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General Balanced Subdivision of Two Sets of Points in the Plane
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Abstract Let R and B be two disjoint sets of red points and blue points in the plane, respectively.
such that no three points of RU B are co-linear. if ag < |R| < (a+1)g and bg < |B| < (b+1)g. then the
plane can be subdivide into g disjoint convex polygons X, U Xo U --- U Xg4 so that every X, contains a
or a+ 1 red points and b or b + 1 blue points. By the proof of this result, we can obtain an O(n*)-time
algorithm for finding such a subdivision of the plane. where n is the total number of points.
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1. U ®HIC

AR TIIPE LEO-BOMBICHERADES R EFROES BORENIDWTENS.
ITWI—ROMEELITIRUBDED 3 A —ERLICHEIFZRWEETHS. AFFEOBRIL
TEEZEWICERMEABIIAEL T, LOZARILHSNLDRDLNIHORALE 5717\
%5&5 K§BZ&THB. 2L, MBAKBEL TEIN 1 OK D RERFH BT, ZOXD

2B EFEAEE LA IZUDI, ZOMBEIIDWTEAIOERZ N DNENTT 5.

ﬁfi 1[5 TPHEEIN, o= 120DV TIE[H] & 6] THASINL. —ROEHE DI
BAld, Bespamyatnikh, Kirkpatrick and Snoeyink [2], Ito, Uehara and Yokoyama [3], Sakai [9].
MENFIHSITR L. GEHOFEDBNRORZOTWS. B, g=20L&E, ZOEHII
FEIZBTANLY S Ry FEH 4] LEAETHD .

(FHE 1] CFEAEEE;[2.3,9) a=21,b21.92228KET%. BL R =ag D
IB| = bg 72 51E. Fili% gEOEWIZERMEAR X1UXoU- - UX, KAEILT, & X, IR
HolEBFRENHDELDITTES.

ROFBIZETHENZER 1D a=10HFEEN, ISI—RELTHS.

[F 2] (Kaneko and Kano[6]) b=1 2%, RIBEVWICERNES R & Ry ODFES
ER-STWS. HL R =g, |Ral =92 WD |B|=(b—1)g1 + bgo 12513, FEHZ gy + g2 HD
BEWIZHRERBMEAE X U UX, UY1U- - UY,, KAEILT, &X, KR ORALIAEE
Hb— 117, &Y K3 R, OFRAIEHEERbBERDHDHEDICTES.

KIFBNOEERENERTHS.

[F# 3] (Kaneko, Kano and Suzuki[8]) a=1.¢=0, h20dg+h21ZMTREEET
5. bL|R =ag+(a+ l)h WD Bl = (a+1)g+ah 7253, ¥EHZE g+ h HOEWIZRRN
SAK XU UX,UuY 0 0Y, KHEILT, & X, KRR alEBERa+ 180, &Y; I
R o+ 11[’5]3:%5}§\aﬂﬁl75\8‘5%>ck9kf§%.

A7 Tld ag < |R| S alg+1), bg < |B| < blg+1) DEEOTFEHEIFEEELD. #iE 5T
RTEIT, TOEEMHEEEIBS ZEBFRREFAOBERIIRDOLIICRRTES :

IR =alg1+g2) +(a+1)gs 2D |B|=bgi+ (b+1)(g2+g3) (1)

ZIT I Esbizng &iF, HEROFREELFAOARZHEICTIEVNDIEKRTHS. KD
EEAERALDOEHEETHS., I TR = (a+1)g &0 [B| = (b+ 1)g DBEABEDHTNS
B CRURIE TN T M LER DT, KEMIIZZ OBEIE |R| = ag £ |B| = by
DHBILEENTVS.
(FB4) a21,021,0120,0220,g320%Zg1+go+g3 21 ZMLITRBEETS. L
IRl = a(g1+ g2) + (a+ 1)gs 2D |B] = bgr + (b+ 1) (92 + g3) 7351, FHZ g1 + go + g3 IO
ZAF XU UXy UY U UY, UZy U U Zg, ICREIL, BOZATILRORME EMWIZT
EITTES., )& X, CEIRFABHEFAbENDS. (1) &Y TIEHRF a il &F S b+ 114
NH5. (i) & Z, ICEFFa+ HEEFEAb+ LERHS. 28, g =0DEHEIEXET 2N
SEABIIFELRW (1 1 B18).

FOFEBOL S BVMONEZEENEIE LR EHIZZOER 4 OGN T HEE R DT
g OmY) BR7 VIV ZLEEZATWS. ZZTnl3RREFTRAOEETHS.



