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Efficient Algorithm by Grid Based Quorum
for Distributed Mutual Exclusion

Sen Moriya

Department of Informatics, School of Science and Engineering
Kinki University

Abstract: Designing an algorithm for solving the mutual exclusion problem is an fundamental issue in dis-

tributed systems. Some researchers have investigated quorum based mutual exclusion algorithms, which can

achieve load balance among processes in the distributed system. In this paper, we consider efficiency of quorum

based mutual exclusion algorithms in case some processes have failed. We propose an algorithm by grid based

quorum, and show that the proposed algorithm is more efficient than an algorithm based on a general quorum in

the face of some failed processes.

1 ¹ º®»½¼¾ �O;H¿ÁÀ��:^�Â6Ã@FtG kOlJm [Y�>ILK�^@Ä<ª m �LÅvÆ4ÇtAJw  RÈ ��^ �d´ °8ÉHADw   VYXOZ8[4\:]6AR¥tÊYGJivVXOZ@[@\<]Y;`bYcOPWQH;8e6fd^UT4Ë4�d; kdl�m [6� 1 f<;82Y3L5U7 ( 2Y3BÌ1Í�¨4z�T k }WÎ4§ÏT<Ä`Ð®} ¡HÑ ) A¯Ò:­FHG>Ó1;>=@?t^ Ñ<  nYÔYFBGvÕB���   PRQO�1h:GJiU=@? kOlJm [6;:Ö`Õo²�T 1 f<; kOlDm [L;U×<^WnØ���82@3658719;>Ù4Ú ¡WÛUÜ ( Ý1Þ@T�Ù Û � ��ß ) A@h8à:Ê6G È �¯g`=@?tAJC:E4FHGvPRQoA�á@â6ãLä6åvæ (mutual exclusion problem)���   iÈ ;YPWQBADC6ç6FBG¯è<é ¡`ê@ë �Y�J�@To}³�:ì>í6î�yWzx{O}�~L] [5] AR­1�dG È �J�8¥tÊd²Ï�BG`�@T È ;`ï ë g6S±<^6ðoñ kdl�m [6�UÙ Û A>ò@óô�J�YT@Ù Û ARõ1öØ�J�@�tGD÷t; kdl�m [6�UøLùd^>Ù Û A>òYóOg<ú ¡ ���¯�  üû4ý:þÿ ^��dG>_��U�O�:h:GDi��YàYTOhLG 1 f<; kdl�m [6���Y�	�ô� ¡ ´ T	�1; kdl�m [6�45U7H;WÒ:­BARõ1öYFoG kdl�m[L^>Ù Û A�
dÊ6G �H �¡ ï ë [3] g6SUT��@���B^ ¡ G kOlDm [L^�pLq���
�Ö�FoG È �W^ ¡x´ TvV@XOZ@[4\:]L^Yh�� ´��� gLS ¡ �8i�� È g@T È �®²J;�����ADC:EUFoGDVYX@ILK`MONLyvzx{O} ~L]H�6�J�@T�������� (quorum) �¯�1�>�HG�L�:�`�L�H^>bL�|��yvz�{d}�~1]L^Y�vFBG¯�<�<�B�����@�tG [1, 2, 7] i�R�t�4]Y;>�L�H^>bL� � I1KUMdN1yvz {d}�~1]Y;4_6_��YÕ ¡�� �dS��O;8° ´ g:h:GDi|�R�t�U]6SvV6XdZY[@\<]L^ F�G�! ktl�m [1;�"LV�
<?dg:h ´ T 1 #:Ý�$�;d�W�B�U]6;�
:?B^ �B´ �>�d§o}@� �Wß 
1?&%BA�'&(LF�GDi�)�*t;
2 fO;t�R�H�U]LS4T�+�,:26° kdlRm [�A�-1fYi6Ù Û A�+&. �¶FoG ktl�m [1SYT1h�G 1 fd;d�W�t�U]1^  FoGRF�/O�; kdlDm [:^WnØ�J�85U7oA¯Ò:­YFBG�.YödA�0UÉô�¯T��Y;`F	/:�L; kdlDm [6Õ�²21�3�A�óOà�4��1g`Ù Û A65@óOg:úLGDiÈ ; �H �¡ TO�R�d�U]6^>b6�x�Ry>z�{O}�~L]6SUT Maekawa ^ ��7 �`·Y¸ ���:à [7] 1 i98�: [7] g1S8T�;9<<� ¡ �R�

1 =?> [7] @BA?C�DFEHG Maekawa I?JLK�MONFPRQ2SBT�U6VXWHUZY[I]\_^?`baHc6dfe Sanders gHh]i]j_kmlLnbaBA2C�DFEOj_oqp [9] r]s2tb@mS[e
Sanders gbh[i_j]ARC�DuEOG?kblBnqI]v6w]e Maekawa IRJBK�MqNxPHQzy[h|{?r
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�`]@;�'	( ë �6���@TW3~}������9� [10] ^Rb6��� ï ë (FPP ���O�8] ) � kOlDm [:A6�9�<� ¡�� �9���9��$�^��	�4FGDï ë ( ©o}`ª�«��R�d�U] ) ����� ���<�@�tGJi��R�t�8]L^>b6�|� ILKUMdN1y>z�{d} ~1]6SUTLyvz�{O}�~1]@;v£1¤<S���H�U]Y;��6¨:~:^����1FoGDi FPP �R�t�4]B�v©B}@ª�« �>�t�U]6S4T�� µ ^��R�t�4]��Y¨:~:S O(
√

