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Summary: A problem of obtaining an optimal file transfer on a file transmission net N is to'consider how to
distribute, with the minimum total cost, copies of a certain file of information from source vertex to others on N by

the respective vertices' copy demand numbers. The problem is NP-hard for a general file transmission net. Some

class of Non which polynomial time algorithm to solve the problem has been known. So far, we assumed that N
has a linear function as an arc cost. In this report, we suppose that N has a directed path graph structure with its
arc costs being 2-level step functions. As a result, we show that the problem can be solved in (n2 ), where n is the

number of vertices.
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1. Introduction

The problem of locating facilities in a
network system with existing demand while
optimizing a certain objective fimction is
well-known as a network location problem. As
computer networks become larger but more
common such as the Internet, the study of network
location problem becomes more important. In fact,
a number of relevant problems have been studied
over the last several years[1—6).

In this report, we define and consider a
file transmission net A. Our file transfer problem is
to determine how the numbers of copies are to be
transmitted as well as duplicated so as to meet the
demands within . The cost to evaluate for such
file ‘transfer is the sum of transmission and
duplication. We say a file transfer with the
minimum cost is optimal. Our file transfer problem
is to obtain an optimal file transfer on a given net
N.

This file transfer problem is guite
different from the data transfer problem(3] and the
scheduling file transfer problem{4]. Both of them
deal with optimization based on time. Some similar
problems are known such as the file allocation
problem[5] and the file assignment problem(6]
which differ from our problem that restrict vertex
copying. Previously, we assumed that arc costs
functions were linear for NV[7-10]. However, from a
practical viewpoint, we should also consider the

case that each arc cost is a step function. This
version is more difficult due to the nonlinearilty of
the arc cost functions. As shown before, in general,
this version is AP-hard [11]. So far, we restricted
that NV has a directed path graph structure with a
two—level arc cost and each vertex demand being

one. As a result, we proposed an O{(n ) algorithm

to obtain an optimal file transfer, where n is the
number of vertices in &V [13]. In this report, we

propose an (Xn? ) algorithm to obtain an optimal

file transfer on N with each vertex demand being
positive integer.

In the rest of the report, we proceed as
follows. ‘In Section2, we give some necessary
definitions for our file transfer problem. In Section3,
after defining some operations to obtain an optimal
file transfer such as. copy exchange, forward
operation, backward operation, and so forth, we
propose an algorithm to obtain an optimal file
transfer with its analysis. A

2. Preliminaries

In this section, we define some terms in
order to formulate a problem of obtaining an
optimal file transfer on a file transmission net. For
basic terminologies such as vertex, arc, path and
so forth, on graph theory, refer to those in [12].
Let Z* denote the set of all positive integers and
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let Z'=2*U{0}. In the following, an arc, a path and
a graph indicate a directed arc, a directed path and
a directed graph, respectively. By (V, B ), we
denote a graph with vertex set V and arc set 5.
For two distinct vertices u and w, a u—w path is a
path which begins at u and ends at w.

We consider a model of directed
communication nets, called a file transmission net
N=(V, B, cy, d, c,), simply denoted by A, where
(V; B) is the structure of NV such that with each
vertex v, two positive parameters ¢, (v) and d(v)
are associated. These parameters ¢, (v) and d(v)
are called the copying cost and the copy demand
number, respectively, of v. For an arc e, cAe) is
the cost of transmitting copies through e, which is
defined below. In this report, suppose that N has
a path graph structure such as V' ={v| i=1,2,- -,n}
and B ={(v, vu)lF1,2, ,;n-1}. Let denote an arc
(v, Vi) by e;. For a vertex v;, let An ()= v| 1=
i <j}and De(v)={ v;|j<i=nl. A vertex v such
that An(v)= ¢ is called a root and a vertex w such
that De(w) =¢ is called a leaf. In such A v, is the
root and v, is the leaf. For simplicity, for a vertex v,
let two vertices v’ and v satisfy " ,v)E B and
(v,v")E B, respectively. Note here that v, and v,”
are undefined.