R={e } and B={ o0 }

Bl gi=39g2=1 g3 =2 R =
2(g1+92)+3g3, |B| = 3g1+4(g2+93)
D & EDFE D 5HE.

2. T 4D3IHA

Y, AEATHAVZERCREZE LD TEL. HOTRNTOERIIL, | OFLFMH right(l)
EE¥TH left(l) ZERT 520, MEMITINZERETS (K2). 13l EFAUERTHE
NEDOHDEERT (K2). 51, RUBDEEZRSIVWEBRIZTZERS.

lefi(l)
right(l)

B2 right(l), left(l) SE#R 1"

(#6528 5] a, b, gZEEBKETD. Blag< |R|<(a+1)g DD bg < [B| < (b+1)g72513,
RREBROMEENI—FIZ, |R| =a(g1 +92) + (a+1)gs, |B| =bgy + (b+1)(g2 + g3), £/213
|R| = ag1+ (a+1)(g92+9g3), |Bl=0b(g1 +g2) + (b+1)gs EXRDEB. 212U g1, go, g3 BHA
BRTg=9g1+g+gs &0 TN5.

AE RROBEKEFAOEKEI—BHITROLIICEES (Rl =az+ (a+1)(g—2z) B
DIBl=by+(b+1)(g-y) (0<2<g 0Sy<yg) blaz2yRbg =y, g=1-1y,
g3 =9z BT, |Rl=a(g+g2) + (a+1)gs MDD |B| = bgy + (b+ 1)(g2 + g3) EMTB.
blez<yBbg=x,g=y-z95=9-y EBFIF|R| = ag1 + (a + 1)(g2 + g3) HD
|Bl = b(g1 + g2) + (b+ 1)gs £DFB. BRO—BHIIASITRES. O

R D Bespamyatnikh, Kirkpatrick, Snoeyink [2] 2V/R L 7z 3-cutting & BRI EE/2EEI %1377

B5IE my/ny = ma/ng = ma/n3 DFRBEDHETIOERZTHL N, ZORMBIZEOERL
ZEMTES [B]. AHEMICFEIEREEMN[3],[9] THIAHINTNS.
[ 6] (The 3-cutting Theorem [2)) m;,n; (1 £ ¢ £ 3) % |R| = my + my + ma, |B| =
ny+ng+n3 ZiHZTEBRET S, UTO (1) £/203 (i) AROIDESE, HD—Ehs MmN
% 3 DDHERNEFEL T, PHEHZIDOMS SVH W UW,UW3 IKAEIL, &W, (1<i<3)
KRB &I Em BORRE b HOFRNHZELIICTES (K 3 (b). £/, 3EDEERD
IL—ARIIETOMEIIEDZENTES:

() TXTDi € {1,2,3} & [right()NR| = my £l7T TN TOEGR AL T, |right()NB| <



ni THS (K 3 (a)).
(ii) TNTDi € {1,2,3} & [right()NR| = m; ZTITXTOEMRITHL T, [right()NB| >
n; T@%’

g, red points
h; blue points

g; red points
less than / &
blue points g red points W; | W5 g5 red points
/ h; blue points hs blue points
(@ (b)

X 3 3-cutting EEDHE Wy UW, UW; .

ROMEDRIZDEHAN[B] & 2] THALNTWVS.
(W 7] ZDOODEMRNL &L WFEELT, |right(l) N R| = |right(la) N R| M2 |right(l,) N B| <
[right(la) N B| T®% & E, |right(l;) N B| < n < |right(lp) N B| ER5EEOER n 1T L T,
|right(l3) N R| = |right(l;) N R| "D |right(l3) N B| = n L7122 BE# I3 BEET 5.

B 4D g=gi+g+gs EBE, g KETHBWETHENTS. g=1DEXIZHLMNIC
ROMD. Ko Tg22 EIRETD. SORXER1ELD, g1=g2=0, g2=g3=0, g1 =g3 =0
DODVWTNNDHEBROND. LENS Ty, g2, g3 IZINSDEBEBEEIRVERELTE
W, TRODBROZEMROIDEREL TEW.

