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Abstract
In graph theory, the decomposition problem of graphs is a very important topic. Various types
of decompositions of many graphs can be seen in the literature of graph theory. This paper gives

a balanced (Cy, Cg)-bowtie decomposition algorithm of the symmetric complete digraph K.

Keywords: Balanced (Cy, Cs)-bowtie decomposition; Symmetric complete digraph; Graph the-
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1. Introduction
Let K denote the symmetric complete digraph of n vertices. Let Cy and Cg be the directed 4-cycle

and the directed 6-cycle, respectively. The (Cy, Cg)-bowtie is a graph of edge-disjoint Cy-and Cg
with a common vertex and the common vertex is called the center of the (Cy4, Cg)-bowtie.



When K} is decomposed into edge-disjoint sum of (Cy, Cs)-bowties, we say that K has a (C4, Cs)-
bowtie decomposition. Moreover, when every vertex of K appears in the same number of (Cy4, Cs)-
bowties, we say that K} has a balanced (Cy, Cs)-bowtie decomposition and this number is called
the replication number.

It is a well-known result that K, has a C3 decomposition if and only if n =1 or 3 (mod 6). This
decomposition is known as a Steiner triple system. See Colbourn and Rosa[l] and Wallis[3, Chap-
ter 12: Triple Systems]. Hordk and Rosa[2] proved that K, has a (Cj, C3)-bowtie decomposition
if and only if n = 1 or 9 (mod 12). This decomposition is known as a bowtie system.

In this paper, it is shown that the necessary and sufficient condition for the existence of a balanced
(C4, Cs)-bowtie decomposition of K}, is n = 1 (mod 10).

2. Balanced (Cj, Cs)-bowtie decomposition of K
We use the following notation for a (Cy, Cs)-bowtie.

Notation. We denote a (Cy, Cg)-bowtie passing through vy —ve —v3 —vg — vy — U5 —Ug — V7 —
vg — vg — v1 by {(v1,v2,v3,v4), (v1,Vs,6,07,v8,v9) }-

*

We have the following theorem.
Theorem. K has a balanced (Cy, Cg)-bowtie decomposition if and only if n = 1 (mod 10).

Proof. (Necessity) Suppose that K has a balanced (C4,Cg)-bowtie decomposition. Let b
be the number of (Cy,Cs)-bowties and r be the replication number. Then b = n(n — 1)/10
and r = 9(n —1)/10. Among r (Cs, Cs)-bowties having a vertex v of Ky, let 71 and 73 be the
numbers of (Cy, Cs)-bowties in which v is the center and v is not the center, respectively. Then
r1+79 = r. Counting the number of vertices adjacent to v, 2r1+7r2 = n—1. From these relations,
r1 = (n —1)/10 and r2 = 4(n — 1)/5. Therefore, n = 1 (mod 10) is necessary.

(Sufficiency) We consider 2 cases.

Case 1. n = 11. Construct 11 (Cy, Cs)-bowties as follows:

B; = {(1,3,6,5),(1,2,7,4,10,8)}
B, = {(2,4,7,6),(2,3,8,5,11,9)}
Bs = {(3,5,8,7),(3,4,9,6,1,10)}
By = {(4,6,9,8),(4,5,10,7,2,11)}
Bs = {(5,7,10,9), (5,6,11,8,3,1)}
Bg = {(6,8,11,10),(6,7,1,9,4,2)}
By = {(7,9,1,11),(7,8,2,10,5,3)}

Bg = {(8,10,2,1),(8,9,3,11,6, 4)}

By = {(9,11,3,2),(9,10,4,1,7, 5)}

By = {(10,1,4, 3),(10,11,5,2,8,6)}

- By = {(11,2,5,4),(11,1,6,3,9,7)}.

This decomposition can be written as follows:
Bi={(6,i+2,i+5i+4),Gi+1Li+6,i+3,i+9,i+7)} (= 1,2,...,11),
where the additions i + z are taken modulo 11 with residues 1,2, ...,11.
Then they comprise a balanced (Cy, Cg)-bowtie decomposition of K3;.

Note. We consider the vertex set V of K as V = {1,2,...,n}.
The additions i + z are taken modulo n with residues 1,2,...,n.



