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最簡な論理式だけを生成するアルゴリズム
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あらまし泥変数論理関数ｆと、変数論理関数９に対して，ｆ⑭９は(f⑧9)(z1,…,２，…)＝ｆ(g(毎1),…,g(あれ))，
ただし，戯＝(〃(`-1)m+,,…,錘6m)で定義される汎ｍ変数論理関数を表すものとする．本稿では，以下の条件を満た
す論理関数のクラスＧを与える:任意のｆ＝た⑭…Ｗ脆(た,…,九ｅＧ)に対して，‘`素直''な構成法によって与え
られる論理式が常にノに対する最簡な論理式である．クラスＧは，例えば，全ての２変数関数，３変数関数256個の
うち134個などを含む．この結果は，、＝２ｋ変数パリティ関数の最簡な論理式のサイズが丁度”2であることを示し
たKhzapchenkoによる結果の拡張と見ることができる(全てのｊに対してバーｚ,①､2と考える）また，このよう
な最簡な論理式のみを生成する手続きをも与える．本結果は本質的には，近年，量子敵対者法[1,2,8,10]において提
案された，ある複雑さの尺度を綿密に解析したものである．
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Abstractlnthispaper,weinvestigatethesizeOfBooleanfbrmulaBfbrcompositefmctions、EbrtwoBoolean
fmctionsノ:{0,1}"→{0’1}andg:{0,1}ｍ→{0,1},ノ②gdenotesaBooleanfUnctionommwaJFiablesdefined
by(f②9沖1,…,ｚ…)＝ノ(9(ら1),…,9(毎"))whereらボー(z(`_,)m+1,…,z`､).Ｗegiveaclassofbasefnnctions
Csuchthatfbreveryfimctionofthefbrmノーハ⑦…⑦九ｗｉｔｈ力,…,九ＥＣ,ａ``naive'，con8tructionyieldsan
optimalfbrmulafbrノ.TheclassGcontainseverytwo-variablefimctions,１３４outof256three-variablefmctions，
andmore・ThiscanbeviewedasageneralizationofKhrapChenko，sresultthatsaysthatthefbrmulasizeofthe
pamtyfimctionon泥＝2Lvariablesisn2,whichcorrespondstothecaseハーコ51＄z2fbreveryj・Wealsogivea
procedurethatrecursivelygeneratesBooleanfbmnulaswhoseoptimalityisguaranteed・Ourresultsarebasedon
acaZefUlmspectionofarecentlyproposedcomplexitymeasureSumPl[7],whichoriginated丘omtheqUantum
adversmymethod[1,2,8,10｝ 

１Tmtroduction 

lbderiveasuperlineａｒｌｏｗｅｒｂｏｕｎｄｏｎｔｈｅｓｉｚｅｏｆａＢｏｏｌｅａｎｃｉｒｃｕｉｔｆｂｒａｆｍｃｔｉｏｎｍＮＰｉｓｓｔｍｏｎｅ 

ofthemostchallengingopenproblemsmtheoreticalcomputer8cience・Thecurrentbestlowerboundis

5n-o(､)[5）AmildsuccesshasbeenarchivedfbrthesizeofaBooleanfbzmula・Afbrmulaisacircuit
inwhicheverygatehasfan-outexactlyone・Ｔｈｅｃｕｒｒｅｎｔｂｅｓｔｌｏｗｅｒｂｏｕｎｄｆｂｒａｎｅxplicitlydefined

fUnctionisQ(､3-゜(1))byHd8tad[3]・
Inthispaper,wefbcu8onthefbrmulacomplexityofcompo8jteか泥ct伽８.FortwoBooleanfilnctions

ノ：{0,1}"一十{0,1}and9：{0,1}ｍ→{0,1),ノ⑭gdenotesaBooleanfUnctiononnmvaJdablesdehned

by(ｆＷ池,,…川､)＝.'(g(ii,),…,9(Z"))whereゐ＝(〃(`_,)m+,,…,⑳`､)．Thest虹tmgpointof
ourworkisthefamousresultofKhrapchenko[6]thatsaysthattheminimalsizeofafbrmulacomputing 
theparityfilnctｉｏｎｏｎｎ＝２ルvariablesisexactlyn2，Theparityfimctionon2kvariablesisexpressedas
(z,伽2)⑭…⑭(z1em2).Obviouslyianoptimalfbrmulafbrz,＄z2is(z,八両)Ｖ(可Ｍ２),whichhas
size4・Byusmgthisrecursively,wegetafbrmulafbrthepaJdtyfUnctionon2lbvMableswho8esizeis
4脂＝、2．Khrapchenko'sresultimpliesthatsucha``naive'，constructionyieldsanoptimalfbrnunawhen
thebasefilnctionisz，ｅｚ２・obviously,ｔｈｅｓａｍｅｐｒｏｐｅｒｔｙｈｏｌｄｓｗｈｅｎａｂａｓｅｆilnctionisaread-once

