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FIT7ORET T TIIBTOIEMICETVNTEEL, BRFEEZEALL, BREIX 2007578
HFRBEFE LOTHBFRTEREN, DT T T7TDEEEFTE S, $ LV (skew product,converse
skew product) #E# L. 4% TIZH 5 TV 5H (Cartesian product,Kronecker product,strong
product, lexicographic product) & DBHEEF~7=, Cartesian product & skew product ¢ B%E
{28\ T, hypercube [Z DWW TDH LV ‘fk%%!ﬁ‘é‘ & D circulant graph DERBBTRET
DT LERLE,

Graph products based on the distance in graphs
Yukio Shibata and Yosuke Kikuchi
Department of Computer Science, Gunma University

It is known that there are four basic graph products. Properties of each product have been
studied individually. We propose a unified approach to these products based on the distance
in graphs, and new two products on graphs. The viewpoint of products based on the distance
introduced here provides a family of products that includes almost known graph products as
extremal ones and suggests new products. Also, we study relations among these six products.
Finally, We investigate several classes of graph products in those context.

1 FC®Iz

777 OREINBEDNEN 20D T FTNL L VMEORENT T 7 2ELDIEDNS, ¥
e, ACHEERBELTAVAZLIREV I 7D 52 HRTH L HTE B, hypercube i
ZD—HITH B,

IITRZ I 7RI EMEVIRALG S 7ORMEBLEETS, EMOEEE Y5 7O
HAT S Z LIz X v BMRHA (relational producut) ZEHT 5, BREEEAWIZ LTI 70H
DEL EH—IZRBTED, BHEOII BN TWVS 4 DDOF (Cartesian product,Kronecker
product,strong product,lexicographic product) IZ2WTHEBRREIC X2 EBEEREITRV. &EbITH
LW 2 DDFK (skew product,converse skew product) ##RET 5, ZD 6 2OHEZOVT The
NOBERERARD, BRIV OPDT T 707 T A~DOHFE (skew product), BEEREDIGHIZ2
WTER3, : : .

2 FBARE

727 GOHEREGZV(G), BEAREX EG) LT5, GtBIT 3 2THM u,v DEREdg(u,v)
B u—v path D& X & T3, path ®E XX path J;@iﬂ@#c'ﬂ?%’é‘éo 757 G BIEHRE

TEBFRIL () T U3 ASRBEINAXBRE Y ¥ —0BB0b & ifTlebhi,




IS5 TCuE v RREBRMICET S L X do(u,v) = 0o &5, ARMLTIHT LbLRVERY
SZIHMIS T ThDBETD, T Gy & Gy DR (G1,G2; R) ERTEET D,
Definition 2.1. G1,G2 2 B#7 77, REZFABKOES EOTHEKLE TS, Z0OLE G1,G2
D BEHE (relational product) (G, Go; R) IHRIZE W BRSNS,

V(G1,Go; R) = V(G1) x V(G2),
((u1,v1), (u2,v2)) € BE(G1,Go; R)
& (dg, (u1,u2),dg,(v1,v2)) € R

Definition 2.1 2»LEMREREOME & LTRB3HIT b 3,
Lemma 2.2.

(1) (G1,G2; R)U(G1,G2; R') = (G1,Go; RUR'),

(2) (G1,G2; R) N (G1,Go; R') = (G1,Ga2; RN RY),

(3) (G1,G2; R) \ (G1,Go; R') & (G1,Ga; R) \ E(Gh,Go; RY),

(4) (G1U G2,G3; R) = (G1,G3; R) U (G2, G3; R),

(8) (G1,G2UG3; R) = (G1,G2; R) U (G1,Gs; R),

(6) RﬂRl=¢© E(Gl,GQ;R)'ﬂE(Gl,GQ;R,)=¢. ]
Definition 2.1 Z AW TEEM STV 2 4 DD Cartesian product, Kronecker product, strong
product,lexicographic product ZR® & 5 KR sh 3,

Lemma 2.3 BfiZ'5 7 G1,Go iR LTI T 7D 4 BOBIBHEMEL LTk X SITEHRE
5.

