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Perfect Sampler for Discretized Dirichlet Distribution

Tomomi MATSUI and Shuji KIJIMA

Abstract

In this paper, we propose a perfect (exact) sampling algorithm according to a discretized Dirichlet

distribution. The Dirichlet distribution appears as prior and posterior distribution for the multinomial

distribution in many statistical methods in bioinformatics. Our algorithm is a monotone coupling from

the past algorithm, which is a Las Vegas type randomized algorithm. We propose a new Markov chain

whose limit distribution is a discretized Dirichlet distribution. Our algorithm simulates transitions of

the chain O(n3 ln∆) times where n is the dimension (the number of parameters) and 1/∆ is the grid

size for discretization. Thus the obtained bound does not depend on the magnitudes of parameters.

In each transition, we need to sample a random variable according to a discretized beta distribution

(2-dimensional Dirichlet distribution).
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× Ä[ð 4F� ( ×HØAÙº×-���[É=Ê×
��� û Þ4î Å � ����� ���������K������� Þ [16] à�ï������ ð Niu, Qin,

Xu, and Liu
Å�� �	�OË�
=Ý Þ #� Ó�J %�� Ó[×����DÚ������sË���;sÞ�� ��� á�Ò���Ó�J %�� Ó����HÙ�Ú0Û

Ü����Aî�ÞOà��å×�� ����� ð Pritchard, Stephens, and Donnely ×��� "!�#%$�����á2âäã�Ô]æsç M'&PN (
� Þ [13] à 44×=á{â ãåÔ_æ-ç Ä[Å MCMC Ù�Ú0íLî��=îåÞJà 4�� ( ×��åË9	[î�� ð Dirichlet ÉHÊ Å)(�* ?'+, Ä[ð�(�* ?9QOL�R $ % Ú��)-=�����ßÞ;à �Jï M -�� ð�.0/ ×'+ , �fQOL�R $&% Ú�1 : Dirichlet É=Ê '�(
Ñ�Ò{Ó ÔdÒnÖ[Ú324�LÞ650���[á�âäã�Ô]æLç M87�9 �ßÞ;à
ù ë;:Aú Dirichlet ÉHÊ 'O( ×HÑºÒVÓäÔOÒ2Ö{×�<)�f:-×)==ÙK��� � Å�>8? Ñ�Ò0Ó Ô;ÒHÖ MLû Þ�ù [6] @�A2ú à��' �iQPL=R $&%M�BDC îO� ð n = 2 ×)E�F(ùG� $&% É2Ê-ú Ä"C � >8? ×3�0� Å ÝIH0Ë�J�1�õF?;-9��� 9 î�QPL

R $@%LK�M)B4C î �31 ð 58��� Ä ?�îdàM�s×4ØHÙ����f� ðON8P Ú ÆHÇHÈ � ð Metropolis-Hastings ádâã�ÔMæ=ç
ÚOí-îºÞ;ØnÙ M-û Þrà3Q8R ð Matsui, Motoki and Kamatani

M{Æ=ÇHÈ
Dirichlet ÉHÊåË0Î!ÏZÑºÒVÓ ÔOÒ2Ö{×nï

;�× è âé{êOëHì�Ú;Û2Ü �f�nî�Þ [11] à�SA× è âé{ê;ënìs× mixing time
Å

(1/2)n(n−1)(1+ln(∆−n)) log εÄ'TUC � ( �ßÞ;à
CFTP á{âßãåÔ_æ-ç Å Propp and Wilson Ë�V�-
��ÛnÜ C � ð)W;X �=á�â ãåÔ6æ-ç � �E��YZ�0Ú6[0\ �=î
Þ [14] à)44×ná�âßãåÔ_æ[ç Ä-Ånð{è âßénê0ë=ìº×�]4^6_a` $ ]cbVÒnÚ'd�e=Ý Þ�4�� Ä ��fHÉnÊË0ÌnÍËVÎ*Ï
Ñ�Ò{ÓÕÔdÒ=Ö(ù Perfect sampling ú�Ú�g8h �6ÝßÞ;à Perfect sampling Ú32 Ïji�k Ånð �%fHÉ=ÊËVÌAÍËdÎÐÏ
ÑåÒ4Ó Ô0ÒnÖAÚ�2ÐÏ34�� Änð3l�m Q L�R $ % Ú3n�o=Ý Þ�p�q M�r õ�?ºÞ�k Äsû ÞJà's�Ë�t�us×;v[îAÑ�Ò4ÓÕÔ
Ò=Ö[Ú�q=ÝßÞ�w ð Perfect sampling