fOrmula、Sothenaturalquestioni8then3whathappenswhenweconsiderotherbasefilnctionB？
OneofthemotivationsfbrconsideringthefbrmulacomplexityofcompositefUnctionsisasfbUows：H 

wehaveabasefilnctionノｏｎｎｖa正iableswithsuchapropertyandwhosefbrmulacomplexityisL(f)，
thenthefbrmulacomplexityoftheiteratedfUnctionofノisjVlognL(f),WhereNisthetotalnumberof
inputvariables・Fbrsmallvaluesofn,computingL(f)maybefea8iblewiththeaidofacomputer・This
wouldbringusagoodlowerboundonthefbrmulasizeofanexplicitBooleanfilnction、

Inthi8paper,wegiveasetoffilnctionsCeachofwhichhassuchacompositeproperty,fbrmanyfbr 
everyfilnctionofthefbrmf＝た②…⑧九ｗｉｔｈ八,…,八ＥＧ,thefbrmulacomplexityofノisequal
totheproductofthecomplexitiesof九'８.TheclassGcontajnseverytwo-variablefilnctions,１３４ｏｕｔｏｆ
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256three-variablefUnctions,２１４４ｏｕｔof216fbur-variablefimctions,ａｎｄmoreWealsogiveaprocedure 
thatrecur8ivelygeneratesBooleanfbrmulaswhoseoptimalityisguaranteed(Theorem7)． 
Ourresultsarees8entiaUyba8edonacareMm8pectionofarecentlyproposedcompleDdtymeasure 

SumPI[7Lwhichorigm帥edfromthequantumadversaJFymetho。[1,2,8,101.hpaJ｢ticulaJ『,wemainly
usethedualofthesemidefiniteversionofthedefinitionofthismeasure、Thisenablesustoobtaina

lowerboundonthesizeofafbrmulaco"8t7uc伽ekﾉ,i､e､,alowerboundisobtainedbygivmgafeasible
solutiontoacertainsemidefiniteprogram， 

TheorgamzationofthepaperisasfbUows:ＩｎＳｅｃｔｉｏｎ２,wepresentsomebasicnotationsanddefinitions 
onBooleanfOrlnulacomplexityblnSection3，wefir8timroducetwoequivalentfblmulationsofthe 

complexitymeasureSumPI、Thenweanalyzethemtogiveasetoffimctionshavingacompositeproperty
aswellasaprocedurethatrecur8ivelygenerateBoptimalBooleanfbrmulas・ＩｎＳｅｃｔｉｏｎ４,wediscusssome
openproblemsconcerningourwork． 

zPrelimimries 

ABoo1ecB〃ﾉmnuJcBisabinaJPytreewhereeachinternalnodeislabeledwith八ｏｒＶ,ａｎｄeadlleafis
labeledwithaliteral・ABooleanfbrmulacomputesaBooleanfilnctioninanobviou8waybThe8吃eof
afbrmulaisthenumberofleavesmit・FbraBooleanfimctionノ,theﾉbrmMBcomp1噸如off,denoted
byL(ｆ),isdefinedasthesizeofasmallestfbrmulathatcomputesf.ABooleanfbrmulaFi8saidtobe 
叩ｵimu1ifthesizeofFisequaltoL(/)whereノisthefimctioncomputedbyF・

