and that Vo= {va1, ve2, va3, vea, vz<} . Then the data structure is the following.
ADJLIST:
Vi [21 = v, 2, 21 = [viz, 4, 21 = [vis, 4, 21 2 [via, 4, 21 2 Dus, 4, A]
Vo [=]1 = [ver, 2, 21 = [vez, 2, =1 = [vez, 4, =21 = [vaa, 5, 21 2 [ves, 5, Al
ADJLIST:
1 [A] 2 [=] - Dver, 2, 23 = [vez, 2, Al 3 [A]
4 [=1 - [ves, 4, Al 5[] = (vaa, 5, 21 = [vas, 5, Al

In the following of this paper, for every j, 1=jS2, a listhead of V; of ADJLIST: is
denoted by POINT{V ;) and a k-th listhead of Vz of ADJL IST: is denoted by POINI(k). For
every j, 1S3S2, VT X of a vertex vijn (IShSp or 1=h=q) is denoted by VIX(vin), DEG of a
vertex v;n is denoted by DEG(vin) and L I NK of a vertex vjn is denoted by LINK(vin).

4.2.2 Algorithm

In this section, discuss the algorithm of solving the BC-problem. The algorithm is the
following. .

Algorithn BGC.

1. f {dip>q) or {dea>p) then go to Step 6 ; x « ZPjaidij 5 ¥ & Z%j=ude; ;
If {x#y} then go to Step 6 ;
1)  For every j, 1S3=2, POINT(V;) « A ; For every j, 15jSp, POINI(§) « A ;
2) For j=1, p do begin :
If {di;>0) then begin
LINK(vi;) ¢ POINT(V:) 5 DEG(vi;) « dij ;3 VIX(v1;) & vi5 3
POINT(V:) ¢ VIX(vi;) end end ;
(3)  For j=1, q do begin
If {d2;>0) then begin
LINK(v2;)} & POINT(Vz) ; DEG(vz.) ¢ da; ; VIX{ve;) & vei
POINT(V2) « VTX(vz;) end end ;
(4) Vi« {vit, viz, =oo0y vip) 3 Vo & {var, vee, “oov, vaal 5 G € VilUVe
3. u &« POINT(V:) ; ‘
4. while {u#A} do begin
(1) v « POINT(V2) ;
while {v#A} do begin _ .
h « DEG(v) ; POINT(V:z) « LINK(v) ; LINK(v) « POINT(h) ; POINT(h) « VIX(v) ;
v ¢ POINT(V2) end ; :




(2) For j=p, 1, -1 do begin
(i) v &« POINT(J) ;
(i i) while {v# A} do begin
G < G+e, where e= (VTX(u),VIX(v)) ;
DEG(u) « DEG(u)—1 ; DEG(v) « DEG(v)—1 ; POINT(j) & LINK(v) ;
If {DEG(v)>0) then begin
LINK(v) & POINT(V2) ; POINT(V2) « VIX(v) end ;
v ¢ POINT(3) ; If {DEG(u)=0} then go to step ( 4) nd end ;
(3) If {DEG(uw)>0} then go to Step 6 ;.
(4) u e« LINK(u)  end ;
5. A bipartite graph G= (V1UV2, E) with deg(vi;)=di; (with deg(vz;)=dej, respectively
) for every j, 1=iSp (1£j=4q) , is constructed ; halt ;

6. A sequence set S= (si, s2) is not a bipartite graphical sequence set ; halt
End. (Algorithm BGC terminates.)

4.3 Example

Set d11=2, di2=3, d13=3, d14=5, de1=1, dea=1, de3=3, dea=4, des=4 (p=4 and q=5) .
Then Z%;.1di;=Z5%;-1d2; =13 is obtained.
( 1) By Step 2, obtain the following.
Vi [2] = [vie, 5, 21 = [vis, 3, 21 = [viz, 3, 21 = [viy, 2, A
Va [=] = [ves, 4, =1 = [ves, 4, 21 > [vas, 3, 21 = [voz, 1, =1 = [var, 1, Al
(2 ) ByStep 4-( 1), obtain that u=vi4 and the following.
1 =21 - [ver, 1, 21 = [vaz, 1, Al 2 [A]
3 [=]1 - [vas, 3, Al 4 [-]1 = [ves, 4, =1 = [Qves, 4, Al
(83 ) ByStep 4-( 2), obtain that DEG{u)=0, and obtain five edges (vis,vas), (via,vza), (
via,v23), (via,vez2), (via,vz1), and the following :
Va [=2]1 = [ves, 2, =21 = [ves, 3, =1 = [ves, 3, A .
(4 ) ByStep 4-( 1), obtain that u=wvis and the following.
1 [A] 2 [=] = [ves, 2, Al
3 [=1 » [ves, 3, 21 = [ves, 3, Al 4 [A]
(5 ) ByStep 4-( 2), obtain that DEG(u)=0, and obtain three edges (via,vas), (vis,vea), (
vis,va3), and the following : Vo [=] = [vas, 1, =] = [ves, 2, =1 = [ved, 2, Al .
(6 ) ByStep 4-( 1), obtain that u=vi2 and the following.
1 [=1 = [vas, 1, Al 2 [=] = [vaza, 2, =] > [ves, 2, Al
3 [A] 4 [A]
(7 ) ByStep 4-( 2), obtain that DEG(u)=0, and obtain three edges (viz,vzs), (viz,vesa),
viz,v23), and the following : Va2 [-] = (vas, 1, =] = [vas, 1, Al .
(8 ) ByStep 4-( 1), obtain that u=vi: and the following.
1 [=] » Qvas, 1, =1 = [vas, 1, Ad 2 [A] 3 [A] 4 [A]
(9 ) ByStep 4-( 2), obtain that DEG(u)=0, and obtain two edges (vii,vzs), (vii,vza), and
the following : Va2 [A] .
(10) By Step 4-( 1), obtain that u=A. Hence a final bipartite graph being shown in
Fig.l., can be obtained.

A final graph G satisfies deg{vii)=1, deg(viz)=1, deg(viz)=3, deg(vis) =4, deg(vis)=4, deg(
ve1) =2, deg(vea) =3, deg(vas)=3, deg(ves)=5.



44 Time complexity

In this section, discuss the time complexity of Algorithm BGC.

When Step 4 is performed at once, Step 4-( 1 ) and Step 4-( 2 )(i i) are performed at most q
times, respectively. Step 4 is performed at most p times and p=q . Hence the time complexity of
Step 4 is O (pq) . Clearly, the time complexity of Step 2 is O (1 V1), where | VI =p+gq.
Edge addition is performed at | E | times, where | E | =Z®;.1di;=2Z%21d2;. Then, since G is a
bipartite graph, | E | Spq is satisfied.

Thus, the time complexity of Algorithm BGC is O (pg+ {1V 1) .

5. Conclusion

In this paper, a bipartite (multi) graph construction algorithm which performs the following
(1) through ( 2 ), can be obtained :
(1) Por a given sequence set S= (s1, s2) , si : di1, diz, ****, dip, and sz : des, deoz,
++e+, doq, decide that whether S is a bipartite (multi) graphical sequence set, and
(2) If S is so then construct a bipartite (multi) graph from S. Then the results are
f O(IVI+1EI!l) for BMC-problen,
LV O (pg+1V1) for BC-problen,
where | VI =p+qand | E |l =Z%;-1d1j.
For any integer k=3, I want to find an algorithm of constructing a k-partite (multi) graph
from a k-partite (multi) graphical sequence set S = (si1, s2, *---, sx) for further investigation.
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