Å Q�xºÑ�Ò{Ó ÔdÒ[Ö�Vzy){�|�î-á2âäã�Ô]æLçO�3?�Þ;à�� ' � CFTP á
â ã�ÔræLç Å=ð SL× 9�9[ÄLÅnè â énê4ë[ì�×'}�~%��� Ë����[Ý Þ �����åÚ)p0qD�_ÝäÞ{ï�; ð ~0���å×-�-î

��DË�
 ���'50��� ÄLÅ ?=î{à%
��D�_ÝßÞ è âäénêVë[ì�Ë�� ñ2ò�����M�û Þ�w ð 50����? CFTP á2âäã�Ô
æLçA×���� M g8hD�3?�Þ;à�4F�Ú ñHò CFTP á2âäãåÔ]æLçO���;�=à0�8�Ë ñ�ò ? è âäéHêVë[ì�×���� Å��� Ä[ð 4F� 9AÄ;��� Ë ñHò CFTP á2âäã�Ô]æLç=×���� C �ºï'� Å�� ?=î2àÂ[ÃºÄLÅ{ÆAÇAÈ

Dirichlet É=Ê Ú����s×��a��É=Ê Ë�1�:8� �rî è âäénê0ë[ìÚ0ÛAÜ-Ý Þ;àAÛAÜ[ÝßÞ è âäéêdë[ì ÅHñ=ò�Äºû Þ;à�4�× è âäé=êVëLì�× � ��� ÄLÅ�Æ[Ç[È � $�% ÉAÊ Ë4ÎÐÏ�������� Ú ü8� � ð áHâäã
Ô]æLç Å;�8� O(n3 ln ∆) �-×���� Ä;��� ��� ð Dirichlet É=Ê Ë0ÌAÍ ËdÎÐÏ ������� Ú3¡[Ý�à�ï�¢�� ð n

Å
���å×8+ , ù+QOL�R $�% ×�£��sú Ä�û y ð 1/∆

Å{Æ[ÇAÈ ×�Ö Ô8¤4¥ ¦s×'JO1 C0Ä�û Þ;àLÎ-=� ð ����w�§Å QOL�R $�% ×�� K ×'J 1 C Ë)¨�© �F?Aî2à-ÛAÜ-ÝßÞ è âäénêdë[ì�× � ���å×=����� Å [11] �)ª4« Ä[ð á
âßãåÔ6æLç0¬ Ä p%q@?)����× X% ��� Å O(n3 ln ∆)

Äsû ÞJà=Î�-�� ð n
M

O(ln ε) Vy B®C îK�91 ð�¯ ��Û
Ü-ÝßÞVØAÙ Å Q�xLÙ°Vzy){�| õ ð � ' {�± ( �ßÞL�������%�c²´³ â Å �%fHÉ=Ê ËVÌAÍ ËdÎ*Ï à

2 µ ¶¸·º¹»¶½¼¿¾ÁÀ ÂÃ¹´Ä¿Å
Æ�Ç0� � QOL�R $ % u1, . . . , un Ú�1�: Dirichlet É=Ê Å=ð ���������c²´³ â P = (P1, P2, . . . , Pn) Ë)
[ÝÞ����=É=Ê Ä[ð Í0uaÈ�� Å �8É P {(p1, p2, . . . , pn) ∈ R

n |
∑n

i=1 pi, pi > 0 (∀pi)} Ë)
 ���
Γ(
∑n

i=1 ui)
∏n

i=1 Γ(ui)

n
∏

i=1

pui−1
i

Ä'ÊUC �ßÞJà�ï�¢�� ð Γ(u)
Å�Ë Ò è È�� Ä�û Þ;à Â%Ì�Í�ÄLÅ n ≥ 2 Ú3Î��nÝßÞrà.0/ ×�Ï�� ∆ ≥ n Ë)
 ��� ð �8É P Ú3Ð 7�¦ 1/∆

Ä2Æ[Ç=È � ð Ï%�%�c²´³ªâ�× Æ[Ç �� 0F Ω Ú
Ω

def.
= {(x1, x2, . . . , xn) ∈ Z

n
++ | xi > 0 (∀i), x1 + · · · + xn = ∆}

Ä ��É�Ý Þ0à Æ�Ç�� �@QKL�R $ % u1, . . . , un Ú�1@: ÆLÇsÈ Dirichlet �"�0�%� Å �"�%�0���®²Ñ³ â X =

