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We consider the langtiagc generation of a grammar system under the control of
another grammar system for cooperating distributed grammar systems with regular
components. We show that the IAnguage generation by a grammar system under
iterative controls is imore powerful than the generation by one grammar system.
We also show a case where a granunar system can be decomposed to two granunar
systems with keeping the power of the language generation. These lead us to an
effective method of designing multi agent systems in a hierarchical way.

1 Introduction

As computers become more powerful and com-
puter networks become well organized, we
have to deal more and more with complex
tasks distributed anmong a set of “processors”,
which are working together in a well defined
way. The concept of multi agent systems is
introduced to understand problems with this
kind of nature. Although the concept of multi

agent systems are widely used to explain prac-
tical systems, formal aspects of the concept
arc not investigated so well. In particular, an
effective method of designing multi agent sys-
tems is strongly required in practice.

A cooperating distributed grammar sys-
tem [1] is introduced to analyze a formal as-
pect of multi agent systems. This system is
proposed as a formal model of blackboard ar-



chitectures from the formal language theory’s
point of view; blackboard architectures are de-
veloped for distributed problem solving, espe-
cially for opportunistic problem solving, in the
Artificial Intelligence research area [5]. Re-
sults on these systems lead us to methods to
design practical multi agent systems in a more
effective and more systematic way. This mo-
tivates our work in this paper.

In this paper, we concentrate on one of
the simplest types of cooperating distributed
grammar systems introduced in [3], that is,
grammar systems with regular components
and extended axioms. We consider the lan-
guage gencration by one grammar system un-
der the control of another grammar system;
the latter grammar system allows the former
grammar system to derive terminal strings
if derivations in the former grammar system
are acceptable by the latter grammar system.
This can be understood as a model of cooper-
ating distributed working of ordinary workers
under the control of managers, which is typ-
ically observed in companies like ours. We
show that the language generation by a gram-
mar system under iterative controls is more
powerful than the generation by one grammar
system. This matches with the reality in prac-
tical situations; working with management is
more powerful than without management. Fi-
nally, we show a case where a grammar system
can be decomposed to two grammar systems
with keeping the power of the language gener-
ation. Our results lead to an effective method
of designing multi agent systems in a hierar-
chical way.

2 Preliminaries

For an alphabet X, we denote by X* the frec
monoid generated by X under the operation
The unity of 2™, called
|w] de-
For strings

of concatenation.
the null string, is denoted by A.
notes the length of a string w.

Wy, Wy, ..., Wy, [lieq Wi denotes the string
wiwg ++ - Wy. [m:n] denotes the set {i|m <
i < n} of integers. For a set S, |S| denotes

the cardinality of S.

Definition 1 Let m and r be positive in-
tegers. An extended cooperating distributed
grammar system with m degree azioms and
r regular components (ECDR(m,r) grammar
system, for short) is an (r + 3)-tuple I' =
(N, X, Py, Py,...,Pr,S), where N is a finite
set of nonterminals, X is a finite set of ter-
minals, each P; is a finite set of rules of the
form A — uB or A — u, where A, B € N and
u € X* and § is a finite set of strings over N
such that for any s € S, 1 < |s| < m. Each P;
is called a component of I' and each element
of S is called an aziom of I

ECDR(m,r) grammar systems are an exten-
sion of cooperating distributed grammar sys-
tems in [1] in the sense that axioms are sets
of strings over nonterminals. In this paper, we
follow the simplified definition of the grammar
systems introduced in [3].

According to [1}, we can understand an
ECDR(m,r) grammar system I' as follows.
The components correspond to the agents
solving a problem on the blackboard; any rule
represents some pieces of knowledge which re-
sult in a possible change on the blackboard.
Each axiom A;--- A is the formal counter-
part of a problem on the blackboard in the
beginning; each A; is a working unit of the
problem. The set of terminals X contains the
letters which correspond to such knowledge
pieces accepted as solutions or part of solu-
tions. ‘

Let I' = (N,X,P1,P2,...,P;,S) be an
ECDR(m,r) grammar system. For any al-
phabet ¥ = {¥1,¢2,...,9%,}, I' is said to
be labeled with ¥ if and only if ¥ is associ-
ated in one-to-one manner to the components
Py, Py, ..., P.. Then each 1, is called the la-
bel of P;. Each P; is referable to its label v;
and therefore, we may write ¢; instead of P;



without any confusion.