n) g:h:GDiOà� �¯T6�L���:^@S FPP �D�t�8]@;vï��d�D�t�8]��Y¨1~Y���x�J�4eYï:TO���d�8]Y;�'9( ë S1©H}UªH«¶���t�8]@;`ï:�é���g1hLGJi&� È g@T1©H}`ªo« ���d�8]@;�'9( ë ARbd^UT<���t�`]��@¨1~:AO�L²�^����6�¶FHG �H ¶¡ '�( ë [4, 6] ;�:� µ �����@�tGDi�R�t�4]L^>bL�|� êYë S4TH�R�t�U]6jY; kdl�m [6����� ¡BÑ ^ �H´ �:�®�Jà ¢ ?Og µ T	�1;d�R�t�U]@g1yvz�{d}~L]:Az������,t^R÷H;d�R�t�U]1ARí&�ô� ¡ _|�J�Ly`z�{d}�~1]1Az�&�1FoG È �D��3���g:h:GDiô�JÕx�JTH�R�t�U]1A� ´?� �Áí��9�o� ¡ aR�d� ¡ ² ¡ � ¡ ²�TYy>zx{O}�~6]YS� Y£L¤1�<^ ¡ GDi�89: [8]
¡tÑ g1SUTd�D�d�8]L^ � G¯I1KM�N1y>z�{O}�~L]4g�! k�lDm [Y�>�L�®���4� ¡ �H���t�`]LA�¡Yfda�¢WF��@g6;>£1¤dA6£	¤ ¾9¥�¦ (probe complexity)�b§�¨®�¯T�©«ª ¡ ���t�U]L^8_Oa1G6£	¤ ¾	¥&¦ ^Y�vFoGR¥6¦OA�w 7 �@�tGDiÈ6È g6T4e�¬t;d�R�t�U]1^ � GDI1KUMdN<yvz�{d}�~1]@g:S4TH�R�t�U]1ARí��LFoG�­&®L� ¡�¯�° �U¥HÊt² � ¡ � ¡²�TB�R�t�U]6S<�LÎUì6]L^ví	�ô� ¡ aW�d� ¡ ²m,YTH�R�t�U]>í��d; � ´R� � � G� Y£1¤�±�A�²�³1FoGU;LS	´�µtg:hGJi1eYï<TO©B}Uª�«��R�t�U]Yg1S4T�)�*O; 2 f�;d�R�t�U]@� 2

kdl�m [UÝ�$<;8Æ&�OA�-·¶UT Ñ ; kdl�m [6�9�U�®²;`Æ&� kdl�m [6g:h:G`Õ6��¸&¹t^�ºYÕOGDi��YàYT4e�¬t;d�R�B�U]@g1S 1
kdl�m [6g µ �1�®�J�@�1àx²U�R�t�U]B�L���»~�®� ¡ �:;1^>nô�¯TO©B}Uª�«��R�t�U]@g1S@�x��f<ÕL; ktl�m [6�v�1�®�D�@�1� µ �R�t�4]B�L�J�L;�»~�HA6¼�-FBG È �D�6g<ú1G ¢ ?O�:h:GDi ��7 �4Tt©t}@ª�« �>�t�U]@g1S4T�! ktl�m [6�v�1�ô�J�@� ¡ �o�R�t�U]1A�¡6fta�¢F~�6gL;�£	¤ ¾	¥&¦ g1S ¡ � TY�x��f<Õ1; kdl�m [6�v�1�®�D�@�tGO�:�J� µ �R�H�U]B�L�D�L;�»��BA6¼�-ô�J�Y�tGµ ;<A�¡Yfta�¢vF6£1¤<��½	. � ¡ GDi6cY�dg1S4Td©H}4ª�«¶�W�t�U]Y; È �®²�;�¾�¿tA Ü ­ô�J�YTUÙ Û A�.	À6FoG klDm [6�`£1¤:�<^����t�U]Y;ví	�BA�w 7 �`Ù Û A�56óOg<ú1G �B �¡ yvz�{d}�~L]Y;8¥6¦tA�w   i