(1) Cartesian product : Gy x G2 = (G1,G2;{(0,1),(1,0)}),
(2) Kronecker product : G1® Gy = (G1,G2;{(1,1)}),
(3) strong product : G10 Gy = (G1,G2;{(0,1),(1,0),(1,1)}),

(4) lexicographic product : G1[G2] = (G1,G2; {(0,1),(1,0), (1,1),(1,2),...}).
|}
Lemma 23 IV ZD 4 >OFERT T 7OFEDOFTHEHRLDOTHDZ LBbhs, &bIZ Lemma
2.3 (1) ~ (3) IX R OERH 0,1 DHAEOLH LRI TND, 0,l DMAETRELTEX
BRBbDELT, Zofic R={(0,1),(1,1)} & R= {(1,0),(1,1)} BB, £IT ZD27
DPEERVERERD L D ICEH L, THENAR, PHMLIFRT LITT 5,
Definition 2.4. 757 G1,Gs &3 L THE RUHAHRERIZE W EHRT D,
#47% (skew product); ; _
G = 10G, PTEHALEARR V(G) = V(G1)xV(G2) Th Y. BESR E(G) = {((u1, u2), (v1,v2))|
['u,1 =1 2D ugus € E(Gz)] F7iX [ulvl € E(Gl) D3 Uugvg € E(Gg)]} 8o,
#4345 (converse skew product); ;
G = G10Gy DTHAEARIZV(G) = V(G1)xV(G2) TH Y. &S E(G) = {((u1,u2), (v1,v2))]
[uz = vg D uv; € E(Gl)] F720T [u1v1 € E(Gl) D ugvg € E(Gz)]} 2o,
BERHE 1IXBiMIS T 7 LOEECER SN T WA, Definition 2.4 IXBEMTERZSNTWVWSOT
N—TDHBTT 7L THHEATE D,
Definition 2.4 X VB LNIZ G10G, = Go oGy TH B,



BREE & IDE A DIREIC OV TRBKLT B,

Lemma 2.6.
|E(G1,Ga; {(1, )| = 2| E(G1) | E(G2)ls

|E(G1,Ga; {(0, D)) = V(G E(G2)I,
|E(G1,G2; {(1,0)})] = |E(GDIIV(G2)I-

Lemma 2.6. X W &K%EH 2,
Lemma 2.7. o, 8 € {(0,1),(1,0),(1,1)} ,a# g T DL,
|E(G1, G2 {o, BY)| = | E(G1,Ga; {a})| + | E(G1, G2 {B})]
N A/ RTASN u
7S5 70fE LTERIND 77 7OHEADKEIZONWTEET S,
Lemma 2.8. u,v ¥ ETNEH Gy, Go PEBDERLTH, DL ESV RN S Wi AvAc
deg(G, ,Gasf0,yh (4, v) = degg, v
deg (g, Gai((10)p (4, v) = degg, u
deg(g, Goi a1 (U, v) = degg, u degg, v

[ ]
Lemma 2.9. o, 8 € {(0,1),(1,0),(,)}, a# B LT3, T0O&& HRuin Gy LTEA v in Gy
iRt L
deg(6, Gyi{arsp) (1 ¥) = deg(G, Gaifay) (U V) + deB(G, Gai{ay) (4, V)
MELY LD, : ]

Lemma 2.9 X Y KLY S22,

Lemma 2.10. R % {(0,1),(1,0),(1,1)} 0¥5EA LT 5. B u v 3ENENL Gy, G2 TD
BRUEE bR TH B L & (Gy,Ga; R) DA (u,v) HEKKEE b2, FRICEHR u vt
nEh Gi, Ga TQ%’J‘&&’E LOEATHS L X (Gr,Go; R) DTER (u,v) BRNEEED D, |

3 Y5 70EOBOBRKRIZONT

757 OEEEREYHVTERTS, CTOETKHERERERRD, 77 G B [V(G)| =
LIB(Q) =0ThoLE, BRI 7 LHY K, LES, fi¥in(in > ) DIA 7 N%E Cp &
¥5, 57 G 2WMITT7THDLIIV(G) ZREILTTE D 2 20OMIEE Vi, Va (partite
set £ E D) LR LTH L OLH V) OTHAME Vo DTEAZFKELIICTED VL, 1, NEETHLE
B, BRI T TGRS T 7 TH Y, & bIT partite set V1, V2 THEEDOu e V &
vE Vo KRLT w € B(G) THHLEEEWD, BR2EWS T TIANT [N] = ny,|Vo|=n2 T
HBLE, TDTTTE Knyny ERET D, /77 GBREETTTTHD LIEBORLRD 2TH
AMECGOREET D EEXEE N, |[V(G)|=n ThBLE, ZOS77% K, LRET .
Theorem 3.1. % Gy o G2 = (G1,Go; R) L7125 RBHHET 577 7OWMET B, R BIHH
ROHBHBETHDLE, GieGy=Gre(Gy Thd,