(X1, . . . , Xn) ∈ Ω
Ä ���=É=Ê

Pr[X = (x1, . . . , xn)]
def.
= C∆

n
∏

i=1

(xi/∆)ui−1
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Ú�1�:nà�ï�¢�� ð C∆

Å É��aÈ�� ù���Ð È �;�Lú Ä (C∆)−1 def.
=
∑

x∈Ω

∏n

i=1(xi/∆)ui−1 ���8É C �ßÞ;à.%/ ×)Ï�� b ≥ 2 Ë�
 � � ð 2 + , Ï����²	³ âº×� �F Ω(b)
def.
= {(Y1, Y2) ∈ Z

2 | Y1, Y2 > 0, Y1 +Y2 = b}

Ú������ ð�Æ�Ç0� � QOL�R $�% ui, uj Ú�1�:=ÉHÊÈ�� fb(Y1, Y2 | ui, uj) : Ω(b) → [0, 1] Ú
fb(Y1, Y2 | ui, uj)

def.
= C(ui, uj , b)Y

ui−1
1 Y

uj−1
2

���8É[ÝßÞOà�ï�¢�� ð �;� (C(ui, uj, b))
−1 def.

=
∑

(Y1,Y2)∈Ω(b) Y ui−1
1 Y

uj−1
2

Å É��aÈ�� Ä�û Þ;à 9 ï'�c²´³
â (gb(0|ui, uj), gb(1|ui, uj), . . . , gb(b − 1|ui, uj)) Ú������ ð

gb(k|ui, uj)
def.
=

{

0 (k = 0)
∑k

l=1 C(ui, uj, b)l
ui−1(b − l)uj−1 (k ∈ {1, 2, . . . , b − 1})

���8É[ÝßÞJà�� (�' Ë 0 = gb(0|ui, uj) < gb(1|ui, uj) < · · · < gb(b − 1|ui, uj) = 1
M�� y
	�:nà

~0����§ Ω Ú�1�: è âÕé=êdësì MD Ë�:�î����� ÞOà ���D×;~%�äÚ X ∈ Ω �rÝ Þ0à�4�×K�
1 ð �0�
X 7→ X ′

Å +s×aVÏrË � 2 C �ßÞJà 9��[ð�� �s÷'� λ ∈ [1, n) Ú ü;� � ð i := bλc, b := Xi + Xi+1 �6Ý Þrà
+åË ð k ∈ {1, 2, . . . , b − 1} Ú gb(k − 1|ui, ui+1) ≤ (λ − bλc) < gb(k|ui, ui+1) Ú��åï2Ý����s× K �MÝßÞJà��
�DË ð

X ′
j :=











k (j = i),

b − k (j = i + 1),

Xj ( S=����� ),

�_ÝßÞ;à
ÛAÜ �Jï è âäénêOë[ìDË�
[ÝßÞ update function φ : Ω× [1, n) → Ω Ú φ(X,λ)

def.
= X ′ �_ÝÞ;àK4{× è â

énê0ë[ì Å � (�' Ë�� � Ä�Æ�!�X � Äsû Þ;à 9 ï detailed balance equations
M�� y
	�:)4�� '�(JðHè âäé

êVë[ì MD ×8�%fHÉ=Ê Å{Æ[ÇAÈ Dirichlet É=Ê �3?�Þ;à
+åË)s " ?�~�� ����� XU, XL ∈ Ω Ú

XU
def.
= (∆ − n + 1, 1, 1, . . . , 1), XL

def.
= (1, 1, . . . , 1, ∆ − n + 1).Ä �8É[ÝßÞJà

4F� ( Ú0í�î � ð2Æ[ÇAÈ Dirichlet ÉnÊ Ë)
[ÝßÞ4Ñ�Ò{Ó Ô0Ò=Ö2á2âäã�Ô]æLçsÚ)+�×"VÏJË��&;�ÞJà
#�$&%('*)�+

1

Step 1. w�§�Ë8È�ÝßÞ-, X�K Ú T := −1 ��� ð/.�0 Ë�1äÞ;à2��3 λ ÚVí / ÝßÞ;à
Step 2. � (0� ��÷8� λ[T ], λ[T + 1], . . . , λ[dT/2e − 1] ∈ [1, n) Ú ü�� � ð λ := (λ[T ], λ[T + 1], . . . , λ[−1])