2 ÁÃÂÅÄÇÆÉÈËÊÍÌÏÎÉÐÒÑ
VYXOZ@[U\:]LA kdlDm [�
L? P = {P1, P2, ..., Pn} ��T�)&*<; kOl�m [	Ó4g1Ädª m �<ÅvÆ4Çt^ �H´ °UÉBADw   à�Ô;`°@É }WÎ9Õ8Õx² ¡ G µ ;o� FoGDiOà � �DT P ^  FoG�F�/<�1; kdl�m [6��ÖLÂô�2�oaU�OGO�RS	}�²m,YT���� ¡BÑ^ �H´ e9"O; kdl�m [1SW�1�®�J�@�tG`Õ µ �³� ¡ �UicY�dg:S4T`�1�®�J�@�tG kdl�m [<A�×	Ø�Ù�ÚzÛ	Ü��J�9�1T`�1� kdl�m [UÝ9Ýd; kdl�m [<A�Þ	ßàÙ�ÚzÛ	Ü|�J��á6gâ Ú:FoGDi	ÖLÂ kdl�m [:S4T`÷t; kdl�m [1��ÖLÂ kdl�m [Lg:h:G`Õv�1� kdl�m [ ¡ ;YÕ:S�ã®² ¡ � µ ;�� FoGDi	ÖÂ kdlDm [6SR÷t;�Ö6Â kOl�m [o�³ILKd^YÄdª m �:Å`Æ4Çt^ �d´ °UÉOg<úLGDi&�L;`°UÉHS FIFO É9äL°UÉOT`F ¡ º&¶8ThLG kOlJm [ Pi Õ�²ü÷d; kOl�m [ Pj 9�04É �¶��à1Ä�ª m �<Å@SUTv3�}�4�Ó`Ý�jY^�04É�åt^ Pj ��æUÉLFBG µ ;B� FGJi��YàYT`�1� kdlDm [U990@ÉØ����à:Ädª m �<Å6S4T�çH�>�:Ätª m �<ÅB�L�J��0@É kdl�m [6��æ@ÉLFoGDiË��R;`=6?LFoG kdl�m [L;<Ö8Õ�² 1 f�; kdl�m [�ARí«¢o�¯T	�1; kdl�m [:^vn®�J�8Ù Û A�
tÊLG�=6?YC<E<PWQ�AáYâLã:äLå8æØ� �Rß i6c	��8�g1S4T8I1K8MdN1PWQ�A>Ý:Þ1; 2 è�éB^ �H´ §�¨6FoGDi
• )�*O;�4�êt^8_6�1�YTUÙ Û Azë�-LFoG kdl�m [L;v�dS�ì�ª 1 f:g:h:GDi
• Ù Û A6-1f kOlJm [1S�+9,Y3�}�4�Ó`Ý�j6^��6;vÙ Û A�C	íYFBG��mî&§4FHG��JTvÙ Û A�.9À �J�U�dG kOl�m [@�øLùd^>Ù Û ARóô²³� ¡ � È �RS ¡ �Ui
ILK8M�N6PRQoAJC ��y>zo{O}¶~Y]@;>£L¤:SUT kOlDm [@�`Ù Û A�.9À@FtG`y>zo{O}¶~6]6A�ï�ð ���YÕo²�T��L; kOl¯m[Y�UÙ Û A�56óLFoG��YgL;�4&Ó1^ �H´_ñ9ò FoGDi1Ùd^4T`÷t; kdl�m [6�UÙ Û Azë&- µ .�À µ �J�@� ¡ �|�>úY^UT klDm [6�8Ù Û A�.	À@FoG8yvz�{d}�~1]1A�ï�ð®�J�6Õx²³Ù Û Az56óLFoG��YgL;�4�Ó:A8T�ó�ô�õ	öx�J� ß i

3 ÷ùøúÌüûþýÅÿ Ê � Ñ � ��� Ê
3.1 ���
	��
£L¤1�1^�ILK8M�N6PRQoA¯CØ� êUë �6�¯�UT:�D�d�8]t���1�>�tGJ�L�1���9�t^�b6�L�6àWC ë � � �Hã ² �:�4�OGJi klDm [�
1? P ^>n®�¯T P ;�
<g ¡ ��"6V�
1? Qi A M #9'�(ô�¯T�
1?	% Q = {Q1, Q2, . . ., QM} ����;�è�é (i)(ii)A��dà8FØ�>ú8T�� Qi A��������|� � �LT Q A	������� �Rß i

(i) )�*�; i, j(1 ≤ i, j ≤ M) ^>n®�J�YT Qi ∩ Qj 6= ∅
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(ii) )�*<; i, j(1 ≤ i, j ≤ M) ^>n®�J�YT Qi 6⊆ Qj

3.2 ����������	����! #"$�&%�'�(�)�*,+�-/.10��
�R�t�U]L^>bL�|�³I1KUMdN1yvz�{d}¶~1]B�L�J�YT Maekawa ;6y>z�{d}�~1]@��ã®² ���@�tG [9] i Maekawa ;vI1KMON:yvz�{d}�~1]1A>bt^UT`�1� kdl�m [OA �<� Z@[@\<]1^>n32dg<ú1G �o  ^B�JàYT4e�¬t;t�R�t�U]Y;Yà�ÔY;vI1KUMNLyvz�{d}�~1]1A>Ý1Þ<^54�/BGDi

Step1: Ù Û A�+�.|�³FHG kOlDm [ Pi SUT<����§B}D^  FBGUh1GL�R�O�8] Q A�í��®��T Q ^  FBGJF	/:�L; kOlJm[:^>Ù Û A�.	ÀYFoG4Ätª m �<Å req A�0@É1FoGDi È6È gYT
• 6 ÔU� Step1 A>u4w1FoGO�>úUS4T<hB²JÕxñ�ÔWç ÔU�@_6�1à ��7 ¡ ���t�U]1A Q �L�¯�`í	�LFoGDi
• 894YFoG Step3 Õx²;: 7 � Step1 A>u4wLFoGO�Wú@S8T`ç«ÔB²³�<à=<?>3@?A R ^CB 7 �=DLí	�O;d���t�U]; 1 ftA Q �L�J�`í	�LFoGDi9E94®�Jà req SCD�0@Ét; kdl�m [L;4×<^�0@É1FoGDi

�YàYT req ^YS4T�§v¨�]@[<§1Î k �L�J� req 0@É�41; Lamport �	�~4GF [3] ;CHoA5I3Jô�J�@_x�üi
Step2: req A6æ4Éô�Jà kOl�m [ Pj S8T��L;�49�6g Ñ ; kOl�m [L^ µ Ù Û A�
dÊ8�U� ¡ � ¡ ²��UT Pi 94Ù Û A�
tÊG8ÄOª m �:Å locked A604ÉLFBGJi Pj �1h1G kOlDm [6^WÙ Û A�
OÊ`�4�dG ¡ ²D�UTWÝ1ÞL; �H  ^WFBG : Pj �vÙÛ A�
tÊ8�Y�tG kdl�m [<A Pk �L�¯T Pi � Pk Õx²mæ@É �Jà req ^CI9J �����@�tGz���~4GF�;5HoA5K9L6FoGDi�	�~4GF�;MHd���|�D�4ït^ONPE ¦ �:h:GO� FoGDi