Suppose that (1) some information to be
distributed through N has been written in a file,
(2) the written file is denoted by J, where the file
means an abstract concept of information carrier

and (3) to the root v;, the original file of / is given v

from the outside of . Suppose that on any vertex
in V; we can duplicate ./ and we do not matter the
difference from copies of /. In this situation, c{v)
means the cost of making a copy of ./ on a vertex
v, and d (v) means the number of copies of /
needed onv. For U C V, let d(U) =2 e ,d ().

The original file of J given to v, is
duplicated and distributed to vertices v in such a
way that d(v) copies of / are taken out from v to
the outside of V' based on a file transfer defined
below. '

Definitonl: In A if a function T such that P:V
— %' and a function fsuch that f :B — Z°
satisfies

Wv)=fle)d V),
Flo )W) = fle)+d (v) (I<i<n)  (CD),
fle, NP )=dV ),

then (W,f) is called a file transfer on M. For a
function fon B, let ¢; satisfy

0 (fle)>=0),
cle={ C (0fE=0,
C, (fe» 0,

where 0, C,, C,€Z " and CKC,. For a fie
transfer D= (¥ ,f) on N, let

CD)=Z,ev ey MTW + Z.cpcile), 1)

which is palled the cost of D. A file transfer with
the minimum cost is said to be optimal. [l

In the following, unless otherwise stated, file
transfer is always defined to be on M. In a file
transfer (¥,f), T (v) is the number of copies of /
made at the vertex v and f (e) is the number of
copies of ./ transmitted along the arc e. Our file
transfer problem is defined as follows.

[File Problem] For
transmission net /V, how do we obtain an optimal
file transfer ? (J

Transfer a given file

This file transfer problem is AP ~hard even when NV
contains only two vertices with parallel arcs [11].
Therefore, we restrict /V to solve the problem in
polynomial time. As mentioned . above, we assume
that Mhas a directed path graph structure without
parallel arcs. In [13], we suppose that ¢ (v)=1 for
each v& V', which we sometimes call simple
demand case, and propose O(n®) algorithm to solve
the file transfer problem. In this report, we suppose
that each vertex demand is positive integer. To
make distinction, we call this case plural demand
case. ) .

If |V |=1, then we have a unique file
transfer which is trivially optimal. Therefore, in the
following, |V/1=2. For each file transfer, we define
relations between vertices as follows.



Vertices Vi V2 V3 Vi V5 Vg
2 1 4 3 2 2
O0—=>0—=>0—>0—=>0—2>0

Fig.2-1. A file transmission net NV
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Fig.2-2. The cost of each arce on IV

Vertices Vi V2 V3 V4 V5 Ve
4 0 1 0 1 0
O0—=>0—=>0—>0—=>0—>0

3 2 2 1 1
Fig.2-3. A file transfer (¥, )

Vértices Vi V2 V3 Vi V5 Ve
2 2 0 1 1 0
1 2 1 1 1
Fig.2-4. An optimal file-transfer (¥’, £')

Definiton2: In a file transfer (¥,f ), we say that
copies are made at a vertex v or v is a copying
vertex if TW)>0. The copying vertex set in (¥,f)
is fve VT (v)>0}. We say that the copying vertex
set W=lw/1Si<s}is in this order if I¥satisfies w;,
€ De(w;), with 1=j<s. Ifwis a copying vertex
and for a vertex set U, each vertex u€De{w)N\ U
satisfies W(u)=0, then we say that w is the last
copying vertex in U, or copies are made last at w
in U If U=V, then we just call such w the last
copying vertex. If w is a copying vertex and for a
vertex set (), each vertex u&An (w) N U satisfies
¥ (=0, then we say that w is the first copying
vertex in U, If both x and y € De (x) are copying
vertices and x—y path contains no copying vertex
but x and v, then we say that v is the next copying
vertex to x or x-is the previous copying vertex to y.

O

In the following figures, unless otherwise
stated, a file transfer (¢, f) indicates the values
near a vertex v and an arc e denote ¢ (v) and f (e),
respectively.

Here are examples of the above definitions. A
file transmission net N with simple demand case is
shown .in Fig.2-1 and Fig.2-2. In Fig.2-1, the
value near a vertex indicates its copying cost. We
have a file transfer (¢ ,f) shown in Fig.1-3, with its
cost of 2X4+4 X 1+2 X 1+3 X 1+1 X4=21. We have
an optimal file transfer (¢ *, f’ ) with its cost 16
shown in Fig.2—4.