Let I' = (N,X, P, Pa,..., P, S) be an
ECDR(m,r) grammar system labeled with
U = {{1,%2,...,Pr}. We denote N U X by
V.

Definition 2 For any z,y € V*, we write
T ——Fﬂ’i y if and only if ¢ = udv, y = wwo,
and A — w € P;, where u,v € V*. We write
T =;>¢'i y if and only if

. vi | vi | , ¥i
T =="t I, Tt => "' I2...,Lyp =" Y.
T 1, 21 T 2 ydn T )

. t Vi .
Moreover, we write z =P> 'y if and only

if =;§>wi y and there is no z # y with
*x Vi
="' 2.
y T z
A string z over V is called a sentential form
ofFifzeSors%azfox'501ne.s€.5'.

Definition 3 For any z,y € V*, we write
a

T =:_‘> y, which is called the derivation from

Z to y with the control word «, if and only if

i, t Vip

¢
Iy, T = I2yee.yIp—-1 =—
’ T 2 ydn-—-1 T

t Vi
I =
r

and @ = '/"in 1/1,'2 T ’(,[),'n‘

In this paper, we consider only so called ¢-
mode in [1].

Definition 4 The language generated by I,
denoted by L(I), is the set

L) = {w]s =" w,s€5,we )

and the Szilard language of I is the sct

S:I) = {als :;." w,s €S, we I*).

Definition 5 Let m be a positive integer.
Then ECDRL[m] denotes the family of lan-
guages

ECDRL[m] = {L(I")| r is a positive integer
and I' is an ECDR(m, r) grammar system}.

3 Basic Properties

In this section, we shall show some basic prop-
erties of ECDR(m, r) grammar systems nec-
essary for the following sections.

Proposition 6 For any ECDR(m,r) gram-
mar system I', Sz(I") is regqular.

Let ' = (N, X, Py, Py,...,Pr,§) be an
ECDR(m,r) grammar system. Then, for
any integer ¢ € [1 : m], N(i) denotes the
set of all nonterminals N(i) = {B|s €
S, A is ith occurred nonterminal in s, A =;>a
uB}. For each P;, N(P;) denotes the subset
of N such that for any A € N(P;) there ex-
ists a rule A — w in P;. Then T(P;) denotes
the set N — N(P;). For any P; and any 4 €
N(P;), G[P;, A] denotes the regular grammar
G[Pi, Al = (N(P;), ZU T(Py), Py, A).
Definition 7 An ECDR(m, r) grammar sys-
tem I’ = (N, X, Py, Ps,..., Pr,§)is said to be
in the normal form if and only if

1. for each axiom s € §, |s| = m,
2. each P; has rules only of the form A4 —
aB or A — a, where A,B € N and
a € YU{A}, and
3. for any 4,7 € [1: m], ¢ # j implies
NGE)NN(G) =2.
4. therc is no A € N such that A %a A
and '
5. for any P; and any 4 € N(P;), the lan-
guage generated by G[P;; 4] is finite.
Lemma 8 For any ECDR(m,r) grammar
system I, there effectively exists an ECDR(m, r')
grammar system I in the normal form such
that L(I") = L(I"") holds.
Lemma 9 Let I’ = (N, X, P, Pa,..., P, S)
be an ECDR(m,r) grammar system in the
normal form. Then there erists an integer p
such that if w € L(I') and |w| > p then there
ezists a factorization

W= UV W UVIW < Up Vp W Unt1 (1 < n < m)

that satisfies



1. there exist nonterminals By, By,..., B,
such that

[e3

AjAs-- A =;>
Ty B122B2 -+ - T Bpn 11

11 B132 By < - - Tn Batn 41 ’—%J}
nunBizmnDBy - 2 Brany

01 Bixa By -+ - T4 By Tnyy ——ﬁ?y

U WL UQWR ** * Up Wy Up 41,

2. for each k >0,
uy (v1)* wrug(va)*we - - - Un (V) ¥ Wntingr €
L),

3. for each i, |v;] > 0,

where AyAs--- Ay € S and each z; € V*.