• Pi ;vï��CNQE ¦ ��ìY� ¡ ²J�UT Pj S Pk ^WÙ Û AWe ¦1R1S FoG �H  .	À4FBGDi Pk �`Ù Û A R1S FBGvT6hG>�<S`5U7H;WÒ:­HA5THÊ8�8Ù Û A �9U �Jàx²¯T Pj S Pi 9YÙ Û A�
tÊ:G4Ätª m �OÅ locked A�0@É1FoGDi
Pk �8Ù Û A RQS �Jà ¢ ?tS4T Pk ;�.	À req A Pj ;�ë&-6FoG�V·¶�wQWH^MX1YLFoGDi

• Pk ;`ï��CNPE ¦ ��ì6� ¡ ²��UT Pi ;�.	À req A Pj ;�ë	-LFoG�V·¶�wQWH^MX9YLFoGDi
Step3: Pi � locked A�æda>ò 7 à kdlDm [L;�
1?��`ç«ÔB² ��à=Z3[Q\1]Q^3_ C AO�Oà��d�4T Pi SvÙ Û A656ó�g<úà È �W^ ¡ GDi Pi � locked A�æ@É �Jà kdl�m [6g6TUÙ Û A�56ó �Jà949�:;H�R�t�U] Q ^ � �`���@� ¡ � kl�m [ Pj ���3`1FBG ¡ ²��4T Pi S È ;�49�1g Pj ^6Ätª m �<Å release A�0UÉ1FoGDi

�6àYT Q ^  FxGJ�:� kdlRm [<^ �B´ è	é C �a�dào��� ¡ � È �D�&ºYÕ 7 à ¢ ?tS@T Step1 Õx²�yvz|{d}J~]1ACb ´ �8F8i
Step4: Pi �U5U7d;WÒ1­tA5TtÊ8à ¡ ²J�4T Q ^  FoGJF	/<�6; kOl�m [:^RÙ Û A �9U FoGUÄOª m �:Å release A�0É1FoG¯i release A�æHat� 7 à kdl�m [ Pj S4TaV·¶DwQWd;<Ö4^�.	À<�Lh:G ¡ ²��4T9�1;<Ö`gac µ NPE ¦ ;�ì� µ ;:A>ò ´ ¢o�J�YT	�1; kdlDm [:^ locked A60@É1FoGDi
È@È g@T�)&*�;`ï ë ^ �t´ '	(®�Jà8e�¬t;O���O§B}�gLS8T Step1 ;O���t�8] Q ;Wí9� ¯�° R � Step3 ;vÙ Û 5@ó�èé C S`Ý:Þ1; �B  ^ ¡ GDi
í9� ¯�° R: )�*�;5DLí	�d;d�R�t�U]LARí	�LFoGDiÙ Û 56ó�è�é C: �R�t�8] Q ^  FoGDF�/<�L; kdl�m [6Õ�² locked A�æ@ÉLFoGDi
Ý1ÞLgLS4TWí	� ¯�° T>Ù Û 5Yó�è�éoA È ; �B  ^Cd&§ �¯àLy>z�{O}�~6]1A`T1e�fhg��ji�� GENERAL �J� ß i@eï:TUc@�tg`·Y¸1FoGY©o}Uª�«��R�t�U]L^ � GRI1KUMdN1yvz|{d}�~1]@g1S@T	�1;�'�( ë A Ü ­®�¯T�)�*t^��R�H�U]1Aí��LFBGv;Yg ¡ � 4.3 kOga49/BGJí9� ¯�° R ^ �d´ ���d�U]@;>í	�<��3��<g1h ´ T`Ù Û 5Yó�è�é C

µ e�"O; k�l�m[YÕx² locked A�æ4É1F6�d� � � ¡ GJi

4 l mon p�q
rtsvuxwzy { m�|}u~1���1�����������M�h���Q���1���?�?�P�5�?�����?�=�&�����?�Q�=�?�? �¡9¢���£
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(b) ¤9¥�¦3§©¨ 22 ª�«a¬
­

1:
���������M�h���1®=¯

°
1:
���������M�h���1®5±#²�³�´Oµ�¶a·��5¸3¹?º���»Q·���¼9·

�M�h���Q½=¾P³ ³�´Oµ�¶a·
(N)