3. Algorithm

In this section, we propose an algorithm to find
an optimal file transfer. First, some necessary
definitions are made.

Definiton3: Let (V,, B) denote the structure of
a subnetwork of /V with a vertex set V', ={v;,v,,
---,vi} and an arc set By =ley,eq, e 1. [

Note that /V, is composed of one vertex with 5|
=¢ . Based on vertex demands, we define the
following subnetwork.

Definitond: Let kK&.Z" . Then the subnetwork /V,
=(Vp, Be,cy ', d’, ¢ )is with the structure
of (Vi , By ) fork’ €27, satislying

V)X k <d(V,),

ey W=cy, ) (VEV,),

T dW=d W (VEV, ),
d’&p)=k—d (Ve -1),
e’ @=c @ (e€By) O

Note here that d’ (V} )=k and that the structure
of Ny, is different from that of N, for some & .

In the following, a net of A denoted by
N (e, ), means a network whose structure is
identical to that of NV and with each vertex v and
each arc e, a (V) and f (e) are associated,

respectively. Note that file transfer itself is a net of



N.

Definitonb: Let ¥{-and V- be the vertex set of NV,
and N, respectively. Let v;€ V.. For a net NV
(¥, f), functions ¥’ on Vpandf’ on . B, are
defined to be

T () =W, 1,

T’ (v)=P(v) (otherwise),

£’ (e)=flepl (i=ikk’),
£’ (e) =f(e) (otherwise).

ifk”=k’ and otherwise, that is, k"=k’+1,

T (v)=T (v, )+1,

T (v 24, )=0,

¥’ (=P (otherwise),
£ (e =fleHl (j=ikk’),
7 {ep)=1,

£’ {e)=f(e) (otherwise).

The operation to obtain the net N (¥, £’ ) is
called path increment from V; OF V; = Vi path
increment for N, (¥, £). [J

Obviously, path increment for a file transfer on NV,
vields a file transfer on A,;. Note here that it
might happen that v; =v» Fk, that is, just
increasing ¥ of the leaf by one, in the former
case.

3.1. Algorithm for simple demand case[13]

Definition6: Let v; and vy be vertices such that v,&
An (). For a file transfer D=( ,f), functions T’
on VV andf’ on B are defined to be

P v;)=P(v;) — 1,

T’ (v)=T (v )+,

P’ W)=P() (otherwise),
e )=fle)—1 (jSikk),
f’(e) =f(e) (otherwise).

The operation to obtain the net V(¥’, f’ ) from
D is called a copy exchange from v; to v for D
with one copy. [J

Definiton7: Let v; and v be vertices such that v;&
An(vy). For a file transfer D=(W¥ f), functions T~
on Vand f” on B are defined to be

P )=W(v;) +z,

P (v)=T(v)—z,

T’W)=T(v) (otherwise),

£7(e, )=e;) +z  (j=i<k),

£7{e) = fle) (otherwise).

where z&€ 2. The operation to obtain the net NV
(T”, £ ) from D s called a copy exchange from
vy tov;for D with z copies for D. [J

The following definition is a key to consider
optimalting

Definiton8: Suppose that a copying vertex set W
satisfies | W22 in a flle transfer D =(¥ ). The
operation to obtain another file transfer by a copy
exchange from the last copying vertex w to its
previous copying vertex with W(w) copies is called
a backward = operation for D. The process of
continuing possibly backward operations and obtain
a file transfer with the minimum cost among |W |
file transfers is called Az/backward operation for .
We identify those obtained file transfers with the
use of the last copying vertex, say x, by denoting
D[x] and call a backward operation till x for D. [

In [13], with the use of forward and backward
operations, we propose (Xn? algorithm as follows.

[Algorithm]

(Input) A file transmission net A with simple
demand vertex

(Output) An optimal file transfer (¥, f,” )

Stepl. Let ¥, (v,)«1.