4 Generation under Iterative Con-

trols

In this section, we consider the language
generated by an ECDR(m,r) grammar sys-
tem under the control of another ECDR(n, q)
grammar system. The latter grammar system
allows the former grammar system to derive
terminal strings if control words are accept-
able by the latter grammar. This is formally
defined in the following way.

Definition 10 Let Iy = (N, X, Py,..., Py, 51)
be an ECDR(m, r) grammar system and I'; =
(N2,%,Qs,...,Qq,82) be an ECDR(n,q)
grammar system. The language generated
by I't under the control of Iz, denoted by
L(I 4 L(I3)), is the set

(we s ?‘f" w,s € Sy, € L))

This can be understood as follows. We have
two agent systems. One consists of actual
worker agents and the other consists of man-
agement agents. Each agent system has its
own blackboard and agents in the system can
cooperate through the blackboard. The man-
agement agent system can monitor the coop-
eration of the worker agent system and can

refuse some solutions of the worker agent sys-
tem according to its own solutions. This kind
of situation is quite cominon in companies; or-
dinary workers are controlled by managers.
We shall show the following theorem,
which plays the main role in this section.

Theorem 11 Let I'y and I’ be ECDR(m, 1)
and ECDR(n, q) grammar systems in the nor-
mal form, respectively. Then there effectively
erists an ECDR(m X n, q) grammar system I"
such that L(I') = L(I1 < L(I})) holds.

We show the method of composing I' from I}
and 5.

Let N = (N,2,Ry,...,R;,51) be
an ECDR(m,r) grammar: system labeled
with ¢ = {¢1,...,%;} and Iy =

(N2, ¥, Q1,...,Q4,52) be an ECDR(n,q)
grammar system labeled with @ = {¢1,..., ¢4}
Lemma 8 ensures that we have only to
consider the case where I7 and I are
in the normal form. We define the
ECDR(m X n, q) grammar system I" = (Nj x
Ny, X, Py,..., Pq, S) with Pyp,... Py labeled
with A = {&,...,8,} in the following way.
Let A be a homomorphism such that §; =
h(¢:;) for any ¢ € [l : ¢]. For any
™ (I, (444, X;)) such that cach A;; €
Np, each X; € M and each l; < n, if
Ay Ama € 81, X1+ Xy € Sy and there
exists a derivation Xj--- X, —%;—#ﬂ Qg Qp
such that for each j € {I: n], a; € ¥* and

ﬂ,
X; —Tt—> ? a;j and for each i € [1:m]
2

t, a1 t a2 t 01
A= wlhjp= - ="
In - Iy
2 al,’
up ey Ay = uug,
1 )

where cach u; is in £*, then H;’;l(ﬂg‘zl(/{id, X;))
isin §. Py,..., P, are defined in the following
way. For any i € [1:¢],
1. for each X — 9; YV in @y,
(a) for cach A — aB in R;, if B is in N(R;)
then (4,X) — a(B, X) is in P;, other-
wise, (4, X) — a(B,Y) is in P;,



(b) for each A — a in Rj, (A, X) — aisin
P

2. for cach X — #; in (;,

(a) for each A — aB in R, if B is in N(R;)
then (4, X) — a(B, X) is in P;, other-
wise, (4, X) — a is in P;,

{(b) for each A — a in R, (A, X) — aisin
P,

3. for each X — Y in @, (C,X) —
(C,Y)isin P; for any C € Ny, and

4. foreach X — A in @5, (C,X)— Aisin
P; for any C € M,

where A,B € Ni, X, Y € N2, a € ZU{\}
and ; is the label of Rj;.

Since Ny and Nj are finite and the number
of elements of § is bounded by m and n, § is
effectively constructed in finite steps. Since Il
and I have finite numbers of rules, each P;
is also effectively constructed in finite steps.
Hence, the construction of I' is effective and
I is finitely defined.