²¿»Q·
(Nr)
�G¼9·

(Nc)
®QÀMÁ

Grid (x − 1)2 < N ≤ x2 ÂOÃ�Ä º3ÅQ· x
�5¸�ÆÇ 

Nr = x, Nc = dN/xe
Grid2 2(x − 1)2 < N ≤ 2x2 ÂOÃ�Ä º3ÅQ· x

�5¸�Æ© 
Nr = x, Nc = dN/xe

Grid4 4(x − 1)2 < N ≤ 4x2 ÂOÃ�Ä º3ÅQ· x
�5¸�Æ© 

Nr = x, Nc = dN/xe
Grid8 8(x − 1)2 < N ≤ 8x2 ÂOÃ�Ä º3ÅQ· x

�5¸�Æ© 
Nr = x, Nc = dN/xe

4.1 ÈÊÉ&ËÍÌ=Î�Ï�Ð�ÑÒ�Ó ��~1Ô��=Õ×Ö��������Ç�M�����1®=ØQÙ��=�P�? �¡?¢��O£GÚPÛ P
�=Ü9º���³�´Mµ�¶QÝaÞ9ß��P�

Nr

»
Nc

¼�®
2 àPá1âPã Â ØPÙ�ÆM 1���h²�º��C£9ä�å?�Pæ9� Pi

Â Pi1i2(i1 = i/Nc + 1, i2 = i (mod Nc) )
²GçO°Pº,è�²a��Æ��

P = {Pi1i2 |1 ≤ i1 ≤ Nr, 1 ≤ i2 ≤ Nc}
²;º���£3éPê�®

s1, s2(1 ≤ s1 ≤ Nr, 1 ≤ s2 ≤ Nc)
�5¸�ÆÇ 1���M�h���

Qs1s2Â�ë à9á3âQã ®CìPí�î1®�ïð»#²;ñ9í�î1®#ïò¼�®1³�´Oµ�¶9óõô¿Ùõ�ÇÚ?Û Qs1s2
= {Pi1i2 |i1 = s1 ∨ i2 = s2}

²�ö�÷P��£ø ÆM 9�=ÚPÛQù Q = {Qs1s2
|1 ≤ s1 ≤ Nr, 1 ≤ s2 ≤ Nc} Â=úPû º��O£&è�®�²=üG�?ý&ô�ó��MÚPÛ Q

æ1³�´Cµ�¶�·
N = Nr ×Nc

®��O��½���²M� 7  3���
(
­

1(a))
£�~1Ô��=þ3ÿ?º������ Â�� ý=º����P�9®��	���?�P���=�����O�����

Qs1s2

�5¸�ÆÇ� ë à9á3âQã ®CìPí�î1®5»h®�
���� Ò�
 �a³�´Oµ�¶Q®CÚ?Û Â Qr
s1s2

(= {Pi1i2 |i1 = s1 ∧ i2 6= s2})
²QÆÇ�ñ1íhî1®=¼�®�
���� Ò�
 �a³�´Mµ�¶Q®CÚPÛ Â Qc

s1s2
(= {Pi1i2 |i1 6= s1 ∧ i2 = s2})

²�ö��9º���£1»#²j¼h®����&²C���³�´Oµ�¶
Ps1s2

æ
Qr

s1s2

²
Qc

s1s2

®����hôM��ç�� Ò ����£���9�=³�´�µP¶C·�Ý5Å1·�®����Q�a���GÛ�æ��
N � ä��P® â9ã � Â � � ë à1áGâ3ã Â Ø3Ù�Æ��"!$#�®M»���%�ü Â�& 7 3�!ïð»'��®1³�´OµP¶9��!(#�®5»h®�%hü Â ) Ö (
­

1(b))
£Ò Ä ��*�+�®P���a�����M����� Â Õ Ö-,	.��Qæ����M�����3®�/G¾P� Â !$0h�Cº�� Ä ÷3� Nr = Nc

²QÆÇ 
2 à9á3âã Â21 í$3$²;º��?è�² Â�4 ~�²QÆO 3�h�aÝ1��~1Ô��PæC»Q·�²j¼9·�Ý�5����1���������M������ç ú9û º��O£9~1Ô��=ÕÖ©���������M�h���3®5± Â ° 1

��69ºa£ä	79�9³�´Oµ�¶a·$²��M�h���9½=¾P³
(2 à9á3âQã ®5»Q· Nr

�a¼9·
Nc)
æ1�=�&�����?��8G»:9�;(<��aö Ò 7  3���ça®�²;ºõ��£����������C�h�G�1®5Ø?Ùhæ3�

FPP
�C�����9���O®��M�h�G��²>=9¢� ?ý�ô�óP��?�@��'AP��£ ø ® Ä ÷G�B �C�h���3Ý2�'CP³h´Oµ�¶5Ú?Û Â�D	E �2F�G9º��?è�²�Ý9��ü?��£&è=®�H$I�óõôÇ���?�P���1�=�&�����?� Â 8G»���ü�9��Ö ���M�h��� Â J$K º��?è�²�Ý�L�M�²M����£

4.2 ÈÊÉ&ËÍÌ=Î�Ï�Ð�ÑONQPORþ3ÿ?º��G���������O�����9�P�1�©�Q�����?�5�õ�����Q� Â ¡9¢�� <����5þ3ÿ��5�&���;�?�3® Ä ÷G® )�S�Â ¡9¢���£�C�õ�����Q�
GENERAL

²T5��VU �MþGÿ��5�õ�����9�G�9®2H�W�X�Y$Z�[
C
æ�\�]�®3³�´�µP¶1ó�ô

locked Â ^�_ º
a` �M�a£3º���b��a��c(d�³�´�µ?¶9ó�ô
locked Â�^�_ º��QèP²Oæ��2e Ó Æ=ç f�gVh 
 ����£ ø èC�1�5ä�7Q® )�S �
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æ����O�����?½=¾P³ Â ���������M�h���1®�½=¾P³�²;º���i3¶�j��Q���Q�? 1�����������M�h���1óõôkc�d�³�´Mµ�¶ ÂlmU;�onp�1Û�®�qQÞ Â º���£
r(s

1
éPê�®��M�����

Qs1s2

Â5úut �©£vi3¶�jP�Q��c�d�³�´Oµ�¶9Ý�w�x�ÆO������ô ` � Qs1s2

æ�y�®��O®��M�����
Qt1t2

²�ç
2 � ä(��®�z�{�³�´OµP¶ Â�� �G£|hPô����2c�d�³�´OµP¶P�1À�ÆÇ �ä	7?®G� Ó$
 ó9Ý5Ù}UT~���h t º 
:` �

Qs1s2

æ�yh®u�O®��M�h���
Qt1t2

²�ç��h�unQ²�ç
1 � ®�z${�³�´Oµ�¶ Â�� 7  3����£

• Qr
s1s2

²
Qc

s1s2

®�Ö����h�unQ²�ç"\1í�æ�c�d�³�´Oµ�¶ Â � ÒaÓ � Ps1s2

ç�c�d�³�´Oµ�¶9�?æ9����£
• Qr

s1s2

²
Qc

s1s2

®�Ö�����\1í�æ�c(d�³�´Oµ�¶ Â � ÒaÓ ��y?í�æ�c�d�³�´OµP¶9�?���?³�´Oµ�¶ Â �'CG£

( � ý ) Nr

»
Nc

¼�®P���������O�����Gó�ô¿Ù���iG¶�jP�1�=�Q�Q  úut �Ç£ s1 6= t1, s2 6= t2
®��1Û��

Qs1s2

²��M����
Qt1t2

®�z${?³�´OµP¶?æ
Ps1t2 ∈ Qr

s1s2

²
Pt1s2

∈ Qc
s1s2

®
2 � �	A?��£�� 7  G� Qr

s1s2

Ò Ä æ Qc
s1s2

®�\3í�®MÚ?Û�CÜ9º��OºQ¢� Q®1³�´Oµ�¶ Â Qs1s2

óõô�l�U;�1�? �ç5�
Qs1s2

²
Qt1t2

®�z${�³�´�µ�¶?æ2w�x?º���£Ò Ä � s1 6= t1, s2 = t2
®2��Û��

Qs1s2

²��O�����
Qt1t2

®�z�{P³�´©µ?¶Qæ��
P1s2

, ..., Pis2
(i 6= s1), ..., PNcs2

∈ Qc
s1s2®

Nc − 1 � ² Ps1s2

��A?�©£�� 7  3�
Qc

s1s2

�CÜ3º���ºQ¢P 9®G³�´OµP¶3� Ò Ä æ�� Qc
s1s2

®Mé?ê�®��$]���ÚQÛ��CÜ3º��ºQ¢� Q®1³�´Oµ�¶�²
Ps1s2

Â Qs1,s2

óõô�l�U;�3�? �ç5�
Qs1,s2

²
Qt1,s2

®�z${�³�´Oµ�¶?æ2w�x?º���£
s1 = t1, s2 6= t2

®��1Ûõç�������Æ© �z${�³�´Oµ�¶?æ5Ù	~Gº���£
2)�S 1

ÝaÙOUT~3��è�²��uU ��ä	7 Â ö��9º���£
���

1
���a�����O���a�

Qs1s2

ó�ô�c$d�³�´�µP¶1®MÚQÛ
PF

�CÜ3º��=³�´�µ?¶ Â lmUj�G� Ä ²jº��Ç£�èM®�²Cüa� PFÝ�ä	7?®G� Ó$
 ó Â�Ã�Ä º$²5ü����M�h��� Qs1s2

æ2�����	AP��²Ç�#Ö £
• Qr

s1s2
∩ PF = ∅ ∧ (Qc

s1s2
∪ {Ps1s2

}) 6⊆ PF

• Qc
s1s2

∩ PF = ∅ ∧ (Qr
s1s2

∪ {Ps1s2
}) 6⊆ PF 2³�´�µ?¶9Ý�A?�Q�O�����

Qs1s2

Â J�K ÆÇ 9�5�õ�����Q� Â 8�»�ÆÇ G����²Müa� Qs1s2

®��on��PóQ®3³�´�µP¶1Ý�c$d³�´Oµ�¶1�1�
Qs1s2

Ý��3���9���&²"b1ó(� Ä ²;º���£�è=®�²5ü���c�dP³�´OµP¶Q®MÚ?Û��P�uU � Qs1s2

ä���®��O�h���®	��óõôÇ�����������1���	AP�Q��Ö����O�h��� Â�J$K ��ü?���1Û�Ý	AP��£
r(s

2
é?ê�®P���=�h���������

Qs1s2

²�c$d�³�´ÇµP¶9®MÚ1Û
PF
ÂCú:t �©£ Ä�� Æ�� Qc

s1s2

²
PF

�3æ Ä�� ï ��®�z{?³�´�µ?¶1Ý�w�x#ÆÇ�
Ps1s2

æ
PF

� � Ò2
 ����²jº���£�è5®�²CüG® Ä�� ï ��®2z${P³�´�µP¶ Â Pt1s2

²¿º��©£9� Ò �
Qs1s2

∩ PF

��� Ò�
 �a³�´OµP¶ Â �O�h�a� Qt1s2

óõô�lmU;�3� Ä ²5ü=� Qt1s2

Ý��3����AP� Ä ÷G®�Z�[�æ�� Qr
t1s2

Ý
c(d�³�´Oµ�¶9�?���Q³�´Oµ�¶ Â �h�unQ²aç 1

���	C�è�²��	AP��£
( � ý ) Nr

»
Nc

¼�®����a�����M�����3ó�ô¿Ù���i3¶�jP�Q�=�Q�?  úvt ��£Q� Ò � Qs1s2

®1³�´OµP¶Q®,Ö����
Pts2

∈
Qc

s1s2
(t 6= s1)