Fbranaturalnumber〃,["]denotestheset{1,…,"}､rbrabinarysequencezE{0,1}ね,zddenote8
thei-thbitof⑩.ThesetofrealnumbersisdenotedbyRFbramatrixA,Ａ[２Ｗ]denote8its(２Ｗ） 
element､Lettr(A)ｂｅthe伽ceofA,i､e､,tr(A)＝Ｚ錘Ａ[“］FbradiagonalmatrixA,Ａ[`Ｍ]issimply
denotedbyA[U､]ＬｅＭ･BdenotethescalaJFproductoMandB,i､e､,Ａ･Ｂ＝ｚ麺,‘Ａ[Ｍ]B[`Ｍ],and
AoBdenotetheHadamardproductoMandB,i,e､,(ＡＣＢ形,"]＝Ａ[2Ｗ]B[z,Zﾉ]LetＡ＞Bdenote
thecomponentwisecompariBon,fbrmallyAlM]三Ｂ[｡Ｗ]fbreveryzand腓ＬｅＭ湯Bdenotethat
A-Bispositivesemidefinite,fbrmallyfOreveryrealvectorfM)T(Ａ－Ｂ)ＵｚＯ,orequMentlyiall 
eigenva1uesof(Ａ－Ｂ)arenonmegative、

LetParityndenotetheparityfhnctiononnvajFiables,ie.,Parity､(z,,…ハ)＝エハmod2,andlet
Maj”denotethemajorityfimctiononnvamables,i､e,Maj"(⑳,,…ハ)＝１iffE`z`≧「､/21Ｕｂｒ
ＳＥＭ,Ｅｑ",SdenotesthefUnctionon〃variable88uchthatEq,z,S(､,,…ハ)＝１ｉｆＴｚｄｚｉＥＳ．

３rbrmulaSizefbrCompositeFunctions 

FbrtwoBooleanfmlctionsノ：｛0,1}”→｛0,1｝ａｎｄ９：｛0,1}ｍ→｛0,1},ノ⑭gdenotesaBoolean
fimctiononnnDvamablesdefineda8 

（'②9)(､,,…ハ､）＝ｆ(9(毎1),…,g(あれ))，

where公＝(z(`_,)m+,,…,ｚ`､).The‘thiteratedfUnction
d 

--

ノ②ノ⑭･･･②ノ

issimplydenotedbyノd
Aswedescribedinlntroduction,anoptimalfbrmulafbr(Parity2)。＝Parity2dcanbeobtainedbya

recursiveuseofanoptimalfbrmulafbrParity2、

LetusnowconsiderParity3・AsimpleexaminationshowsanoptimalfbrmulafbrParity3is

（ｚ1５５Ｗ万lz2)耐Ｖ(z1z2V万1励池３，

andＬ(Parity3）＝１０．Ｂｙ``sqUamg，，thisfbrmula,ｗｅｈａ('eafbrmUlafbrParity9＝(Parity3)２ofsize 
lO2＝１００However,thisisobviouslynotoptimal．ＩfweconstructafbrmulafbrParity9byfbllowingan 
express10m 

Parity9＝Parity5eParity4 

＝（Parity3＄Parity2)①(Parity2eParity2)， 
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wecanobtainafbrmulafbrParity9ofsize4{(10＋4)＋(4＋4)｝＝88,whiChissmallerthanlOO＝ 
L(Parity3)2．ThismotivatesustoclassifyfUnctionsaccordingtowhetherithassuchacomposition 
property， 

DefinitionlABoo1eq〃ん"ct伽fisSoidtobe9oo〃L(ｆｄ)=L(fWbreU刑｡三1;0仇emmse,帆s
cq1leclbqd． 

Bytheabovediscussion，ｗｅｈａｖｅｋｎｏｗｎｔｈａｔＰａｒｉｔｙ２ｉｓｇｏｏｄａｎdParity3isbadObvious1y,every 
readPoncefbrmulaノi8goodlnordertolearnmore,weinvestigatearecentlyproposedcomplexity

measureSumPI[7],whichoriginatedfromthequantumadversarymethod[1,2,8,10l 
EbrzE{0,1}河,letp錘：["]→Rbeaprobabnitydistribution,thatisp露(i)三OandZ`仇(i)＝1.Ｌｅｔ

p＝{恥にＥ{0,1}"}.Ｔｈｅｎ
ｌ 

（１） SumPl(/）＝Ⅲ､}ｌｎｘ職)Ｅ…ﾊ/、7瓦77丁
Laplante,LeeandSzegedy[7]provedthatSumPI2(ｆ)lowerboundsthefbrmulacomplexityof′,i・ａ，