Proof. (a,b) € R 2 (b,a) € R¥ L. dg,(u1,u9) = @, dg,(v1,v2) = b&TD, ZOLZ
(u1,v1) & (u2,v2) X (G1,G2; R) CRBWTBEET S, £72 (ug,v1) & (ug,v2) B (Gz,Gl;kR) iz
BOTHLEELTVS, Lo TRt ' [



LU, ROMBEERY L7200, G & Gy BRETRN G, Gy KR L, Gy 0eGy X Gre(
25T R ZHBR TH D, ORMBEICRTIRMEETS, ¢ & Cs,Ga=2Cr T3
Eo (G1, G2 {(1,2)}) & (Go, 13 {(1,2)})) TH B, BB AN R IHTIIA,

Corollary 3.2. Cartesian product, Kronecker product, strong product X L v 5 &P CH
#TH 5, lexicographic product, £, converse £ IZEFHRTH 3, ]

KIZAETHE - TE T 6 2OETONTEDHED BERIZONTIRAS,

Theorem 3.3. G1,Gy ZEWR T 77235, ZDOLXUTOHERRKY ST,
1) G1xGa2G®G & G G2 =2 Cp(nodd) 7213 G1 2 Gy = K,
2) G1xG¥GL0G e G = K ¥71% Gy = K,
3) G1 xGy = Gi[Gol & Gy = K| ¥721X Gy = Ky,
4) G x Go = Gi10Gy & G =Ky £, G1iX28 75 70- G2 = Ko,
5) G XG2gG10G2¢$G2=K1 F 72, G1 = Ky 2 Go 512%‘3&‘77,
6) G1®G2:G1®G2<¢G1=K1 2 Gy = Ky ,
7) G1®Gy = Gl[GQ] @ Gi=K, » G =Ky,
8) G1®Gy = G10Gy & Gy = Ky,
9) G1® Gy & G10G2¢>G1 K,
10) G1 © Gy & Gi[Go) & Go IXBEWR TS 73z s T z,
11) G10Gy 2 G106, & G = K,
12) G10G2 2 G10Gy & Gy = Ko,
13) G1[G2] 2 G10G: & G1 =K, ,
14) Gi[Ga] =2 G10Gy & Gy = K,
15) G10G2 2 G1 0 Go & G1 = Go.
Proof. ZZTid 1) & 4) T2V TEYFRYT, HEHRCHEVKROBEZHNS, p ZGLITBWT
BAREE GOHR v ORE LT3, Eeq % G LBV TRAKREE bOHEA v) OREKE T
Do FRRIZ T 2 G KBV TRAREZ b OTEA u DR, s & G KBV THRIKEE bOE
Ko ORE LT3,
1) (HEMH) Lemma 2.2, 2.7, 2.8, 2.9, 2L &b TROER LB S,
P+ q=pgq,
r-+8=rSs.
WIZp=qg=0 if:lip=q=2 POor=5s=0%idr=5s=2 £R230DT, KOBPBIHT
TRYS
Al p=gq=00L%, ;@&%lir—s—O’C*?)Z) HOMNZ G122 G2 K, Th5,
B2 p=q=20LE, ZDLEr=5=2Th53, ?’k&@ﬁeﬁ:ﬂlc_ﬁ» G =2 Cp and
Go=C, Ths, P.M. Weichsel[7J IC X VRBE D Lo Z LARERTWS, G & H 23RS
778935, GOHPERSTTLRDULEFTHFME G iz H O Lb—Fn&yA
INEELZETHSB,
TOZEhb m ERE n O—FIEETH B,
m#FNDEE, —UEEZEDTIEmM < n L LTIV, m BHEEEZDIEG; ® Gy KiZ m @D
EHREHATIRE 2m OV A I ABHHET D, m MBS OIT n 13K LRy G1®Gy IZitn
BOERERATIRE 2n OV A 7 VBEHEET S, L L WFhOBEICBNTS G) x Ga 12