Ý"c�dQ³?´�µ3¶�²�Æj�����P�C�
Qs1s2

Ý����9�G�C��² º���£ à �C� Qts2

Â©úat �;£ Qc
ts2

= {P1s2
, ..., Pis2

(i 6=
t), ..., PNcs2

}
®Q³�´Mµ�¶Pæ=ºQ¢� �����³�´Oµ�¶Q�	A���£õ���G 9�

Qus2

Ý��1���'AP�3�1æ1�
Qr

us2

Ý��h��nQ²�ç
1 �®��(��³�´Oµ�¶ Â ��÷ ` �C��£

2)�S 2
æG� J$K Æ Ä �M�h��� Qs1s2

ÝG�3ñ9í�î1®=¼
Qc

s1s2

� c	d�³�´Oµ�¶ Â 1 � �'� �aC��1Û��=�?�? ?® )�Sv�Ý3�=ìPí�î1®5»
Qr

s1s2

��c�d�³�´Oµ�¶ Â 1 � �'� �'C��1Û��=�Q�? �ç����h® )�S ÝaÙ}UT~3�3£
r(s

3
é?ê�®P���=�h���������

Qs1s2

²�c$d�³�´ÇµP¶9®MÚ1Û
PF
ÂCú:t �©£ Ä�� Æ�� Qr

s1s2

²
PF

�3æ Ä�� ï ��®�z{?³�´�µ?¶1Ý�w�x#ÆÇ�
Ps1s2

æ
PF

� � Ò2
 ����²jº���£�è5®�²CüG® Ä�� ï ��®2z${P³�´�µP¶ Â Ps1t2

²¿º��©£9� Ò �
Qs1s2

∩ PF

��� Ò�
 �a³�´OµP¶ Â �O�h�a� Qs1t2

óõô�lmU;�3� Ä ²5ü=� Qs1t2

Ý��3����AP� Ä ÷G®�Z�[�æ�� Qc
s1t2

Ý
c(d�³�´Oµ�¶9�?���Q³�´Oµ�¶ Â �h�unQ²aç 1

���	C�è�²��	AP��£
2

ä����uU � J�K Æ Ä �C�h�G� Qs1s2

®�ñ9í�î9®=¼�� Ò Ä æCìPí�î9®5»�®�����ô©óP®�c�d�³�´Oµ�¶9Ý 1 � ��ô ` ������a�
Qs1s2

Ý��3�P�Q�����GÛ���çC� à ���2�P�P���3���������a� Â"J�K º��1èP²©Ý1�Pü9�Ç£hè1èC�G��³�´�µ?¶3Ýc(d�³�´OµP¶3�	A?���P� Â π
²;º���²Ç�

Qr
s1s2

Ý Ä�� 1 � ®�c(d�³�´�µ�¶ Pt1s2

Â �	C��1Û����O�h��� Qt1s2

Ý��1���AP������æ
1 − πNc−1

�
Qc

s1s2

Ý Ä�� 1 � ®�c�d�³�´OµP¶ Ps1t2
Â �'C��1Û����O�h��� Qs1t2

Ý��3���	AP���?��æ
1−πNr−1

��A?�Ç£a~3Ô�� ú1û º�� Grid2, Grid4, Grid8
�Qæ��

Nr < Nc

�(A?�©£����= 3�
1 � ® c(d�³�´©µP¶ Pt1s2Â �'CG¼�² 1 � ®�c�d�³�´Oµ�¶ Ps1t2

Â �'C�»�Ý�w�x?º�� �1Ûhæ5¼ Â��	� ÆÇ� à æ Qt1s2

Â�J$K º��Qça®�²;º���£
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4.3 ÈÊÉ&ËÍÌ=Î�Ï�Ð�Ñ��Q���/É��#Ñ
4.2
����¡Q¢ Ä2)�S�Â�4 �����?�P�P�P���������M�h���1�=�&�����?� Â þ1ÿ?º���£3þ1ÿh�=�&�����?�9æ�� 3.2

���¡1¢ Ä �C�õ�����Q� Â 4 ~$²9Æ�� J�K$ �¡ R
²TH�W�X�Y$Z�[

C Â ä	7Q®��hÖ���¢(£�º��Ç£1äQå1��èC®1�5�&�����9�Â�¤�¥u¦u§p¨�© GRID
²�ª�«�£

J�K( �¡ R:
H$W Â e�f�²�º���³�´Oµ�¶ Pi

æ3�	A��P�M�h�G�
Q Â�J$K Æ� Q�a�&�����?� Â 83»�Æ� 3����²5üG��¬�M�'­��¿µQ��® Â�^�_ ºh�=ó2¯�ó?�Q�vU Q

�CÜ1º�� B ³�´�µ?¶3Ý�c(dP³�´©µP¶3ó2�$�P³�´�µP¶3ó3Ý$b3ó���£ øèM�3�
Q
® B ³�´�µP¶1Ý�����³�´�µP¶1ó2c$d�³�´OµP¶1ó Â 6�°$Æ© ��on £	b3ó��� ����"�$��³�´Oµ?¶3��c(dP³´Oµ�¶Q®�±�² Â�4 ��� J$K Æ Ä �M�h��� Q �	� �?�un;��yh®��M�����Q�5¸�Æ© �ç"�1��óo��Ö;ó Â �(³?º���£

J$K Æ© 3� Ä �M�h��� Q
Ý��1���?�un

Step1
�2´:� Ä ²5ü��Gä	7P® 1

óõô
3
® �	��µ�¶ �1� Ò � �1���?���²T·Pö�Æ© ��������M�h���1®'�aóõôÇ� à � J$K º��Q�M�h��� Â�¸ ö3º��©£

1.
c�d�³�´Mµ�¶9Ý

1 � �2y�®1³�´Cµ�¶9Ý�º?¢� �����³�´Mµ�¶9�'AP��¼hÝ�w�x?º�����ô ` � ø ®���Ö���c	d³�´�µ�¶Q®#ï �
Pt1t2

