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On the Combination of Rough Set Theory and Grey Theory
Based on Grey Lattice Operations

Daisuke YAMAGUCHI† Guo-Dong LI† Masatake NAGAI‡

Rough set theory is used in many fields: Data classification, Feature extraction, Inference, Machine
learning and Rule induction and so on. A lot of methods based on rough set theory are developed and
applied. Traditional rough sets deal with categorical data or numerical discrete data. A new rough
set named grey-rough set based on grey lattice operations in grey theory is proposed in this paper.
Traditional rough set theory is compatible with the proposal on categorical data and numerical discrete
data, because such data are special cases of the equivalence class as a whitened value. Moreover, by
removing the equivalence relation from the condition of the upper/lower approximations, we propose a
grey-rough set in order to deal with data which have a range as an interval. A numerical continuance
quantity is possible to apply the proposal. The proposal is illustrated with several examples in detail.
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2.
[40,41]

(grey number)

[42–50] [51]
[52]

U x(x ∈ U) R

X x
(X ⊆ R ⊆ U)

1. G U

μG(x)
μ

G
(x)

μG(x) : x → [0, 1]
μ

G
(x) : x → [0, 1]

}
(1)

μ
G

(x) ≤ μG(x), x ∈ U μ
G

(x) = μG(x)
G

2. x x, x(x = inf X, x =
supX) ⊗x = x|μμ ⊗x

1

1. x → −∞, x → +∞ ⊗x

2. x = x ⊗x
⊗̃x

3. ⊗x � [x, x]

3. ⊗x ⊗y
‘�’ (coincidence)

2

⊗x � ⊗y if x = y and x = y (2)

‘�’ ‘=’

4. x, y ⊗x =
[x, x],⊗y = [y, y] ‘→’ (inclusion)

2

⊗x → ⊗y if y ≤ x and x ≤ y (3)

2

‘x ⊆ y’
a(a ∈ R) ⊗̃x ⊗y

a → ⊗y if y ≤ a and a ≤ y (4)

⊗̃x → ⊗y if y ≤ ⊗̃x and ⊗̃x ≤ y (5)

a ⊆ y, x ⊆ y

5. x, y, z
‘→’

1. ⊗x → ⊗x

2. ⊗x → ⊗y,⊗y → ⊗x ⇔ ⊗x � ⊗y

3. ⊗x → ⊗y,⊗y → ⊗z ⇒ ⊗x → ⊗z

6. x, y, z
‘�’

1. ⊗x � ⊗x

2. ⊗x � ⊗y ⇔ ⊗y � ⊗x

3. ⊗x � ⊗y,⊗y � ⊗z ⇒ ⊗x � ⊗z

7. x, y ⊗x,⊗y
3

1. §(Join, x ∪ y):

⊗x ∨ ⊗y � [min(x, y), max(x, y)] (6)

⊗̃x ∨ ⊗̃y � [min(⊗̃x, ⊗̃y), max(⊗̃x, ⊗̃y)](7)

2. ¶(Meet, x ∩ y):

⊗x ∧ ⊗y �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[x, x] if ⊗ x → ⊗y
[y, y] if ⊗ y → ⊗x
[x, y] if x → ⊗y and y → ⊗x
[y, x] if y → ⊗x and x → ⊗y

∅ otherwise
(8)

⊗̃x ∧ ⊗̃y �
{ ⊗̃x ⊗̃x = ⊗̃y

∅ ⊗̃x �= ⊗̃y
(9)

3. ‖(Complimentary):

⊗xc = {x ∈ Xc|x < x, x < x} (10)

4. (Exclusive Join, x ⊕ y):

⊗x ⊕⊗y =
{

(⊗x ∨ ⊗y) ∧ (⊗xc ∨ ⊗yc)
(⊗x ∨ ⊗y) ∧ (⊗x ∧ ⊗y)c (11)

§ [40, 41]
¶ [40, 41]
‖ [40, 41] (NOT)
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1. [53, 54]
⊗x,⊗y,⊗z

1. ⊗x → ⊗x ∨ ⊗y, ⊗y → ⊗x ∨ ⊗y

2. ⊗x → ⊗z and ⊗y → ⊗z, then ⊗x∨⊗y → ⊗z

3. ⊗x → ⊗y, then ⊗x ∨ ⊗y � y;
⊗x ∨ ⊗y � y, then ⊗x → ⊗y

4. ⊗x ∧ ⊗y → ⊗x, ⊗x ∧ ⊗y → ⊗y

5. ⊗z → ⊗x and ⊗z → ⊗y, then ⊗z → ⊗x∧⊗y

6. ⊗y → ⊗x, then ⊗x ∧ ⊗y � y;
⊗x ∧ ⊗y � y, then ⊗y → ⊗x

2.