�_ÝßÞ;à
Step 3. w�4 T Ë9	@�[Þ 2

Â × è âé2êOënì�×)~���Ú)S
�25�� XU � XL � ð *�,�×�� 3 λ ÚJísî-� update

function φ ËdÎ�î ð=è âäénêVë[ìÚ'w�4 T
'�( w�4 0 Ë/6DÞ 9AÄ ��� C87 Þ;à

Step 4. [ Coalescence check ]

(a) { � ∃Y ∈ Ξ, Y = Φ0
T (XU, λ) = Φ0

T (XL, λ), ? ( � K Y Ú�¡ � ð/9�: Ý Þ;à
(b) { �LS Ï Ä ?@� ��� ð w�4ßÚ T := 2T ����� Step 2 Ë�;ßÞ;à

�2< Å4ÂAÃ ×�=�q@?/> ? Ä�û Þ;à
@�A

1 á�âßãåÔ]æ[ç 1
Å ��� 1

Ä ù�B���w�§ Ä ú 9 : �E� ð ~��DÚ 1 :�C >[Ý ÞJà�SA×�~�� Å Ω DL× ÆAÇÈ
Dirichlet É=Ê ËVÌ=Í ËdÎÐÏ ��������× � � K�Ä�û Þ;à

E�F
1 Dirichlet QOL�R $�%nÅ�Æ�G�H�I Ë�J��=à-Ý ? K�L u1 ≥ u2 ≥ · · · ≥ un

M�� y
	�:nà
@�A

2 M�N 1 ×�< ð á{â ã�Ô6æAç 1 ×
�'�0w8§A× X88KºÅ O(n3 ln ∆)
Ä-û Þrà�ï�¢)� ð n

Å + , ù Dirichlet

QOL�R $�% ×�£��Lú Ä�û y ð 1/∆
Å{ÆAÇAÈ ×�Ð 7�¦åÚ Ê Ý{à

3
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3 �ÁÀ �������	��
��������������
Ω D���� I���� ��� �"!"#�$&%('*),+ MD -,.�/ �10�2�3�45�*6,798;:�<�=�>�?A@ $ X ∈ Ω�CBD�FE�!�G�H�IKJ�LNMPO cX ∈ Z

n+1
+

cX(i)
def.
=

{

0 (i = 0),

X1 + X2 + · · · + Xi (i ∈ {1, 2, . . . , n}),

��QSR�7T2;8�U�V �F! cX = (cX(0), cX(1), . . . , cX(n))
4W7T2;8YX&Z*[ � Ω

4
{cX | X ∈ Ω}

=�\ � ��] B] B�^ -�_�` 7T2;8S:�<a=9b�c B X, Y ∈ Ω �CBD�dE�! X � Y
=9e�f�g�h�i�j&�

cX ≥ cY

4k7T2F8aXTZ*[
� “�”

�
Ω l = ��m �a�K0�2;8Yn�U ! ∀X ∈ Ω, XU � X � XL o;p�. � ha[Y2;8q n

X, Y ∈ Ω �CBD�FE�! 0�2 k -�_�` �FE
cX(i) − cY (i) =

{

1 (i = j),

0 (otherwise).

-9rtsWu�v 4(w ! X - x k �,y Y
�{z�| x cover y�7&2a4k} q ! X ·� Y x n�U1� X ·�k Y

yK�K0~Z*�9798
�K=(���~� .,/�� �{�aX�7T2d�D45��2;8
�1�

3 o � 2 v =(�����a2;bSc X, Y ∈ Ω - X ·�k Y
��Z5� ! ∀λ ∈ [1, n), φ(X,λ) � φ(Y, λ) -(r�s�uSv 8

�Y�
: pY. =1UY� X ′ = φ(X,λ) ���9� Y ′ = φ(Y, λ)

����798Yn�� ! :a<�=����9� i 6= bλc ��B��{E�
cX(i) = cX′(i) �T�C� cY (i) = cY ′(i) -,rNsku�v 8�Q��~=9�YQ � s X � Y

��=1�
cX′(i) − cY ′(i) =

cX(i) − cY (i) ≥ 0
�K0�2;8��������

cX′(bλc) ≥ cY ′(bλc)
�{6�7�8

#S$�%S'5)�+ MD

=SQSRa[TZ ! X ′
bλc

=(�~�
gb′(k

′ − 1|ubλc, ubλc+1) ≤ (λ − bλc) < gb′(k
′|ubλc, ubλc+1)

�* YU�7K¡S]K=
k′
�K0�2;8�U�V �"! b′

def.
= Xbλc + Xbλc+1

�K0�2;8~¢C£ �,! Y ′
bλc

=��~�
gb′′(k

′′ − 1|ubλc, ubλc+1) ≤ (λ − bλc) < gb′′(k
′′|ubλc, ubλc+1)