Case 2. n =10t +1 and ¢t > 2. Construct tn (Cy4, Cs)-bowties as follows:

BY = {(f i+t + 1,04 1,0 43¢+ 1), (5,0 + 2,0+ 46 + 4,6+ 2 + 2,0+ Tt + 4,4 + 6t + 2)}
B = {(i,i+t+2,i+3,6+3t+2), (4, + 1, + 4t + 2,6+ 2t + 1,0+ Tt + 2, + 6t + 1)}
B® = {(4,i+t+3,i+5,i+3t+3), (4,6 + 3,0 + 4t + 6,4 + 2t -+ 3,4 + Tt + 6,4 + 6t + 3)}
B® = {(i,i+t+ 4,0+ 7,0+ 3t +4), (6,0 + 4,0+ 4t +8,i + 2t + 4,1 + Tt + 8,0 + 6t + 4)}

BEY = (1,42t —1,i+2t—3,i+4t — 1), (4,4 +t— 1,i+6t—2,i+3t — 1,0+ 9t — 2,0+ 7¢ — 1)}
BY) = {(i,i+2t,5+ 2t — 1,6+ 48), (4,1 + t,i + 6t,1 + 3¢, 5 + 9t,5 + Tt)}

(i=1,2,..,n).

Then they comprise a balanced (Cy, Cs)-bowtie decomposition of K.

This completes the proof.

Example 1. A balanced (Cy4, Cg)-bowtie decomposition of K3;.
Construct 42 (Cy, Cs)-bowties as follows:

BY = {(6,i 43,5+ 1,i+7), (4,0 + 2,4 + 12, + 6,3 + 18,1 + 14)}

B® = {(4,i+4,5+3,i+8),(i,i + 1,5+ 10,i + 5,5 + 16,i + 13)}
(i=1,2,..,21).

Then they comprise a balanced (Cy, Cg)-bowtie decomposition of K3;.

Example 2. A balanced (Cy, Cs)-bowtie decomposition of K3;.
Construct 93 (Cy, Cg)-bowties as follows:

BY = {(i,i+4,i + 1,0+ 10), (4,4 + 2,1 + 16,4 + 8,7 + 25,5 + 20)}
B = {(4, + 5, + 3,5 + 11), (3,7 + 1,4 + 14,7 + 7,7 + 23,0 + 19)}
B® = {(i,i+ 6,5+ 5,5 + 12), (6,4 + 3,5 + 18,4 + 9,4 + 27,4 + 21)}
(t=1,2,..,31).

Then they comprise a balanced (Cy, Cg)-bowtie decomposition of K3;.

Example 3. A balanced (Cj, Cg)-bowtie decomposition of Kj;.
Construct 164 (Cy, Cg)-bowties as follows:

B = {(4,i 45,0+ 1,5+ 13), (3,6 + 2,7 + 20,7 + 10,4 + 32,4 + 26)}
B® = {(i,i+6,i+3,i + 14), (6,4 + 1,1 + 18,5 + 9,4 + 30,4 + 25)}
B® = {(4,i + 7,5+ 5,5 + 15), (4,6 + 3, + 22,0 + 11,4 + 34,3 + 27)}
B = {(4,i+ 8,5+ 7,1 + 16), (3,6 + 4,1 + 24,1 + 12,4 + 36,4 + 28)}
(i=1,2,..,41).

Then they comprise a balanced (Cy, Cg)-bowtie decomposition of K.

Example 4. A balanced (Cjy, Cg)-bowtie decomposition of K3;.
Construct 255 (Cy, Cg)-bowties as follows:

BY = ()i +6,i+ 1,6+ 16), (3,6 + 2,4 + 24,4 + 12, + 30,4 + 32)}
B® = {(,6 + 7, + 3,6+ 17), (i,6 + 1,4 + 22,4 -+ 11,4 + 37,4 + 31)}
B®) = {(i,i+8,i+5,i+ 18), (i, + 3, + 26,0 + 13,1 + 41,4 + 33)}
B® = {(i,i+ 9,1+ 7,8 +19), (3,6 + 4,4 + 28,4 + 14,4 + 43,4 + 34)}
B® = {(i,i +10,i +9,i + 20), (i,6 + 5, + 30,6 + 15,4 + 45,7 + 35)}
(i=1,2,...,51).

Then they comprise a balanced (Cy, Cs)-bowtie decomposition of K.
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