1. ⊗x ∨ ⊗x � ⊗x,⊗x ∧ ⊗x � ⊗x

2. ⊗x ∨ ⊗y � ⊗y ∨ ⊗x,⊗x ∧ ⊗y � ⊗y ∧ ⊗x

3. (⊗x ∨ ⊗y) ∨ ⊗z � ⊗x ∨ (⊗y ∨ ⊗z);
(⊗x∧⊗y)∧⊗z � ⊗x∧ (⊗y ∧⊗z)

4. ⊗x ∧ (⊗y ∨ ⊗z) � (⊗x ∧ ⊗y) ∨ (⊗x ∧ ⊗z);
⊗x ∨ (⊗y ∧ ⊗z) � (⊗x ∨ ⊗y) ∧ (⊗x ∨ ⊗z)

5. (⊗x ∨ ⊗y) ∧ ⊗x � ⊗x;
(⊗x ∧ ⊗y) ∨ ⊗x � ⊗x

6. ⊗x ∧ ⊗xc � ∅; ⊗x ∨ ⊗xc � R

7. (⊗xc)c � ⊗x

8. (⊗x ∨ ⊗y)c � ⊗xc ∧ ⊗yc;
(⊗x ∧ ⊗y)c � ⊗xc ∨ ⊗yc

8. ⊗x,⊗y
4

Midpoint mid(⊗x) = (x + x)/2
Diameter dia(⊗x) = x − x

Radius rad(⊗x) = (x − x)/2
Magnitude mag(⊗x) = max(|x|, |x|)
Mignitude mig(⊗x) = min(|x|, |x|)
Absolute abs(⊗x) = mag(⊗x) − mig(⊗x)

4

Overlap ξ(⊗x,⊗y) = dia(⊗x∧⊗y)
dia(⊗x∨⊗y)

where ⊗x ∧ ⊗y � ∅ ⇔ ξ(⊗x,⊗y) = 0;
⊗x � ⊗y ⇔ ξ(⊗x,⊗y) = 1

Size size(⊗x) = (|x| + |x|)/2
Pivot piv(⊗x) =

√
mag(⊗x) · mig(⊗x)

Sign sign(⊗x) =

⎧⎨
⎩

1 if 0 < x
0 if 0 → ⊗x
−1 if x < 0

Heaviside hv(⊗x) =
{

1 if 0 ≤ x
0 if x < 0

3.
3.1

R (equivalence
class)

‘�’

9. ‘�’(�∈ R) x ∈ U

[x]GR

[x]GR = {y ∈ U|x � y} (12)

[x]GR

1. x ∈ [x]GR for any x

2. x � y, then [x]GR = [y]GR

3. [x]GR �= [y]GR, then [x]GR ∩ [y]GR = ∅

10. A(U,�)
A [x]GR

U/ �
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11. U S
S (upper approximation) (lower
approximation)

GR∗(S) = {x ∈ U|[x]GR ∩ S �= ∅} (13)
GR∗(S) = {x ∈ U|[x]GR ⊆ S} (14)

BND(S) = GR∗(S) − GR∗(S) (15)

〈GR∗(S), GR∗(S)〉

3. 11

1. GR∗(S) ⊆ S ⊆ GR∗(S)
2. GR∗(∅) = GR∗(∅) = ∅;

GR∗(U) = GR∗(U) = U

3. GR∗(S ∩ T ) = GR∗(S) ∩ GR∗(T );
GR∗(S ∪ T ) = GR∗(S) ∪ GR∗(T )

4. S ⊆ T implies GR∗(S) ⊆ GR∗(T );
S ⊆ T implies GR∗(S) ⊆ GR∗(T )

5. GR∗(S ∪ T ) ⊇ GR∗(S) ∪ GR∗(T );
GR∗(S ∩ T ) ⊆ GR∗(S) ∩ GR∗(T )

6. GR∗(U − S) = U − GR∗(S);
GR∗(U − S) = U − GR∗(S)

7. GR∗(GR∗(S)) = GR∗(GR∗(S)) = GR∗(S);
GR∗(GR∗(S)) = GR∗(GR∗(S)) = GR∗(S)

. ‘�’ Pawlak [1,2]
R

S
S

3.2
3.2.1

1 [55] Pawlak

(Flu)