�; KU97�¡S]1=
k′′
�10�2d8�USV �"! b′′

def.
= Ybλc +Ybλc+1

��012F8��KX����(��=
3 v =�¤�¥ � h§¦ E9¨ �12d8

Case 1: bλc 6= j − 1
[ v bλc 6= j + 1

=9¤�¥ ! b′ = b′′
��=��

X ′
bλc = k′ = k′′ = Y ′

bλc

�{©T2;8
Case 2: bλc = j − 1

=(¤�¥§� ¨ ��2F8 q n ! X ·�j Y � s b′ = b′′ + 1
��012F8�ª9«1¬�>~? @ $ =,Q�RK[&Z

cX′(j − 1) − cY ′(j − 1) = cX′(j − 2) + X ′
j−1 − cY ′(j − 2) − Y ′

j−1

= cX(j − 2) + X ′
j−1 − cY (j − 2) − Y ′

j−1 = X ′
j−1 − Y ′

j−1��=�� ! X ′
j−1 ≥ Y ′

j−1

�{6�Y��g�ha�K0�2;8
q n ! 3�=9® �C¯ 7���� 4

[TZ ! �K=9°�±�² - ©AZk³T2;8
0 = gb′′+1(0|uj−1, uj) = gb′′(0|uj−1, uj) ≤ gb′′+1(1|uj−1, uj) ≤ gb′′(1|uj−1, uj) ≤ · · ·

≤ gb′′+1(k − 1|uj−1, uj) ≤ gb′′(k − 1|uj−1, uj) ≤ gb′′+1(k|uj−1, uj) ≤ · · ·

≤ gb′′+1(b
′′ − 1|uj−1, uj) ≤ gb′′(b

′′ − 1|uj−1, uj) = gb′′+1(b
′′|uj−1, uj) = 1,

3(=9°�±�²Y�
alternating inequalities

4;´,µT3K4 � 7T2;8KUT4(�S�(°�±�²
gb′′+1(k − 1|uj−1, uj) ≤ (λ − bλc) < gb′′(k − 1|uj−1, uj) ≤ gb′′+1(k|uj−1, uj)

4
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-9rtsWu�v�� ! X ′
bλc = k > k − 1 = Y ′

bλc

�K0�2;8�0�2 q � ! °�±�²
gb′′+1(k − 1|uj−1, uj) ≤ gb′′(k − 1|uj−1, uj) ≤ (λ − bλc) < gb′′+1(k|uj−1, uj)

-(r s�u E � X ′
bλc = k = Y ′

bλc

��012;8�7a�S���
alternating inequalitis

[&Z ! :1<�= λ � v q E coupling

(

X ′
j−1

Y ′
j−1

)

∈

{(

1

1

)

,

(

2

1

)

,

(

2

2

)

,

(

3

2

)

, . . . ,

(

b′′ − 1

b′′ − 1

)

,

(

b′′

b′′ − 1

)}

��� r 7T2�3K4 - �aw�2;8�� l =Y3K4*[TZ X ′
j−1 ≥ Y ′

j−1 - ©AZk³aU98
Case 3: bλc = j + 1

=9¤�¥ � v q E�¨ ��2;8 q n ! X ·�j Y � s b′ + 1 = b′′
�K0�2;8Kª�«�¬�>�?D@ $ =QSRa[TZ

cX′(j + 1) − cY ′(j + 1) = cX′(j) + X ′
j+1 − cY ′(j) − Y ′

j+1

= cX(j) + X ′
j+1 − cY (j) − Y ′

j+1 = 1 + X ′
j+1 − Y ′

j+1.��=�� ! 1 + X ′
j+1 ≥ Y ′

j+1

�{6�~�9g�ha�K0�2;8
���

4
[TZ ! Case 2

4C¢C£ � ��= alternating inequalities - ©AZk³T2;8
0 = gb′+1(0|uj+1, uj+2) = gb′(0|uj+1, uj+2)

≤ gb′+1(1|uj+1, uj+2) ≤ gb′(1|uj+1, uj+2) ≤ · · ·

≤ gb′+1(k − 1|uj+1, uj+2) ≤ gb′(k − 1|uj+1, uj+2) ≤ gb′+1(k|uj+1, uj+2) ≤ · · ·

≤ gb′+1(b
′ − 1|uj+1, uj+2) ≤ gb′(b

′ − 1|uj+1, uj+2) = gb′+1(b
′|uj+1, uj+2) = 1.