Step2. For each integer i, with i=1,2,--,
n—1, perform the following operations.
2-1. Perform Forward operation for a

file transfer (¥,”, f;” ) on V; and
obtain a file transfer Dy, on N, .
2-2. Perform fi/i backward operation
for D, and obtain a file transfer
(¥, fuy” ) on N,. (Termination)



[Forward operation]
(Input) A file transfer (¥, f,” Jon NV ;.
(Output) A file transter (¥, f;,,) on V.
Stepl. Let w be the last copying vertex in
(., 1,7 ).
Step2. Obtain (T, f,,,) as follows.
2-1. Ifc, (W) >cy (v;), then let wev,.
2-2. Otherwise if Delw) U{w} has a
vertex x such that f;” (x, x”)=0,
then choose a vertex u on x'-v;
path with the minimum copying
cost. In addition, if ¢, (u) <
¢y (wW)H+C,—C,, then let weu.
2-3. Make w—v,, path increment
for (¥, f;” ).  (Termination)

3.2. Plural demand case

Similarly to the simple demand case, it is
easy to see that we can get an optimal file transfer
on each subnetwork by one forward operation and
one backward operation. Therefore, we skip here
to show the proof of its optimality and refer to that
in [13]. However, in the similar way to the simple
demand ‘case, the algorithm for plural case
becomes O (| V | d{V) ). So from now on, we
consider how to reduce the times of backward
operations and show the total time complexity of
the algorithm for plural demand case is O{n?).

Before going to the revised algorithm,
we observe some differences between simple and
' plural demand cases.

First, in the plural demand case, we
have to consider the leaf itself as a possible
copying vertex if its demand is more than one,
while in the simple demand case we do not need to
consider that.

Second, in the simple demand case, if
the last copying vertex w satisfies f (w,w”)=0,
then w”~ v,, path contains just one vertex such
that f(x, x”) =0. However, in the plural demand
case, if De (w) contains a vertex v with d V)22,
then it might happen that f (v’ ,u)=0+1 and f (v,
v’)E0—1, that is, w'- v,, path contains no
vertex such that (x, x”)=0.

Third, in simple demand case, if
backward operation till a vertex x was performed,
then every copying vertex in Dex) never becomes
a copying vertex again. However, in plural demand
case, it might happen that some “old” copying
vertex becomes a copying vertex again. Here's an
example. In Fig.3-1, we have a file transmission
net NV, with C,— C,=b and £#=5. To obtain an
optimal file transfer on that net, we consider
optimal ones on its subnetworks N g and N 4.
Actually both nets have unique optimal file
transfers (W, f4) and (¥, ) shown in Fig.3-2
and 3-3, respectively. While,- V |, has an optimal
file transfer, which is unique too, shown in Fig.3—-4.
It is easy to see that v 4 is a copying vertex in (g,
fg).and (¥, ), but not in (P, ).

Vertices \%! Va2 V3 V4 A
Costs 10 30 12 30 14
O—>0—=>0—=>0—=>0

Demands 1 3 1 1 4
Fig.3-1. Afile transmission net V1o

Vertices Vi Ve V3 V4 V5
6 0 2 0 0
O0—=>0—>0—=>0—=>0

5 2 3 1
Fig.3-2. A file transfer (s, fz) on Vs

Vertices Vi V2 V3 V4 V5
9 0 (VB 0 0
O—>0—=>0—=>0—=0

8 5 4 2
Fig.3-3. A file transfer (¥, ) on Ng

Vertices Vi \p) v3 Vs Vs
9 0 1 0 0
O—>0—>0—>0—=>0
8 5 5 3
Fig.3-4. An optimal file transfer (¥ 1, fio)
on N
following

Here, we. propose the

algorithm for plural demand case.

[ Revised = Algorithm]

(Input) A file transmission net N with plural
demand vertex

(Output) An optimal file transfer (¥, f )



Stepl. For 71,2,-+*,n, let j ;=d{V,). Let
T (v )e—=d(v,) and wev,.
Step2. For each integer j, with = 2,3,---,n,
perform the following operations.
2-1. Let cnt—d(v).
2-1-1. ey w)>cy(vyy), thenwev,,.
2-1-2. Otherwise if Delw) U{w} has a
vertex x such that f(x’, x)=0,

then choose a vertex u on X -vy;

path with the minimum copying

cost. In addition, if ¢, ()<

¢y (WH+C,—C,, then let we—u.
2-1-3. Make w—v path increment,

cnt<—cnt— 1, and perform full

backward operation.