91,92, 3 DOIEHRSEB DRI ULETHS. (2)

3DDBROSr<qg, 0Ss< g0, 0t < g3 & 2KDEMYL & I, BEELTU T 22
LTnd&ETD. 1<r+s+t<g-1, |right(l) N R| = |right(ly) N R| = a(r + s) + (a + 1)t,
[right(l) N Bl < br + (b+ 1)(s +t) D [right(l) N Bl 2 br + (b+ 1)(s +t). T2 EHE 7h
5, HBHERI NEFELT

[right(l3) N Rl = a(r +s) + (a+ 1)t 2D [right(l3) N Bl =br + (b+ 1)(s + t). (3)

L7125, right(lz) & left(ls) DENENITRMEDIE ZEA T 2 LITEDOEHHENESH
5. Ko TROMEMNRELDILD EREL TELW.

R 1. (r,s,t) BATOFREEHIBRO3IDMALTS. 0<r<g,0<5< ¢y, 0t < gs
MO1ISr+s+t<g—1. ZDEZE, |rigt()N Rl =a(r+s)+ (a+ 1)t BBTXTOER |
LT,

[right() " Bl <br+ (b+1)(s+1t) F&WE |right()NB| >br+ (b+1)(s+1)
D—=HIZF WO LD. Kl [right(() N B+ br + (b+ 1)(s +t) TH 5.

MELNS, 0<i<g, 0Sj<go, 0Sk<gs lSitjthsg—1ERBTNTDS DM
B (1,7, k) KLU TOHE sign WEHERTES : |right()NR|=a(i+j)+ (a+ 1k BETRTD



BRI IZDNT,

L |right()NB|>bi+ (b+1)(j + k) 851 sign(i,j,k) = +
BLU |right()NB|<bi+ (b+1)(j+k) 25 sign(i,j,k) = —
LT 5. ROMED sign(i,j,k) DERNLHEET, B THWS.

BB 2 4,5,ki30<i<g, 08j< gy, 0Sk<S g MDILi+j+hk<g—1 2T
BLds Zorx

sign(g1 — 4,92 — J, 93 — k) = —sign(i, j, k). (4)

sign(i,j, k) W +,— EE5DOHFOERICGEHTE B DT, sign(i,j k) =+ EIRET 3.

Ireght() N R| = a(i+j)+ (a+ 1)k RBEHR L IZDWT, sign(i,j, k) = + 05 |right(l)NB| >
bi+(b+1)(+k)ERD. Zh5kD

Iright(I") N R| = a(g1 —1+ g2 —5) + (a+1)(gs — k), 2D

Iright(I*) N B| = [left(l) N B| = |B| - |right(1) N B|

<blg1—1)+ (b+1)(g2—7+g3— k)
TRHE sign(gr — 4,92 — j, g3 — k) = — = —sign(i,j, k) EMx> T3,

W 3. RO4DDIEMROILD. (i) g1 21, go=1, g3 21 DEXE, sign(1,0,0) =
sign(0,1,0) = sign(0,0,1). (i) g1 =0725 g2 21, g3 2 1 TH Y sign(0,1,0) = sign(0,0,1).
(i) g = 0725 g1 2 1, g3 2 1 THY sign(1,0,0) = sign(0,0,1). (iv) g3 = 0 725
G121, go21THY sign(1,0,0) = sign(0,1,0).

FEEDLEERS ¥, EEOEERINI RUB DHEBEALALMESRNESIZLTEL. (i) &
EHTB. 021,002 10521 £L, sign(1,0,0) = — ERETB. by & by B |right(1)R|  a

& |right(l) NR| = a+1 2§ 2 KO BESZBERT, TNENENSKAT o BHE a+1
FHORROTELS 2D (K 4). TOEE sign(1,0,0) = — 05 [right(h)NB| <bTdH5.

\ _ 1}
(a+1)-th red point °
° (o] o
o O | gthred point
g
o o % .
right(ly) right(l;)
1, I

X4 BEHL, L.

Ml 1 &L DFENS sign(0,1,0) = — E5TW3. sign(0,0,1) = + EKET S &,
right(ly) > b+1THBNS, 1) & I, OMICH BEH I3 BEEL T, right(ls) 121 o BHOFKRS
Eb+ 1 HOBFERNDHS. THUIME 1D (0,1,0) DHEEITKT 5. LA T sign(0,0,1) = —



Th5.

RIZ, sign(1,0,0) = + THDERETS. 1), IE L TERLAEERETS. @ 10 (0,1,0)
DHFAEMS |right(l)NB| £ b+1 TH O, sign(1,0,0) = + 5 |right(l)NB| > b E/XH>TNBED
Tright(h)NB| 2 b+2. WX sign(0,1,0) = +. E5IT |right(l2)NB| 2 |right(li)NB| = b+2
THaEMN5, sign(0,0,1) = + BNZAS.