� U -�� E :�<�= λ � v q E coupling (X ′, Y ′)
�

(

X ′
j+1

Y ′
j+1

)

∈

{(

1

1

)

,

(

1

2

)

,

(

2

2

)

,

(

2

3

)

, . . . ,

(

b′ − 1

b′ − 1

)

,

(

b′ − 1

b′

)}

�K0�213K4 - ��[Y2;8�� l =Y3�4*[TZ 1 + X ′
j+1 ≥ Y ′

j+1 - ©AZW³aU98 �

�1�
4 ([10]) ∀b ∈ {2, 3, . . .}, ∀ui, ∀uj ≥ 0, ∀k ∈ {1, 2, . . . , b},

gb+1(k − 1|ui, uj) ≤ gb(k − 1|ui, uj) ≤ gb+1(k|ui, uj).

�

�1�
5 update function φ

��Q�R	��³1U #($~%('F)�+ MD

�
“ �” ��
~�kE .C/ ��0�2W8W71�9��� ∀λ ∈ [1, n),

∀X , ∀Y ∈ Ω, X � Y ⇒ φ(X,λ) � φ(Y, λ) -9rtsWu�v 8
�1�

:
q n !��� �����*=�bSc�� Z1, Z2, . . . , Zr -(_,` �kE�! X = Z1 ·� Z2 ·� · · · ·� Zr = Y -�r�s u,v 8� U -�� E�! ��� 3

��� s�� ����� 7�213K4*� φ(X,λ) = φ(Z1, λ) � φ(Z2, λ) � · · · � φ(Zr, λ) = φ(Y, λ)

- ©AZk³T2F8 �

4 ��� �! #"%$'&)(+*-,+.�K�1����/ $10�2354 =7698 � \ � v q E;:�< 7&2;81��� ! coalescence time T∗ ∈ Z++

��8�QS7&213K4
��Q,�

2
�{6�7�8�U�V �d! coalescence time

�
T∗

def.
= min{t > 0 | ∃y ∈ Ω, ∀x ∈ Ω, y = Φ0

−t(x,Λ)}
4FQ,R

�"³T2>=�?9@BA��K0�2;8
�1�

6
i�j

1
=���� !�#,$�%S'{)�+ MD

=
coalescence time

�
E[T∗] = O(n3 ln ∆)

�* YU�7�8
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���
: .���������� ' G = (Ω, E)

�
	����¥
Ω
4d� � Q,R�7&2���=��¥ E

��� v 8�:�<�=
	�� B {X, Y }

- E �
� 7�2{e�f�g�h�i1j�� (1/2)
∑n

i=1 |Xi − Yi| = 1
4F7 2*8�X Z5[ � ��� ' G

� )�� ��0K2{8����
e = {X, Y } ∈ E �CBD�FE�! ¡�]�=,�~�{� B j1, j2 ∈ {1, . . . , n} -�_�` �"E

|X [1, j]− Y [1, j]| =

{

1 (j = j1, j2),

0 (otherwise).�* YU9798�3(=,�~�5��= B ��� e
=������ x suporting pair

y 4*´�µ�8��
e
=���� B {j1, j2} �CBD�dE j∗ =

max{j1, j2} ≥ 2
4 �5E1! � e

=7�#�
l(e)
�

l(e)
def.
= (1/(n − 1))

∑j∗−1
i=1 (n − i)

��Q�R17 2*8�3�39�
1 ≤

mine∈E l(e) ≤ maxe∈E l(e) ≤ n/2 ��� < - e�f���0�2"8W:�<�={b�c B X, Y ∈ Ω �;B �kE,!! �" d(X, Y )
� �

� ' G l �S= X
4

Y
=�#%$�&�'T4WQ�R,7Y2k8 :�<1=

(X, Y ) ∈ Ω2 �;B �kE d(X, Y ) ≤ (n/2)
∑n

i=1(1/2)|Xi−

Yi| ≤ (n/2)(∆ − n) -9rts"u�v 3K4*[�Z ! ��� ' G
=�(%) ! 7���� � max{d(X, Y )}

�
n(∆ − n)/2

�%*
�9�YZk³T2F8Yn�U��Y=;� �{=SQ,Ra[TZ ! :�<�=
� {X, Y } ∈ E �CBD�FE d(X, Y ) = l({X, Y }) -9rts�u�v 8� � coupling

=,+�-
(X, Y ) 7→ (X ′, Y ′)

�
(X, Y ) 7→ (φ(X,Λ), φ(Y, Λ))

4dQ�R�7&2F8�U�V �F! Λ ∈ [1, n)��]S£�.�A�/9A�� ! φ
�

2 0 ��Q,R � U update function
��0�2;8 3�3��(:�<�= B {X, Y } ∈ E �CBD�FE�!