1 {yes, no} {1, 0}
{very high, high, normal} {2, 1, 0}

1
Headache, Muscle-pain Temper-

ature ‘�’ [p]GR

{{p1}, {p2, p5}, {p3}, {p4}, {p6}}

1 [55]
Patient Headache Muscle-pain Temperature Flu

p1 no yes high yes
p2 yes no high yes
p3 yes yes very high yes
p4 no yes normal no
p5 yes no high no
p6 no yes very high yes
p1 0 1 1 yes
p2 1 0 1 yes
p3 1 1 2 yes
p4 0 1 0 no
p5 1 0 1 no
p6 0 1 2 yes

p2, p5 ⊗p2 � ⊗p5 ⇔
⊗̃p2 = ⊗̃p5

S1 = {p|Flu = yes} = {p1, p2, p3, p6}
S1

GR∗(S1) = {p1, p2, p3, p5, p6}
GR∗(S1) = {p1, p3, p6}

BND(S1) = {p2, p5}

S2 = {p|Flu = no} = {p4, p5}
S2

GR∗(S2) = {p2, p4, p5}
GR∗(S2) = {p4}

BND(S2) = {p2, p5}

3.2.2

2 UCI [56] AUTO-MPG
391

108 10

Cylinders Model year
3 9

[x]GR

{ {1}, {2}, {3}, {4, 8}, {5, 9}, {6}, {7}, {10} }

S1 ={No.| Country = Japan}
= {5, 6, 7, 8}, S2 ={No.|Country = Germaney}
= {1, 2, 9}, S3 ={No.| Country = USA} = {3, 4}
and S4 ={No.|Country = Sweden} = {10}
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3 AUTO-MPG
No. Manufacturer Cylinders Model-year Country
1 Audi [4,5] [70,80] Germany
2 BMW [4,4] [70,77] Germany
3 Cadillac [8,8] [76,79] USA
4 Ford [4,6] [70,81] USA
5 Honda [4,4] [74,82] Japan
6 Mazda [3,4] [72,82] Japan
7 Subaru [4,4] [74,81] Japan
8 Toyota [4,6] [70,81] Japan
9 Volkswargen [4,4] [74,82] Germany
10 Volvo [4,6] [72,81] Sweden

GR∗(S1) = {4, 5, 6, 7, 8, 9}, GR∗(S1) = {6, 7},
BND(S1) = {4, 5, 8, 9}
GR∗(S2) = {1, 2, 5, 9}, GR∗(S2) = {1, 2},
BND(S2) = {5, 9}
GR∗(S3) = {3, 4, 8}, GR∗(S3) = {3},
BND(S3) = {4, 8}
GR∗(S4) = {10}, GR∗(S4) = {10},
BND(S4) = ∅

[x]GR

[x]GR

4.
4.1

12. IS =
(O, A, V, ρ)

• O (object)
• A (attribute)
• V V = R

• ρ (information function)
ρ : O × A → V

13. a ∈ A x ∈ O
⊗(x, a) ∈ V (x, a) ∈ O×A

a ⊗s
a [x]GR

GL∗(⊗s) = {x ∈ O| ⊗ (x, a) ∧ ⊗s �� ∅} (16)
GL∗(⊗s) = {x ∈ O| ⊗ (x, a) → ⊗s} (17)
BND(⊗s) = GL∗(⊗s) − GL∗(⊗s) (18)

GL a

4.2

14. n A = {a1, a2, · · · , an}
x

{⊗(x, a1),⊗(x, a2), · · · ,⊗(x, an)}
n

S = {⊗s1,⊗s2, · · · ,⊗sn} O

GW ∗(S) � [GW ∗(S), GW
∗
(S)] (19)

GW∗(S) � [GW ∗(S), GW ∗(S)] (20)
GW ∗(S) =

⋂n
i=1 GL∗(⊗si) (21)

GW
∗
(S) =

⋃n
i=1 GL∗(⊗si) (22)

GW ∗(S) =
⋂n

i=1 GL∗(⊗si) (23)
GW ∗(S) =

⋃n
i=1 GL∗(⊗si) (24)

〈GW ∗(S), GW∗(S)〉
GW ∗(S) ⊆ GW ∗(S),

GW ∗(S) ⊆ GW
∗
(S)