L(/)zSumPI2(/)fbreveryノ.SeveraleqUivalentdefinitionsofSumPI麺eknown[9]・Weshowherethe
semidefiniteversionofthedefinitionofSumPI,whichisthemo8tsuitablefbrmfbrourpurpose・

Theoreml〃LetFMl2"×2”ｂ伽ｍｍＱ胸ＭＭＩ､ｵＦ[Z,W]＝１鞭f(⑯)≠ｆ(y),囮ＭｌｅｔＤｄｂｅ
Ｇ２"×2忽O伽mmGt噸s皿ｃＭｂａｔＤ`[⑩,z/]＝１坊qFd≠眺(Ｍノ(z)≠f(Z')b1LeM…ｂｅ肋eｍ〃mBl
80腕ＣＭ/仇e/bIlou）i叩semida/EniteZW97YBm：

ｍｍｉｍｉｚｅ リーォパ△）
Suh'ectｔｏ △ｉｓｄｉＱ９ｏ『MBI

（２） Ｚ＞０ 

Ｚ・Ｐ＝１

Ｖ`：△－ＺｏＤｉと0．

The〃SumPI(f)＝1小ｍｉか

ＮｏｔｅｔｈａｔｔｈｅａｂｏｖｅｉｓｉｎｆａｃｔｔｈｅｄｍaIofthesemideRnitefbrmulationofthemimmaxversionof 

SumPI(/)ｍＥｑ.(1).Themeritofu8mgthi8fbrmulationisthatwecanprovealowerboundconstruc-
tivelyEveryfbasiblesolution(△,Ｚ)ofSDP(2)givesalowerboundofl/tr(△)onSumPI(ハ
ThemeasureSumP1(/）hasastrongcompositionpropertyAmbainisprovedthatSumPI(f)dz 

SumPI(/d)[1]Laplante,LeeandSzegedy[７１provedthatthislowerboundistightbyshowmgSumPI(/)`≦ 
SumPI(ｆｄ).Ｂｙａｃ麺efillinspectionoftheirproofiitisnothardtogeneralizethistothefbllowingfbrm，
whichwasaJsostatedin[剣．

Theorem2/１，%/FbreU鋤Boo1eqnかMiomsf`Ｍ,，

SumPl(/⑭9）＝SumPI(/).SumPI(9)．d 

TheabovetheoremmpUesthatifSumPI2(/)＝Ｌ(f)andSumPI2(9)＝Ｌ(9),thenafbrmUlafbrノ②g
ofsizeL(f)．Ｌ(9)isguamnteedtobeoptimaL 
hwhaMbllCWS,aBooleanfimctionfissaidtobet肋fifSumPI2(f)＝Ｌ(')BythedeHnition,every

tightfUnctionisal8ogood・Moreover,ifGisasetoftightfimctions,thenＬ(た②…⑭九)＝Ｌ(た)…Ｌ(九）
fbreveryh,…,九EGWedonotknowwhethertheconverseistrueornot・

ＬｅｔＢ冗ｂｅｔｈｅｓｅｔｏｆａｌｌ２２”Booleanfilnctionson〃variables・ＴｈｅｓｅｔＢ”canbedividedinto
eqUivalenceclasses，whichusuaUycanedNPN-equivalenceclasses，byconsideringthefbUowingthree 
operations:(i)inputinversion,(ii)inputpermutationand(iii)outputinversion・TwoBooleanfUnctions
麺eNPN-equivalentifonecanbetransfbrmedintotheotherbypermutmgand/ornegatingthemputs
and/ornegatmgtheoutputLeMhEBねbeasetofrepresentativesofaUNPN-equivalenceclasses・An
easycomputationshowsthat 

Fl＝｛o,⑳,}， 

唖＝ＦＷ{⑳,⑳2,z1ez2}，

圖ee臘麓:鑑::|;:Ni::JR澱潴溌)h…the｡…｡nofDi,whにhi……tin[,]H・we剛i…ytｏ

－３－ 



FhU{ｚ１ｚ２趣3,(⑰1＄z2池3,z1z2Vz3,z1z2V耐3,Maj3,Parity３，

Eq3,(2),Eq3,{0,3}ハ…3Ｖ可(両Ｖ両),(z1z2W3)(両Ｖ可}.