2-2. While( ent > 0) repeat the following.
2-2-1. Ifc, (W) >cy (v;), then wev,.
2-2-2. Otherwise if Delw) U {w} has a

vertex x such that f(x’, x)=0,
then choose a vertex u on X~V;
path with the minimum copying
cost. In addition, if ¢\, (u) <
¢,y WHC,—C, then let weu.
2-2-3. If fw’, w)+ent =0, then make
- w~v; path increment cnt times
and perform full backward
operation, return to Step2-1.
Otherwise, make w-v; path
increment 0—flw’, w) times, cnt
«—cnt+fw’, w)—0 times,
perform full backward
operation and return to Step
2-2. (Termination)

Before analyzing the new algorithm, we consider
the validity of reducing backward operations.

Lemmal: In the algorithm, let D [x] be a file

transfer obtained by backward operation from
another file transfer D. Then every copying vertex
w in Dex) on' D satisfies ¢ (w)=c ), (x).

(Proof) We can get another file transfer by copy
exchange from x to w. Since 2 [x] is optimal, either
—cy(®)—Cy+Ci4c, W20 or —c;, ®+c, W)
=0 holds. [J :

Lemma2: In Step2-2 of the algorithm, if another
file transfer £ [x] on V| is obtained by backward
operation for 2, then the copying vertex w in De(x)
on D becomes a copying vertex by the next path
increment for D [x] only if flw,w”) < 2, ¢, (W) < ¢y
(+ C,—C,, and x~w path contains an arc e such
that f(e)=0.

(Proof) Lemma 1 says that all copying vertices w in
Dex) on D
vertex w becomes again a copying vertex if w has

satisfies ¢, W =Zcy, ). So such
the above condition. [

Actually, the file transfers in Figs. 3-3 and 3—4 are
the example of this lemma. From these lammas, the
next proposition trivially holds.

Propositionl: Let v; be the leaf of V» to NV,
with k* >d (V) and k”=d (V;). Suppose that we
perform backward operation to obtain a file transfer
D IxI= ¢y, f,) on V|, with kK’ <k =k” from
another file transfer D . Then no copying vertex
in Delx) on D as forward operations to obtain
optimal file transfer except that f(w,w”)<8, ¢, (W)
<c¢y, )+ C,—C,, and x~w path contains an arc e
such that f(e)=0. [

The following lemmas are relevant to the analysis
of the algorithm.

Lemma3: In the above algorithm, each arc e
changes from f{e)<@ to f’ (e)=0 at most one time,
where the function f’ is obtained from f by path
increment or backward operation.

(Proof) Because the above algorithm makes f
non—decreasing.. [J

Lemma4: Backward operation is made at most 3
| V| times in the above algorithm.

(Proof) We make that operation at Step 2-1 and

2-2. Other than that, when possible backward

operation would happen for the case that fe)=0.

From the Lemma3, each arc becomes that change

at most one time. []

Lemma5: In the algorithm, the pair of (w,v) such
that w—v path increment is made in the algorithm is



at most 8 | V| times.

(Proof) Unless any backward operation is done,
then the next copying vertex to w is always in
Dew). So the total number of such pair is at most
21 V| . I additon, if one backward operation is
done, then only vertex x satisfying flx’, x)=0 can
become a copying vertex again just after the
operation. So by Lemma4, the total number of the
pair (w,v) such that w-v path increment is made
involved with backward operation is 2X3 | V] .
d

Finally, we give a proposition about the time
complexity of the above algorithm.

Proposition2: It takes (Xn® to implement the
above algorithm.

(Proof) Lemma5 says that the total number of all
path increments is ‘(Xn). One path increment
needs (X(n) operation in the algorithm. [

We mention that the space complexity is O {(n),
though at least d (V') different file transfers do
appear in the algorithm.

4. Conclusion

In this report, we have considered the
file transfer problem for a file transmission net with
a directed path graph structure such that each arc
cost is a two-level step and each vertex copy
demand is positive. As a result, we have proposed
an O(n?) algorithm to solve the problem, where n is
the number of vertices.
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