EDZDODEENS, ED ae {+,-} ML TH, sign(0,1,0) = a 5 sign(1,0,0) = a &
sign(0,0,1) = a NEEHIN, sign(0,0,1) = a D5 sign(1,0,0) = a & sign(0,1,0) = o B
/onfz. s () IFEEHE N,

g =0 LRETHE, RQ)MN5 g 210D gs21ThHb. ) &l FETERLE
BERETS. sign(0,1,0) = — DEZE, |right(lh) N B < b+ 1. sign(0,0,1) = + £92 &,
lright(l,) NB| > b+ 1 THEMNS I & lo OEICER Iy WEEL T, |right(ly) N R| = a
D |right(ly) N Bl = b+ 1. ZHIE 3 DHEA (0,1,0) iDONWTOME 1ITKTS. LENST,
sign(0,0,1) = — TH . sign(0,1,0) = + D EEL |right(l;) N Bl > b+ 1. sign(0,0,1) = —
ETBE, |right(l) NB| <b+1 THBM, i [right(h)NB|>b+1ICFETS. £oT
sign(0,0,1) = +. A LD T EMS (i) FFEAE Nz,

g =0 RETS. )LD g 212D g321TH5. I) &l BETERLIZERE

5. sign(1,0,0) = — DEE, |right(lh) NB] < b TH5. L sign(0,0,1) = + 2513,
|right(l)NB| > b+1 THBNG, 1l & 1y DREICHDERR 15 WFEL T |right(ls)NR| = a VAN
[right(ls)NB| = b. Z3UaE 1 @ (1,0,0) DHAITKTS. L7z oT sign(0,0,1) = —. Ri

sign(1,0,0) = + £ B & |right(lh)NB| > b. BL sign(0,0,1) = — 785 |right(l2) N B| < b+1
THBN, TR |right(l,) NB| > b IR TS. £oT sign(0,0,1) = +. B EDIZ EMS (iii)
EETTERY gV

B3=0&,RETS. )LD 210D g21TH5. | idly ETEBRBLI-OFEKROERE
5. sign(1,0,0) = — DEZ, |right(l;) N B| < b M5 sign(0,1,0) = —. sign(1,0,0) = + D
L&, |right(hl)NB|>b. ZIZT, ME1D (0,1,0) DBEEXD |right(h)NB|+b+1ThH?
W5, |right(l))NB|>b+1 37805 sign(0,1,0) = +. BLENS ZDHEHRDILE, i 3
ISEER E Nz

G121, 221, g321 DEE, MHELDRANROIDEREL TXW.

sign(1,0,0) = sign(0,1,0) = sign(0,0,1) = —. (5)

ROFHEADPKONLDEE [3ED 3 DA (r1, 51, 1), (r2, 82, t2), (73, 53,13) I3 3-cutting EH
DE&BEZEWT) EEHEITTS.
gr=r1+ro+r3y, ga=81+s2+383 gs=ti+ta+t3

sign(ry, s1,t1) = sign(ra, s, t2) = sign(rs, s3,t3), M2
TNRTD € {1,2,3} ZHLToL T3, Sis bs nD 1L r; + S; + t;.

EBE, L 3IDDIDMA {(ri,s,t:) | 1 <4 <3} M EOFRAZFH R,

miza(ri+si)+(a+1)ti & nizbri+(b+1)(si+ti) (1§2§3)



i3 3-cutting EEDEHZHZT. Lo TIDEELEHZ 3 DOM EVRICHEILT, FNF
NONML SVENFRE m; HEEFHn @HEHDOEIITTES. Zh5 320N IVEENEN
IIRANEDIRE 2 EAT 5 EFEDOEFmDNENESNS.

MR 4. g1 =075 3-cutting EEORMEMATLIB3 DD 3 DA (1, 51,4:) (1 S0 < 3)
NEETS. Ko TEENROILD.

g =00LE XQ)MN5 217D g321ThH5. M 2X0 sign(0,g0 — 1,93) =
—sign(0,1,0). Ko TEHBRIEFITU N & ZRYIT sign(0,s,t) + sign(0,1,0) E72% 3D
#(0,s.t) BB B. (0,5,t) KDMIWN3 DM (0,5,¢) (s < sors = s and ¢/ < t) TiZ
sign(0,s',t') = sign(0,1,0) £/x>TW3. bl s = 05K (B5) LDt =2 2. Li=d> T
TD3 DD 3 DI 3-cutting EEDORHZHET 3.