Fｂ 

NotethatthenumberofNPN-equivalｅｎｃｅｃｌａｓｓｅ８ｉｎＢ７ｚｆｂｒｎ＝３，４ａｎｄ５ａＺｅｌ４,２２２ａｎｄ616126, 
respectively6 

ThefbllowingfactisobviousbutusefUL 

ｒＭ１ＳＵ〃ＯＳＣ伽オノａＭｇＭｏ叩toasameﾊIPjWqu伽JencecJass.〃e"Ｌ(f)＝Ｌ(9)aMSumpl(ｆ)＝
SumPI(9)． ｑ 

ltiseasytocheckthateveryfUnctionmFhistight・Thenexttheoremgivesawaytogenerateatight
fUnctionrecursivelyb 

Theorem3S叩pose伽オノ(z,,…ハ)＝z,.，(z2,…ハ)．別elzSumPI2(/)＝SumPl2(9)＋1．

Proof(i)SumPl2(/)≦SumPI2(9)＋L 
WeusetheminhnaxversionofthedefimtionofSumPI(/)Letｐ＝{p麺ｌｚＥ{0,1}"-1｝beasetof

probabilitydistributionson[､－１]thatattainsSumPI(9)inEq.(1)． 
Putｚ＝SumPI(9).Wewnldefineasetofprobabnitydistributionsq＝{恥｜ｍｅ{0,1}､}onMsuch

thattheRIISmEq.(1)isatmosm/夢下~1.Notethatノ(Oz)＝ノ(OZ/)＝ノ(1⑩)＝Oandノ(12ﾉ)＝１fbr
everyzE9-1(O)andeveryyEg-1(1).Define9as 

胸＝（☆,製川川竺姜砦旦川層川
ｑＯ錘＝9,｡＝（０，Ｐ毎(1)，…，Ｐ錘(､－１）），ｆｂｒＺＥｇ－１(O)，

９０，＝（１，０，…，Ｏ），fbrツE9-1(1)．

Itiseasytocheckthat 

，`職.)Ｅ…ﾊ/雨可5T7ｱﾆｿﾞｱTz
rbrexample,if(Ｍ)＝(19,oz)whereZﾉEg-1(1)andzE9-1(O),then 

、/夢~〒~Ｉ１

ｚ…≠⑳`ｗ;7両5ｒ７ＴｚＥ…≠雛ｖ瓦r茄而三Ｖ5百TT
sinceSumPl(9)＝z・Theothercases麺esimnarandomitted．
(ii)SumPI2(f)zSumPI2(9)＋L 
Tbprovetheotherdirection,weusethesemidefiniteversionofthedefinitionofSumPI(f)described 

inTheoreml、

Let(△，,Z9)beasolutionof(2)fbrthefUnctiong,andleMgbetheminimalvalueoftheobjective 
fUnction,i､e､,似，＝tr(△，)．ＬｅＭｂａｎｄ(DgWbematricesdefinedinTheoremLWithoutlossof

generality,wecanassumethatalldiagonalelementsof△，isnon-negativeandZ露E,-,(o)△化]＝
エヅEg-ﾕ(1)△,[J]＝lug/２(whoseproofisonttedinthisversiondUetothespaceconstraint.）Smce
SumPI(9)＝1/即aUwehaN'etoshowistheminimalsolutionofSDP(2)fbrthefUnctionノisatmost
似`Mz5TI
Inordertoshowthis,wegivetwomatrices△fandZfthatsatisfyallconditionsin(2)andtr(△f)＝ 

似,/WZ5T~T・Dehnea2”×2Miagonalmatrix△/as：

△f[Ｍ＝０， fbrzE9-1(O)， 

二圏二謙I蓋:二ｺ'3
△,M=i7H鍔r万，…-M(1)

－４－ 



Wealsodefinea2”×２，nmatrixZ｝ａｓ： 

勵臺(』為）
wheM)isa2n-1×2"-1diagonalmatrixsuchthat 

等[Ｍ]＝ｏｆ、鉦Eg-1(0)，

尋Ｍ=識△ouhwe'一'(1)
ThenthevalueoftheobjectivefUnction,whichisequaltotr(△f),isgivenby 

⑰(△昨鑪二(､ﾙ鍔弛

＋,壜二(ﾘ△,M(１F亨碧戸万十両÷f戸万）
‐害(iFi謡万十両☆戸万)丁亨告茄万

TheconditionZ｝zOistriviaUyhold､ＷｅｈａＮ'ｅ 

Ｍ－赤(帆)+，ｚ巧伽,］
ⅢEg-1(1) 