E[d(X ′, Y ′)] ≤ βd(X, Y ), β = 1 − 1/(n(n − 1)2), (1)

�*6�132P8��1�,���
{X, Y }

=,��� B � {j1, j2}
�C��798�n,U ! ]�4 � �6572F3�4;��8 j1 < j2

[ v Xj2 +1 =

Yj2

�5�KQS7T2;8
Case 1: bΛc = j2 − 1

=9¤�¥ � v q E�!
E[d(X ′, Y ′)|bΛc = j2 − 1] ≤ d(X, Y ) − (1/2)(n − j2 + 1)/(n − 1)

�{6�798
j1 = j2 − 1

= � ! i�j 1 � s X ′ = Y ′
�K0�2;8:91� � d(X ′, Y ′) = 0

45��2;8���� ! j1 < j2 − 1=(¤�¥ � v q E9¨ ��2F8 q n b′ = Xj2−1 + Xj2

4 �d! b′′ = Yj2−1 + Yj2

4 7T2d8T3�= � Xj2 + 1 = Yj2 � s
b′ + 1 = b′′ -9r sWu�v 8 #S$�%S'5)�+ MD

=
update function

=SQSRa[TZ
X ′

j2−1 = k ⇔ [gb′(k − 1|uj2−1, uj2) ≤ Λ − bΛc < gb′(k|uj2−1, uj2)]

Y ′
j2−1 = k ⇔ [gb′+1(k − 1|uj2−1, uj2) ≤ Λ − bΛc < gb′+1(k|uj2−1, uj2)]�{©T2;8�; 0 =(��� 3
�%<�=�U � 2 � alternating inequalities

0 = gb′+1(0|uj2−1, uj2) = gb′(0|uj2−1, uj2)

≤ gb′+1(1|uj2−1, uj2) ≤ gb′(1|uj2−1, uj2) ≤ · · ·

≤ gb′+1(b
′ − 1|uj2−1, uj2) ≤ gb′(b

′ − 1|uj2−1, uj2) = gb′+1(b
′|uj2−1, uj2) = 1

-9rtsWu�v =�� !
(

X ′
j2−1

Y ′
j2−1

)

∈

{(

1

1

)

,

(

1

2

)

,

(

2

2

)

,

(

2

3

)

, . . . ,

(

b′ − 1

b′ − 1

)

,

(

b′ − 1

b′

)}

�*©§2d8a3C= � ! o � X ′
j2−1 = Y ′

j2−1

�§Z;� ! {X ′, Y ′}
=>��� B � {j1, j2}

4;� s ! d(X ′, Y ′) = d(X, Y )
4�a2F8�nSU ! o � X ′

j2−1 6= Y ′
j2−1

��Z5� ! {X ′, Y ′}
=
��� B � {j1, j2 − 1}

4F� s ! d(X ′, Y ′) = d(X, Y )−

(n − j2 + 1)/(n − 1)
45��2;83�3��

uj2−1 ≥ uj2

=9¤�¥
Pr[X ′

j2−1 6= Y ′
j2−1|bΛc = j2 − 1] − Pr[X ′

j2−1 = Y ′
j2−1|bΛc = j2 − 1]

=
∑b′−1

k=1 [gb′(k|uj2−1, uj2) − gb′+1(k|uj2−1, uj2)]

−
∑b′−1

k=1 [gb′+1(k|uj2−1, uj2) − gb′(k − 1|uj2−1, uj2)] ≥ 0
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-9rtsWu�v 81i�j 1
[&Z ! uj2−1 ≥ uj2

��� � r sWu �
Pr[X ′

j2−1 = Y ′
j2−1|bΛc = j2 − 1] ≤ (1/2),

Pr[X ′
j2−1 6= Y ′

j2−1|bΛc = j2 − 1] ≥ (1/2)�{©T2;8:9�� �
E[d(X ′, Y ′)|bΛc = j2 − 1] ≤ (1/2)d(X, Y ) + (1/2)(d(X, Y ) − (n − j2 + 1)/(n − 1))

= d(X, Y ) − (1/2)(n − j2 + 1)/(n − 1)

