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Width Two |

Akira Matsubayashi and Shuichi Ueno
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2-12-1 O-okayama, Meguro-ku, Tokyo 152, Japan

It is known that the problem of determining, given a graph G and an integer k, whether G has proper-path-
width at most & is NP-complete, while it is in P if & is a fixed integer. Although a polynomial time algorithm
to solve the problem is known for a special casc of &k = 2, the algorithm is neither practical nor constructive
since the time complexity involves an cnormous constant factor and the algorithm provide no proper-path-
decomposition. In this paper, we sliow a necessary and sufficient condition for a graph with maximum vertex
degree 3 to have proper-path-width 2, and based on the condition, we give a practical lincar time algorithm for
computing a proper-path-decomposition of width at most 2.
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Procedure PPD_GENERAL ( G )
Input: a connected graph G with A(G) <3
Output:  the proper-path-decomposition
of G with width 2
. let A be the sct of articulation points of G;
. let H be the set of biconncected componcents of G;
. let 7 be the sct of tree components of G;
. let P be the sct of path componcents of G;
. if T =P =0 then
(a) {a0,am} :=END-REGION(the¢ compouent in H);
(b) goto 10

SR LN

6. find a scquence € = (Ci,...,Cm) of componcents and
{a:i |1 €i<m—1} s,
(a) cvery H € HUT is contained in C,
(b) for1 <i<m—1,C; and Ciyy share {a;}, and

(¢) fCi € H (1 <i<m) then for a € {ai_1,ai},
at most onc path componcnt not contained in
C is attached to a vertex adjacent to a;

7. if C docs not cxist then reject ;

8. if C; € H then ay := END-REGION1(C;,a1);
else ag := 2-SPINE1(C1,a,);

9. if C,, € H then a,, := END-REGION1(C.\,dm);
else a,, := 2-SPINEY(C\,am );

10. S = nul;
11. for i =1 to m do
(a) if C; € H then

i. §:= 8 + PPD_BCG2(Ci,ai-1,ai);

ii. if there cxists a path compouent P =
(Poye-ospt) st. (po,ai—y) € E(Ci) then
S:= S+ PPDPATH(P) ' U {ai_1 )

ili. if there cxists & path component P =
(Pos-v o) s.t. (po,a;) € E(C;) then S :=
S + PPD_PATH(P) U {a;);

(b) else S := S + PPD_TREE2(T,ai_1,a);
12. return (S)
End
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Procedure PPDBCG2 ( H, s, t)

Input: a bicounccted graph H
distinct vertices s and ¢ in H s.t.
degy(8) = degy(t) =2
the proper-path-decomposition
(X1,...,X,) of H with width 2
st.s€X,andt € X,

1. if |[V(H)| = 3 then return ( (V(H)) )

2. let z and y be vertices adjacent to s s.t. degy(z) <
degy (y) and if degy(z) = degy(y) =2 then z # ¢

Output:

3. let H' be the graph obtained from H by contracting
(s,9);
4. return ( ({s,z,y}) + PPD_.BCG2(H',z,t) );
End
Procedure END-REGION ( H )
Input: a biconnccted graph H
Output:  two vertices in distinet end-regions of H
U= {ueV(H)|degy(u) =2);
if |U| =0 then reject ;
it |U| = |V(H)| then return (an cdge in H);
. R:= W
. for each connccted component P of H[U] do /+ P
is not a cycle but a path. */

LA S B R

=

(a) let s and t Le cud-vertices of P; /* s and ¢

are not necessarily distinct. =*/

(b) let z and y be distinct vertices in V(H) - U
s.t. (s,z) € E(H) and (t,y) € E(H);

(¢) it (z,y) € E(H) then I:= R U {s};

(d) if |R] = 2 then return ( R );

~

endfor
6. reject ;
End

Procedure END-REGION1 ( H, v )
Input: a biconnected graph H
Output:  a vertex in an end-region of H which
does not contain v
1. U:i={ue V(H)|degy(u) =2};
2. if |U| = 0 then reject ;
3. if [U| = |V(H)| then return (an cdge in H);
4. R:= W
. for each conuccted component P of H[U] which

does not contain v do /* P is not a cycle but
a path. */

e

(a) let s and t be end-vertices of P; /* s and ¢
are not necessarily distinct. */

(b) let z and y be distinet vertices in V(H) - U
s.t. (s.2) € E(H) and (t,y) € E(H);

(¢) if (z,y) € E(H) then R:= RU {s};

(d) if {R| =2 then return ( R );

-~

endfor
G. reject ;

End
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Procedure PPW.TREE ( T, u )
Iuput: a tree T rooted at u
Output:  ppw(T,) for cach vertex vin T
(T, is the subtree rooted at v.)

This algorithm is shown iu [4].

End
Procedure 2-SPINE1 (T, w)
Input: a tree T rooted at u
u € V(T) with degp(u) =1
(ppw(Ty) for cach v € V(T) is known)
Output:  2-spinc P of T with end-vertex w

1. if v has no children then return ( (u) );
2. if u has a child v with ppw(T,) > 3 then reject ;

3. if u has two children vi with ppw(T;) =2 (i =1,2)
then reject ; '

4. Choose a child v of u s.t. ppw(Te) = max{ppw(T.,) |
v; is a child of u};

5. return ( (u) + Z—SPINEI(T.,‘U) );

End
Procedure 2-SPINE2 (T, wuy, uz )
Input: a tree T rooted at wy
ui € V(T) with degp(ui) =1 (i =1,2)
(ppw(T.) for cach v € V(T) is known)
Output:  2-spinc P of T with cnd-vertices

uy and uz

1. let P = (w1,p1,P2,---,u2) be a unique path con-
necting g and uz;

2. for each p; do
(a) for each child v of p; cxcept a vertex in P do
i. if ppw(T.) > 2 then reject ;
endfor ;
endfor ;
3. return ( P );

End
Procedure PPD_PATH ( P)

Input: a sct of paths P = (po,p1y....1)
(B(P)C {(piaupi) |15 < 1))
the proper-path-decomposition
(X1, X2,...,Xi) of P with width 1 s.t.
PiEXiNnXiy; (1<i<i—1)and
peEXjandpme X (1£i<l-1)
1. if I =1 then return ( ({;1}) );

2. foreach 1 <i <l do
(a) Xi = {pi—1.pi});
endfor ;

3. return ( (X1,X2,...,X1) );

Output:

Procedure PPD.SPINE (T, w1, u2 )
Input: atrce T
ug, uz € V(T) s.t. the path connccting wy
and uz is a 2-spinc of T

Output: the proper-path-decomposition
(X1,....X+) of T with width at most 2
s.t. uy € X1 and uz € X,
1. let P be apath (po,p1,...,m) (po = wa, p1 = u2);
2. X := PPD_PATH(P);
3. S = nul;
4. for each p; do

(a) H; be the subgraph of T — V(P) which con-
sists of counccted components cach of which
has a vertex adjacent to p; in T /* H; has
no vertex with degree more then 2. */

(b) Vi := PPD._PATH(H;);

(¢) $:=8+(X)+Viu{pi)s

endfor ;

-

5. return ( S);

End o
Procedure PPD_TREE2 ( T', w1, w2 )
Input: atree T
u; € V(T) with degp(wi) =1 (¢ =1,2)
Output:  the proper-path-decomposition

(X1,...,X,) of T with width at most 2
s.t. uy € X; and u2 € X,

1. call PPW_TREE(T,u);

2. P := 2-SPINE2(T, uy,u2);

3. return ( PPD_SPINE(T,w,v) );
End
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