－歳十2満ｚ△,回薑声十洙一ⅡgEg-1(1) 

ThesecondlastequalityfbllowsfromエヅEg-1(1)△，[31＝似，/2．
Wenowshowthat△ゴー吟。(Df)`ispositivesemidefinitefbreveryi＝１，…,､,where(Dかisa

2"×2"binarymatrixwhose[z,ｇ]entryislifTzj≠yiandノ(⑳)≠ｆ(り).Wedividethisintotwocases・
Casei)ｉ＝Ｌ 

Ｔｈｅｍ航rix(Df),isofthefbrm

の作（Ｍ）
whereOisa2"－１×2"-1matrixwho8eelement8areallO,ａｎｄＡｉｓａ２”~'×2"~'matrixsatisfymgthat 
A[ZM/]＝１fbreveryZ/E9-1(1)(sinceｌ＝ノ(13/)≠(Og)＝0)LetSbeasubmatrixof△ｆ－Ｚ/･(D小
consistingoftherowsandcolumnsindexedbyO,andlyfbrZ/ｅ９－１(1)ThenSiSa219-1(1)|×219-1(1)｜ 
ｍａｔｒｉｘｇｉｖｅｎｂｙ 

ｗ,卜鵠鈴
＆１０脚i-sMd--鰐か
叩艸１－鍔論

since(△ｆ－Ｚ'。(Dルル麺伽]三OfbreveryuE{0,1}andzEg-1(O),itissufIicienttoshowthatSis
positivesemidefinite,i､e､,fbreverWj=(ujo,,u),”E，_,(1)ER21g-弧(1)|,mTSu）ｚ0.Thiscanbeverified
asfbllows： 

＝『7鍔扇魎押ロ鍔}r戸遡い写鰐…
‐＝(１／ｆi;悪子､１．，－1/f霊ｉｆ三m,小

－５－ 



Caseii)ｉ＝2,…,"・

Weshowthecasei＝2.Theothercasesmeanalogoustothiscase､Thematrix(､巾isofthefbrm

（Dルー（二（壷)Ⅲ）
whereBisa27D-1×２”－１ｍatrixwhosediagonalelementsarea110．Notethatalldiagonalelementsof 

(D，),are０.Hence△ｆ－Ｚｏ(Ｄｊ)2ha8nOn-zeroelementsonlyat[Ou,MfOruE9-1(1)andat[1u’1Ｕ］ 
fbrME{0,1}"-1.Smce△f[Ou]isnon-negativefbreveryu,△ノーＺ｡(D小i8positivesemidefinite
if△)－Ｚ。(D,),ispositivesemidehnitewhere△)denotesasubmatrixof△fconsi8tingofrow…d
columnsmdexedbyMbrUE{0,1}n-1Le川＝ｕﾙE{0,,}羅一にＨ２"-m.ThenujT(△トーＺ。(､,),)⑪
ｉｓｇｉｖｅｎｂｙ 

ｏ壜二仰両鍔万趣:＋,壜三・)Tii;鍔}r7洲;-2罎二《"(鉛｡鰐Ｍ…,」，）
ＵＥｇ－１(1) 

Let 

仏;=,)印訓:=鍬如仏;=,),′,鋤;-砿
oreqUivalentlyl 

m零=W7Z7〒1157麺,麺｡”`=,/i7J7〒1717百('@｢
PuttmgtheseintoEq.(3)gives 

Z△ﾙ]蝿2＋Ｚ△,Ｗｈ,2-2Ｚ（Z,｡(D,),形,,]@Ｍ1,．
錘Eg-ﾕ(O）ソeg-1(1)…-1(o）

ＵＥｇ－１(1) 

Thisisalwaysnon-negativesmce△９－Ｚ,。(Dg),ispositivesemidefinite・Tmscompletestheproofof
Theorem３．q 

Ananalogousproofcanbecamedfbrthefilnctionszハワ,ｚＶｇａｎｄｚＶｙ.SmceL(/)＝Ｌ(9)＋1,ｗｅ
ｈａﾊﾞﾉe： 