�5¸�Æ© 
Qt1t2

Â J$K º���£
2.
c�d�³�´Mµ�¶9Ý

1 � �2y�®1³�´Cµ�¶9Ý�º?¢� �����³�´Mµ�¶9�'AP�©»�Ý�w�x?º�����ô ` � ø ®���Ö���c	d³�´�µ�¶Q®#ï �
Pt1t2

�5¸�Æ© 
Qt1t2

Â J$K º���£
3.
ø 
 ä���®CéPê�®��M�h��� Â�J$K º���£

2

H�W$X$Y(Z�[
C:
³�´Oµ�¶

Pi

Ý�H�W Â e(f�²?Æ© 3�h��²QÆÇ� Pi

Ý
locked Â�^�_ Æ Ä ³�´Oµ�¶Q®CÚ?Û Â Pl

�
Pi

Ý
c$d�³�´�µP¶�²�¹��� ��h�=³�´�µ�¶9®MÚ?Û Â Pf

²jº��©£Q� Ò �
Pi

Ý��O�h���
Qs1s2

Â J�K ÆÇ 9�=�õ�����9�Â 8G»�Æ© 1�h��²;º���²©� Pl ∪ Pf ⊇ Qs1s2

ÝaÙ}U�~����
Pf

Ýaäa7?®G� Ó$
 óQ®�Z�[ ÂOÃhÄ º���ô ` � Pi

æ
H�W Â X$Y���ü?��£

• Qr
s1s2

∩ Pf = ∅ ∧ (Qc
s1s2

∪ {Ps1s2
}) 6⊆ Pf

• Qc
s1s2

∩ Pf = ∅ ∧ (Qr
s1s2

∪ {Ps1s2
}) 6⊆ Pf 2

5 º¼»~3���1�CþGÿh�C�õ�����Q�1®C��½ Â ¾�¿ º�� Ä ÷1�O»v� Ä 8�À�®�Á�½ Â Â ºa£�ÃaÄ9®�8�ÀP�Qæ�� 1 Å ®�Æ3¶ÈÇÉ���
150 � Ò Ä æ 500 � ®1¶oÊ1��� Â ³�´Oµ�¶�²QÆ© 2� & hpË� �i�Ì�Í:Ê��'iVÎ�Ï Â »Ð� Ä £

5.1 Ñ|ÒÓNoÔ}Õ
Æ3¶�ÇÖ�Q��� & º��"×�³�´�µP¶9®õÖ��a�9��Ï�Ø3�9� J�K Æ Ä 1

³�´©µP¶9®�
9Ý�H�W Â f�g,Æ���y�®3³�´�µQ¶Qæ ø ®H�Wh®�f$gh�5¸9ºõ�"Ù'L�®�
 Â »�Ö £ B �M�����1®���¶ÈÇ æ�Æ1¶ÓÇÚ���(AVU ��H�W Â f$g1º��a³�´Mµ�¶?æ ø ®&�Ç¶Ç �3�	ÛCµ?¶�Æ© ��O�h���1® J�K � req ­���µQ�	®1®2Ü _�Â » Öð£�è5®�²Müa�9�5�&�����?� GENERAL
²¿þ3ÿ������AP���=�&�����?�

GRID Â ��Ý	ÞG� Â 0
óõô

0.2
Ò �

0.025 ß �2¢�àáhpË�  100
Ä Ó �(8G»�ÆÇ��H�W Â f$g1º��³�´�µ?¶9Ý�H�W Â X�Y9º�� Ò �1®C¹$â'ã(ä3®�å�æ�ç Â =�è$Æ Ä £P�C�������Q� GENERAL

æOÁQ·��P�P�O������/G¾�9®�0éh��
FPP

�O�h�a�Q�P�uU�8�»�Æ Ä (
ä	79��è=®1�=�õ�����9� Â FPP

²�61º
)
£ Ò Ä �3�=�&�����Q� GRID

æ�������9½5¾?³ Â Grid, Grid2, Grid4,Grid8
²9ÆÇ �8�»�Æ Ä (

ä�71��è 
 ô�®1�5�õ���;�Q� Â ø 
�ê�
 Grid, Grid2,

Grid4, Grid8
²>6Qº

)
£�³h´Mµ�¶a·

150, 500
ø 
aê�
 �

FPP, Grid, Grid2, Grid4, Grid8 Â 8G»!Æ Ä ²=üG®h�M�����/1¾P�P�=�?�? a°
5.1
��69ºa£

5.2 ë}ì³�´Mµ�¶a·
150,500

ø 
'ê�
 ®��1Û��?�=�&���©�?� Â 83»�Æ Ä ²=üG®5¹(â�ã�ä Â ­ 2
� Â ÆÇ��c(d�³�´Oµ�¶QÝ?���Ý	ÞG�

0
®��1Û$²p=�è�ÆÇ Q®5¹(âaã(ä�í�î�� Â ­ 3

� Â ºa£����Q�1³�´Oµ�¶=· 500
®��1Û�®

FPP
²

Grid
æ=º1¢ 9®��M�h��� Â�J�K Æ© �ç"H�W Â X$Y���ü3����ï��?¶9Ý 10%

ä$�P�	A$� Ä1Ä ÷����#Æ Ä £�Ý	ÞG��Ý 0
®��1Ûhæ��V�®��C�h���3�?�=�&������� Â�J$K Æ© �ç Ý'ÞQ³�´Oµ�¶QÝ2� Ò�
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