Lemma 12 Forany ¢ € ¢, A =I_t?a uB and
1

¢ ) h(d
X % Y if and only if (4,X) =;> @

2
w(B,Y), where v € X*, A € N, B €
N1U{/\},X€N2, Y€N2U{/\} and B = A
or Y = Xifand only if (B,Y) = A

Lemma 13 For any A € Np, any X € N

. a m
and any w € X*, either A ——I_t7> w and X %
1 2

[24
aY or A % wB and X %—>“ a if and only
2

h
i (4, x) ="

Y €N,
Lemma 14 Let k € [1:m] and | € [1:n].
-aAk,l <

w, where B € Ny U {\} and

For any Ayg,... A0, A, -
N U{A} and any Xi,..., X, € Ny,

t
Ay Al =
I

w1 By w1 Bro,

ap.y

t
Ay Aggr =
Iy

ut,i—1B1i-1 - k-1 Bra-a,

and
i (¢34
Ay Apg =
I

Uy Uk

X1 e X[ %“ (23] Y1 RN e 7 Y[, and fOT each ]
2

(5 € [L:1]) either Y; € Ny and Bi; = A for

any i or Y; = X and B;j € N U {\} if and

only if

(A1, X1) - (A, X)) - (A, X1) -+ (A, X)

:;_>h(ll)
where each wij € X* and if A;j = X then
(Aij, X;) = X and vice versa and then B;; =

Uy UL Uk Up 1,

wij = A

Lemma 15 For any w € X*, w € L(I1 «
L(IY)) if and only if w € L(I').
Definition 16 Let n and my, my, ...
positive integers. Then ECDRL[my ama - -+ <

, My be

my] denotes the family of languages

{L(IyaL(Iyq...aL(I})--+))|each [} is
an ECDR(m;, r;) grammar system
in the normal form}.

Theorem 17 For any integers n > 2 and

my, M2,...,Mp 217

5CDR£[m1 aAampd---d mn] C
ECDRL[my X myg X -+ X My).

Lemma 18 Let n and my, mg, ..., my be pos-
itive integers. Then

{(alﬁ)k(@ﬁ)k te (aml xmgx---xmnu)kb | k> O}
€ ECDRL{my, my,. .., Myl

Theorem 19 For any integers my, ma, ..., My
>landk >1,

ECDRLmyamgqa---amy] =
ECDRL|my amg 4+~ dmy a1],
ECDRLmy<amp<---my ak] G
ECDRL[my ama<---my <k +1].

Hence, for cxtended grammar systems
with regular components, the language-gen-
eration by a grammar systcm under iterative
controls is more powerful than the generation
by onc grammar system.



5 Decomposing Grammar Systems

In this section, we show a case of decomposing
one grammar system to two grammar systems
with keeping the power of the language gen-
eration. The Dbasic idea is to decompose com-
ponents of one grammar system and to con-
trol the decomposed components by another
grammar system.

Proposition 20 Let I be ECDR(m,r) gram-
Then
there exist a regular grammar G and an

mar system in the normal form.

ECDR(m,r) grammar system I" such that
L= L(GaL(I")).

To decompose a general ECDR grammar
system to two ECDR grammar systems, a
complicated procedure are required. Here, we
only show an example of decomposition.

Let us consider the following ECDR(4,3)
grammar systems I' = (N, X, Py, P2, P3,S):

N={A4,4,B,B,C,C" DD},

Y ={a,b, ¢, d},
Py ={A— aA',B— bB',C — cC,
D — dD'},

PQ:{A—»A,B—»A,C—)/\,D—»/\},
Py={A'= A,B' - B,C' - C,D' - D},
§ = {ABCD}.

We can easily show that L(I") = {a™b"c"d"™ |
n > 0}. This grammar system can be decom-
posed to It = (Ny, Xy, Py, Pig, P13, P14, 1)
and I} = (Np, Dy, P21, Pa2, Po3, P24, S2)
that satisfy that L(I") = L(I] a I3):

M ={A4,4,C,C'},

21 =1{a,b,c,d},

P1,1 = 't/}l : {A b d llAI, C — CCI}
Pl,g = ‘l/)z : {A — bA’, C — dCl}
P1,3=1/)3:{A—)A,C->)\}
Pia=ys:{A'— 4,C — C},
51 ={AC},

and
NQ — {E,E(,E“,F,FI,'F”},
Xy = {31, 92, 3,94},
Py1 ={E — 1 E'\F — o F'},
Pyo ={E"— ¢4 B", F' — 4 F"},
Py3 = {E" — E, F" - F},
Py ={E — \F — i3},
Sy = {EF}.

We note that L(I3) = {(¥1¢4)™(Y2va) Y3 |
n > 0}. Thus, it is easy to show that L(I") =
L(I'y«I»). We can easily see that both Iy and
I'; are ECDR(2,4) grammar systems.
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