CoroUarylSh6ppo8etMgi8qt軸ｵﾉﾔﾙｎct伽ＢＭｚｉ８ｑＩＷＷＢ比Mweqri"9i"９．Z1he〃ａｌｌ〃Ｚ八９，

ｚハワ,ｚＶ９ＱＭ⑳Ｖす…tight．d

CombiningCoroUarylwiththefactthateveryfUnctioninB2istight,weHndthatz1z2z3,(z1ez2)z3 
andz1z2Vz3inFbarealsotight・InterestmglybthereareonlyonemoretightfilnctioninFb・

Theorem411be九"ctiom5M2V房IZD3EB3i8t軌t・

ProofLetf＝＄1鯵2Ｖ耐3.ItisobviousthatL(f)＝4.ByTheoreml,itissufIicienttogiveafbasible
solution(△,Ｚ)ofSDP(2)suchthattr(△)＝1/2． 
Defineadiagonalmatrix△suchthat△[010]＝△[110]＝△[001]＝△[101]＝1/8andallotherelements 

aJ『eO,anddefineZsuchthatZ[⑳,U]＝Ｚﾋﾉ,z]＝1/8ｉｆ

（z,y）Ｅ｛(010,110),(001,101),(101,110),(010,001)}， 

andallotherelementsareOA8implecalculationshowsthatthesematricessatisfyaJlconditionsinEq． 

(2)．q 

NotethateveryotherfUnctioninFbisnottight・Here，sthetableofL(ｆ)andSumPI2(ｆ)fOrfEFb
withSumPI2(/)≠Ｌ(f)． 
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Theorem5Aか"c#伽ノｏ泥３tMQbJesis轍ﾊｫ鞭ノｉ８ａ”IVPjWQ噸Ｍｅ"川ＯＧか〃cｵioMiDZh＝

FhU{z1z2z3,(z1＄z2)z31z1z2W31z1z2V壷1⑰3}.q

NotethatthenumberoftightclassesinB3is8andthetotalnumberOftightfimctionsmB3isl34・
NowweproceedtoconsiderbasefUnctionson4variables・Letnbeasetofrepresentativesoftight

fUnctionson4variables，Thefbllowingcorollaryi8straightfbrwaZdfromTheorem2 

Coronarｙ２ＬｅｵgcwzdMetu）ｏ轍htfwzctio〃s・ZVje〃９⑭his均At．q

ObviouslylncontainsZb、ByapplyingCorollaryltoeachtightfilnctionon3variableS,Wehndthat

thefbUowimLg7classes証ealsomZh：

z1z2z3z4伽ｚ２ｚ３Ｖｚ４,(z,㈹2)qB3m4,((Ｚ,eaB2)Z3)Vz4，

（z1z2Vz3)ｚ４他lz2Vz3)Ｖｚ４化lz2V虚IXr3沖4．

NotethatthefUnction(z1z2VZ513F3)V〃4isNPN-eqUivalenttothelastfilnctionmtheabove・Inaddition，
byapplyingOoroUary2totwotightfUnctionson2variables,wefindthatthefbllowing4classesarealso 
mn 

z1z2①z3⑰4,ｚ１ｚ２Ｖ⑩3ｍ4,(z1ez2)(m3ez4)'Parity4 

Agajn,wehaveonlyonemore： 

Theorem6mbeか"c"０m(ｚ１Ｖｚ２沖3ｅｚ４)EB4is鞠ﾊｵ．

ProofLetノー(､1Ｖ⑳2池3＄〃4).ItiseasytocheckthatL(f)＝6.AsfbrtheproofofTheorem5,we
giveafbasiblesolution(△,Ｚ)fbrSDP(2)suchthattr(△)＝1/､/5Let△beadiagonalmatrix8uCh 
that 

l 

△[0100]＝△[0111]＝△[1000]＝△[1011]＝△[０００１]＝△[0010）＝'百両，
１ 

△[1010]＝△[0110]＝△[1001]＝△[0101］＝耐，
andallotherelementsareOLetZbeamatrixsuchthatZ[`Ｍ/]＝Ｚ[岬｡＝1/24ｉｆ