-9rtsWu�v 8
Case 2: bΛc = j2

=�¤�¥ � v q E o ! Case 1
4(¢(£ � E[d(X ′, Y ′)|bΛc = j2] ≤ d(X, Y ) + (1/2)(n −

j2)/(n − 1)
�{6�7�3K4 - �Kw�2;8

Case 3: bΛc 6= j2 − 1
[ v bΛc 6= j2

=9¤�¥�8 3(= � {X ′, Y ′}
=���� B {j′1, j

′
2}
�

j2 = max{j′1, j
′
2}
45�

2;8 � U -�� E d(X, Y ) = d(X ′, Y ′)
�K0�2;8

1,³��,³a=9¤�¥�=�����7T2 =�?a�
Case 1 - 1/(n − 1) ! Case 2 -��
	 1/(n − 1) ! Case 3 -��ts �K0�2;8� l =Y3K4;[TZW8

E[d(X ′, Y ′)] ≤ d(X, Y ) −
1

n − 1

1

2

n − j2 + 1

n − 1
+

1

n − 1

1

2

n − j2
n − 1

= d(X, Y ) −
1

2(n − 1)2

≤

(

1 −
1

2(n − 1)2
1

max{X,Y }∈E{d(X, Y )}

)

d(X, Y ) =

(

1 −
1

n(n − 1)2

)

d(X, Y )

�{©T2;8
q n ! D

def.
= d(XU, XL)

4
τ0

def.
= n(n − 1)2(1 + ln D)

�(Q,R�7T2;8 3(= � !
Pr[T∗ > τ0] = Pr

[

Φ0
−τ0

(XU,Λ) 6= Φ0
−τ0

(XL,Λ)
]

= Pr [Φτ0

0 (XU,Λ) 6= Φτ0

0 (XL,Λ)]

≤
∑

(X,Y )∈Ω2 d(X, Y )Pr [X = Φτ0

0 (XU,Λ), Y = Φτ0

0 (XL,Λ)]

= E [d (Φτ0

0 (XU,Λ), Φτ0

0 (XL,Λ))] ≤

(

1 −
1

n(n − 1)2

)τ0

d(XU, XL)

=

(

1 −
1

n(n − 1)2

)n(n−1)2(1+ln D)

D ≤ e−1e− ln DD ≤
1

e

- ©AZk³�2;8 3�3�� coalescence time
=�� v submultiplicativity x [14]

y§� ¨� 7T2a4 ! :�<�= k ∈ Z+ �BD�FE�! Pr(T∗ > kτ0) ≤ (Pr(T∗ > τ0))
k ≤ (1/e)k - ©AZk³T2;8 � U -�� E

E[T∗] =
∑∞

t=0 tPr[T∗ = t] ≤ τ0 + τ0Pr[T∗ > τ0] + τ0Pr[T∗ > 2τ0] + · · ·

≤ τ0 + τ0/e + τ0/e2 + · · · = τ0/(1 − 1/e) ≤ 2τ0.4*��2F8 q n
n ≤ ∆ � s ! X&Z;[ � D ≤ n(∆−n)/2 ≤ ∆2

��012F8�9�� � E[T∗] = O(n3 ln ∆)
�5©&2d8

�

#�® � / $�0�23�4 1
=76�8 � \ � v q E;:�< 7T2;8

���
2 � �a� : #�$�%�'C)�+ = coalescence time

�
T∗

����798�313(�
T∗

��= ?�@5A~�K0K2;8 q n
K =

dlog2 T∗e
4�7Y2k8 / $�0�2�3B4 1

�
(K+1) ��� =������ T

�
−2K

4 � U � ����� 7~2W8 � U - � E / $ 0�2
394 1

��� r 7~2 / A�=�� A�� 2K ≤ 2T∗

��*	�{��Z ³ ! +%- � A�� 2(20+21+22+· · ·+2K) < 2·2·2K ≤ 8T∗��* ���aZW³&2d8%��/7AY��Q;A � \��(© ZW³&2K4���Q,7&2�4 #,$T%9'5)�+ =,+�-Y��Q;A � \�� �a�(³&2d8�nU ! / $�0 2 3�4 1
=

Step 4 “Coalescence check” � e1fK� � \�� O(n)
��0�2F8 � U -�� E ¥56B6�8 � \�

O(E[2T∗] + E[8T∗] + E[K + 1]n) = O(E[T∗]) = O(n3 ln ∆)
45��2;8

�

� � i�j 1
�

O(n lnn)
��©AZk³T2;8
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