(0«92793 - t), (070>t - 1), (0>0a 1)7
Z ZT sign(0, g2, g3 — t) = —sign(0,0,t) = sign(0,1,0) = sign(0,0,1) = —. @ME 2 & 3 M5
(0,5,t) ITBNT s = 0 DFAITIE, sign(0,0,t — 1) = sign(0,1,0) = —. BL s 2 178513,
sign(0,92 — 1,93) = —sign(0.1,0) 5 s < go—1 THY, 1< go—s. SHIT,s=1DEX
sign(0,s,t) # sign(0,1,0) & X BG) NS5 1<t LiEW->TME 2L, FTEOLGEE-TL
TD3DD3DME/>:

(0792 — 5093 — t), (073 - 17t)1 (Oa 1a0)7

Z ZT sign(0,92 — 8,93 — t) = —sign(0, s,t) = sign(0,s — 1,t) = sign(0,1,0) = —. LN S
4RI N

BES5. 21 DEE, TRTD(0,5,k), 0Sj<gy, 0Sk<gs, 1<j+k IHLT
sign(0,7, k) = sign(1,0,0) L72BREL T\,

0<j<gs 0Sk<gs 1S +kERBDNDOHOHM (0,),k) BT sign(0,j, k) +
sign(1,0,0) DO D ERET S, FEEXIEF T sign(0, s, t) + sign(1,0,0) LR DEHD 3D
M (0,5,t) ZIRS. K(G) M52 s+t MB 2KV, sign(gr, g0 — 5,95 — 1) = —sign(0, s, t) =
sign(1,0,0) = sign(0,1,0). s 2 2 Z5RK (5) NERD 3 DD 3 DML 3-cutting EH D LM%
o

(91,92 — 5,95 —¢), (0,s~1.¢), (0,1,0).
s=1715(5)LDt21&720, RO 3 DA 3-cutting EEDOFMH 2/~ 3.
(91,92 — 1,93 —t), (0,1,t—1), (0,0,1).
s=0756(B) KD t22&72D, RO 3 DM 3-cutting EEEDRMZ /-7
(91,92.5~ 1), (0.0,¢=1), (0.0,1). |
LOWTNOHREBRMETERENGEHTESDT, MES5 MNROIILD.
HRE 6. g =1 RSEHENKVIID.



KQ)MN5921 Fld g321THD. gpo21 ERWETD (g5 21 DHEBFALLSIC
AATED). sign(gr,g2 — 1,93) = —sign(0,1,0) = —sign(1,0,0) "5, H2 3 DM (4,5, k) M
HFEL T sign(i,j, k) F sign(1,0,0) &725. =EL, 0<i<g,0< < g0, 0k < g3,
1<i+j+k<g—1. #EEREFT sign(r, s, t) + sign(1,0,0) ERRDBHDED%E (r,s,t) &F
5. Bl <rias sign(r', s t') = sign(1,0,0) TH 2. MESNS5r=1Th3. bl r=1
725 sign(l,s.t) + sign(1,0,0) M5 s+t =21 THB. LMo T, 3-cutting DFEMHZHZTR
DIDDIDEAM/FELHND.

(gl — 7,92 — 503 — t)v (T - 1,S,t), (1101 0)>
Z T T sign(g1 —r,g2 — 8,93 — t) = —sign(r, s, t) = sign(r — 1, s,t) = sign(1,0,0) TH 5.
ME 46 NS EHISEHINTNS. O

R#IZ, EOEANSHE SN EENEZRD DT I TY XLADEHERERICDONWTERRS. £
T (3) ZWRET DL OREMR I 2. RUB D27 E2EZERIOM?) £HBHDT, L
ZTDEIR I3 MEETBR5E0N3) HEITRDIFSN 2. 2P, RUBD 2R z,y 2E5HEMRI
IZDOWT, ROADDTr—AMEZSND; (i) z,y € right(l), (ii) z € right(l) D y & right(l).
(iii) = & right(l) WD y € right(l); (iv) z,y & right(l). ZOXDRER I3 WEELRBRWERIC
13 sign(i, j, k) ZEBEBTET, 3-cutting FHTEZASNZ IEDEERNELETS. oD
B O(ns (logn)?) TROIBNB I &M 2] TRETWS. LEMN>T, n=|R|+|B/ED
ROGEET 52 EHOVENE ZRD D ONERFGHEREZ f(n) T2 &,

f(n) £OM®) + f(n1) + f(n2) + f(n3).

L, my4+no+nz=n,ny2a+bny2a+bn3 20, FLLNEETHEZIIDH ng=0
ERB. BEDZEMS f(n) < Ond) E72D, FREADFEIEAT LT X AHYES -,
X ik
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