BEDEIBRIATNVEBFELR, BRIZ ZDLE Gy x Gy & G @Gy AR L 1325 720,
m=nDEE, G =Gy = CrlT3, Gi & GeDOBEHEARTNHTFT B, (a,b) €

V(G1) x V(Go) n xn BT EDEAE LTELLNS, [ 2KROLIRT 74 v ERE T

%. f(a,b) = (V2(acosd + bsind) + ¢, £v2(bcosd — asinb) +d) , 7L, § = %_‘_}1

THY. cdl€ZLTB, EbIT. g % g(a,b) = (h,k) 2BEHRE L, o = h(mod n), b2E
k(mod n),h <n,k < n ZWTHOLTE, Z0LE, g(f(a,h) G x Gy 2D G ® Gy ~
DRMEH LD, WAL G =Gy = Cp, (n:odd) Th 2,
(5ot e
@(z%ﬁ)mﬁmmm242829210;D&®%ﬁ%ﬁ6

p+q=q-+pq,

r+s=s8+rs.
LoTp=0FEhiFg=1THY r=0FiTs=1L73, I TROBGHEIZOWVWTEZ B,

BE1l p=00LE, ZOLEr=0%L72Y0 Gy =K, Th5,

GixGy = (Kl,GQ,{(O 1) (1 0 })
(Kl,G21{(071)})
(K1,G2;{(0,1),(1,1)})

& G;0G,.
BE2 q=10L&, ZDLEs=1LRY Gy = Ky Tha,
ZIT G BRYAINEBLLETDE, Gy x Go BEVA I A EELHN GLOG XHFFAL 7N
EEERV, XoT G R2WZS 7 TRiFhERE b2,
(T5t) GL 2 Ky DL 2 i3HG M,
G112287 57 Ga=Ky LT3, Gy & Gy DEREEERD X HICTF~NAHTT 5, V(G =
{ur,ue, .. ug,up,uh, Uil V(Ga) = {0,1}, 272U, 1<4,j<s, (ui,u;) ¢ E(G1) TH
D1<Ilm<t, (u,uy,) ¢ E(Gy) &F5, Zokx ‘
V(G1 x G) =V(G10Gy)
= {(u1,0), (u2,0),..., (us,0), (u1, 1), (up, 1),..., (us, 1),
(ull’o)»(u’QvO)a"-7(u;v0)>(u,171)’(ul271)7~--a(u;vl)}

L%, EZTEMR ¢ BRTEHT S,
(l) ¢ X V(Gl X G2) iRy o) V(G1DG2) ~DEM,
(i) ¢((un,k)) = (un,k),1 < h < s,k=0,1
(i) $((w],0)) = (u}, 1), $((x}, 1)) = (u},0)
IDLE QIEGL x Gy b G10OG, ~DRBEBEHK L1253, ]

o
o

4 FAFRBELANE LU HAHBOKH

4.1 2757 LEAFEE

Theorem 3.3 ICBWTRRL 7T 70BN TEBZ 757 TREL RS LOIIBRD THMAR Y S
TTHIHEBIZL AL TH D, Theorem 3.3.4) IZ/R L7z X 9T Cartesian product & £ o
MICRBRWEREDH D, 2HI I 7RCRESDEERTFTIDITARDHEDT, THBLIZHONT

8T D,
P, = apa1a3---a, XREL, Cp = bobiba- by YA 71, Ky = coe; 2% 2 D5



[ ¢ ¢ G

a, a,
al al
aZ aZ
(@ B, X K2 (b) P, ok:

[ 1: (a) P, x Ko and (b)P,0K,

LT T7ETDH, BEOTLDIDOHEFE mEELTIHNDETSE, GI 2 P,,G 2Ky 2T5L
P, x Ky = P,0Ky(Fig. 1 8R) L7222, P,0OK, I2EBOLHAMERRBTOIELEBEXDHZ L
L TE D, ,
G120y, Gy 2 Ky b T5, ZDLE Cy x Ko & Co 0Ky 723, Cop10OKy IIAEUAD
BHOXoid, CupOKs 3RE 4 +2DV A I VEEL, £LoT(0,1) € RIZCEX->TTER
WEBRYBRL ERE 42DV AL RD, ACTROETIIHOTRIZIHE>THD L, bED
ACTRADHDORED 2HEOHERTE D, BZ G 2 C3 2bid C30K, = K33 L7285,
WIZ hypercube @, IZ2WTHEET S, n-KFT hypercube @, XKD L 5 ICHRMICERS
5, Q=Ko L Qn=Qu-1x K2 ¢T3, Q,X2" BOEAE LD, Qn iTRD K D ITHAL
TEBZZEBHMONTWS, FHAE a1ag- - anp £ 7-NMFTFT5. F 0 1IT0ERIT 1 THS,
Q. D 2THRZ2HDEFIIL LTI EHEITRERD L EITED 2 THAIEET S, hypercube @y
X287 77 CTHY. Theorem 3.3 2 HKIFLY LD,
Theorem 4.1. Q; = Ko,
Qn=Qn-1x Ky =Ky X Qn-1=2Qn 10K 2 K30Qn_1, (n2>2) ]
Qun % Qo x Kol X o THRT S L Quoi1 x Ko DTHRDZ VL a1a2 -+ - ap—10 & @109+ - an_1l
k§< ZENTED, 102 Ap—1 %Qn_l 'C'O)?N‘/VHH&*J‘%)Q N OPE- N alaz-‘-an_lb &
ajal---al_ b BBEHET DBBEHLREFIED =V DO a0 an-1 & dlay - ay_ B Qno1 ITH
WTBELTWA &, Eida; = a) (1 = 1,2,..., n = 1) 220 # VDLETHD, (Bl
K 2(a) ) —FH. Quo10K2IZOWT, Qno1 X Ky ERIT T ~ATT 2 AWILIEE OBEEEIT
b # b2 Dajas - an-1 & alah - al_ B Quo KBWTBELTWS L&, ¥ide =
G=1,2...n-1)72b £V KEVEXBbRSE, TOL>ILT, HlE LTR2(Db) 0r5
TRELND, FRICLT Ko Q3 K 2(c) pLHiBbnd, K20 325077 7ixLTHEE
THBEN, SEHEHOTRY U IRHY, hypercube DEAZD TRV U IBRERBFIKLE LT
BHELTCLELRXDILNTES,



0000 0001

0010 0011
0110 011l
0100 0101
1100 1101
1110 1111
1010 1011
1000 1001
(a) Q3 XK, (b) 00K,
1000 1001 1011 1010 1110 11 1

0000 0001 0011 0010 0110 O1iil 0101 - 0100

(©) KO 03

B 2: (a) Q3 x K3, (b) Q30K and (9) K20Q3

4.2 Circulant graphs &BIHRM¥

& BFED circulant graph IR TR TE S, SXONIERK p XL, ny,ne,...,mk
EEHOHT
0<ng<ng<---<np<(p+1)/2

BT b0 LT3, Z0Ok¥ circulant graph Cp(ny,no, ..., ng) L p BDOER v1,v2,...,7p
bbb, TR v 1 vitn; (mod p) RDIBTERLBET 5, ZOME n; & jump size LS,
Theorem 4.2. p = 4k +2 & 75 (k IXBHH), ZDL & circulant graph Cp(ny,na, ..., nk)
BB TR T LN TE S,

Proof. Cpn(1) & Cp 7 Cp = (Cors1, K2; {(1,1)}) X0 Cp(1) = (Cory1, K23 {(1,1)}) 2%
B, ZOLE ROXD xR/ ohs, '



(1) Cakt2(2t +1) = (Copq1, Ko {(2¢ +1,1)}), (2t +1<k),

(i)  Cak2(2t +1) = (Cory1, Ko; {(r,1)}), (2t+1> k),

(iil)  Cag42(2t) = (Cory1, Ko; {(2t,0)}), (2t < k),

(iv)  Cart2(2t) = (Corg1, K2; {(5,0)}), (2t > k),
ZIZTr & sBERETN r =2k 2t , 8§=2k+1-2t2WTb0eT3, LodEEzAVE
Z & T Cayo(ny,na, ..., np) I (Cok+1, K23 R) £ LTERBLEN B, [ ]

ZOFEBIZLY HBMED circulant graph X4 7V Ky O relational product Th 5 = &3
2%, FIELTH4 2275, RO22o075 73RABTHY . (a) ik Cle(3,4) THY. (b) ik
(C7, K2;{(3,1),(4,0)}) TH 5.

11 5

(@ Ci(34) (®d) (C;.K,3{3B.1), (40D

X 3: (a') C14(334) (b) (C7yK2; {(3) 1)7(470)})

SE X
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