（9Ｗ）Ｅ｛(0100,0101),(0100,0110),(0101,0111),(0110,0111)， 

（1000,1001),(1000,1010),(1001,1011),(1010,1011)， 

（0001,0101),(0001,1001),(0010,0110),(0010,1010)}， 

andanotherelement8areO,Aneasybuttediouscalculationshowsthat(△,Ｚ)satisfiesanconditions 
inEq.(2)．q 

mmfact,wecomputedthevaluesofSumPI(f)fbraUfilnctionson4vaJFiablesbyu8ingaSDPsolver 
program・TheresultsconfirmthatthereaJ『e20tightclasses(Outof222)ｉｎＢ４,anofthemhavebeen
addressed,Thetotalnumberofti獣ltfUnctionsinB4is2144(outof216)．
ByapplymgCoroUaJFiesland2recursivelyiwecanea8nyobtainasetoftightfilnctionsonn＞５ 

vanables・Wedonotknowwhetherthereisatightfimctionthatcannotbegeneratedbyapplyingthese
corollaｴiesatthetimeofwriting・
hconclusion,ourresultscanberestatedasfblloＷＳ： 

Theorem7Letgbe⑭cＩ⑭SSQ/BOO伽"ﾉbrnM“形c⑫『wsiuelydG/6"e(Ｍ/bll0w8：

１．個(Lsiaﾉ{虹,,z１５房M5IbE2,⑰,z2W,両,(ｚ１Ｖｚ２)((､3両)Ｖ(汚瓢))｝二９．

２.（】Ⅶﾉ晩妙伽!e"ＣｅﾉがＦ(〃ｴｩ…,勿拠)ｅ９，抗e〃

イヒリ（1ｹBP伽lVB9atiolBﾉα/bmzu肋００伽med伽mFbylEPmc伽“110ccu汀氾"cesqfZ5by両允ｒｓｏｍｅ
ｉＥＭ帆ｎｏ，

（bノ（Iimp伽Ｐｅ７ｍ伽qtiovリＦ(ｚｌ,(1),…,⑩，(ね))/brSomepe7m伽#伽βo'@Ｍ帆"９，

（Cノ（O吻伽ｊＶＢ９伽,リ｡/WmU1qobtqmed姉ｍＦｂｙ伽emch岬航９Ｖ＠Ｍ八qMnepJqci叩α〃
OCC勉rlWDcesq搾帥U両/breUelWiE[､]帆'0９．

－７－ 



３.（囮zteⅧ０，８ノガＦＥｇＧＭｚｉｓｍＵｑｒｉｑ眺航叩”伽９，Ｆ,抗e"ｚＶＥＭＦｅｇ、

イ．（の〃ＯＳ鯛・ツリザＦ(Z,,…ハ),Ｇ(Z,,…,Z､)Ｅ９，肋e〃

Ｆ(G(⑳1,…,zm),Ｇ(zm+1,…,z2m),…,ｃ(z("-,)m+,,…ハ､))Eg

Zvbe〃eUe7WbmzuJMOgis叩tima1． 剣

４Discussions 

Manyopeninterestingproblemsremaintoberesolved,IbextendtheclassginTheOrem7iSappar-

entlyoneofthemostinterestmgfUtureworks，FbrthreevariablefUnctions,wehaveshownthat8classes 

aregoodandoneclassisbad,andthereremains5unknownclasses､Wehavenotknownwhetherthere 
isagoodfUnctionノsuchthatSumPl2(f)≠Ｌ(/)．
TheiteratedfimctionofParity3,whichwasdi8cus8edinSection3,show8aconsiderablegapbetween 

L(f`)andＬ(/)dWehaﾊﾞｸﾞｅ 

綣鶉:):)=芸{::鶏:吾臺､(等)薑､い…ハ
where、＝３．isthetotalnumberofmputvariable８．Theproblemtofindabasefimctionth誠ａｄｍｉｔｓａ
ｌａｒｇｅｒｇａｐａｌｓｏｓｅｅｍｓｔｏｂｅｉ､力eresting・
Bywritmgasimplecomputerprogram,wecancheckthatL(ｆ)≦〃zfbreveryfilnctionfonn≦４

variablesexceptfoEParity3and旬Parity３(mfactL(f)≦８fbreveryノon3variablesexceptfOrノＥ
{Parity3,ﾖParity3},andＬ(/)≦l6fbreveryノon4va広iables).Thisnpliesthat,fOreveryノon、≦４
variables,thefbrmulacomplexityoftheiteratedfUnctionofノisatmostquadraticmthetotalnumber

ofmputvanables・so,fbrexample,ifwewanttoobtainasuper-quadraticlowerboundfbrcomposite
fimctions)weneedabasefimctiondependmgon帥least5variables．
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