4. 14

1. GW∗(S) ⊆ GW ∗(S)
2. GW∗(R) = GW ∗(R) = O;

GW∗(∅) = GW ∗(∅) = ∅

3. GW ∗(S ∪ T ) ⊇ GW ∗(S) ∪ GW ∗(T );
GW∗(S ∩ T ) ⊆ GW∗(S) ∩ GW∗(T )

4. GW∗(S ∪ T ) ⊇ GW∗(S) ∪ GW∗(T );
GW ∗(S ∩ T ) ⊆ GW ∗(S) ∩ GW ∗(T )

5. S ⊆ T implies GW∗(S) ⊆ GW∗(T );
S ⊆ T implies GW ∗(S) ⊆ GW ∗(T )

6. GW∗(Sc) = O − GW ∗(S);
GW ∗(Sc) = O − GW∗(S)

Sc = {⊗sc
1,⊗sc

2, · · · ,⊗sc
n} S∪T � ⊗si∨

⊗ti for all i S ∩ T � ⊗si ∧ ⊗ti for all i

15. 14 α(S)
γ(S)

α(S) =
card{GW∗(S)}
card{GW ∗(S)} (25)

γ(S) =
card{GW∗(S)}

card{O} (26)

16. GW ∗(S) GW∗(S) x
Ξ

Ξ(S, x) =
1
n

n∑
i=1

ξ(⊗(x, ai),⊗si) (27)

Ξ

1. Ξ(S, xj) ≤ Ξ(S, xj)
2. Ξ(S, xj) ≤ Ξ(S, xk), Ξ(S, xk) ≤ Ξ(S, xj) ⇔

Ξ(S, xk) = Ξ(S, xj) j �= k

5
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2 AUTO-MPG UCI [56]
No. Manufacturer M.P.G. Cylinders Displacement Horsepower Weight Acceleration Model-year Country
1 Audi [20,36.4] [4,5] [97,131] [67,103] [2.19,2.95] [14,19.9] [70,80] Germany
2 BMW [21.5,26] [4,4] [121,121] [110,113] [2.23,2.60] [12.5,12.8] [70,77] Germany
3 Cadillac [16.5,23] [8,8] [350,350] [125,180] [3.90,4.38] [12.1,17.4] [76,79] USA
4 Ford [15,36.1] [4,6] [98,250] [65,98] [1.80,3.57] [13.6,21] [70,81] USA
5 Honda [24,44.6] [4,4] [81,120] [53,97] [1.76,2.49] [13.8,18.5] [74,82] Japan
6 Mazda [18,46.6] [3,4] [70,120] [52,110] [1.97,2.72] [12.5,19.4] [72,82] Japan
7 Subaru [26,33.8] [4,4] [97,108] [67,93] [1.99,2.39] [15.5,18] [74,81] Japan
8 Toyota [19,39.1] [4,6] [71,168] [52,122] [1.65,2.93] [12.6,21] [70,81] Japan
9 Volkswargen [25,43.1] [4,4] [79,105] [48,78] [1.83,2.22] [12.2,21.5] [74,82] Germany
10 Volvo [17,30.7] [4,6] [121,163] [76,125] [2.87,3.16] [13.6,19.6] [72,81] Sweden

3. Ξ(S, xj) ≤ Ξ(S, xk), Ξ(S, xk) ≤ Ξ(S, xl) ⇒
Ξ(S, xj) ≤ Ξ(S, xl) j �= k �= l

GW
1 ⊗s GL∗ GL∗

GW
⊗s GL∗ GL∗

16

16

⊗s ⊗(x, a)

4.3
4.3.1 Auto-MPG

3 Auto-MPG IS

O = {Audi, BMW, · · · , Volvo}, card{O} = 10
A = {Cylinder, Model year}

Japanese

Japanese = {Honda, Mazda, Subaru, Toyota}

⊗(Japanese, Cylinder) � [3, 6] (28)

�
∨

x∈Japanese

⊗(x,Cylinder)

⊗(Japanese, Model year) � [70, 82] (29)

�
∨

x∈Japanese

⊗(x,Model year)

O
GW ∗(Japanese) GW ∗(Japanese)

4

GW
Japanese

German, American Swedish

4.3.2 Auto-MPG

2 Auto-MPG IS
A

A = {MPG, Cylinder, · · · , Modelyear}
Japan

⊗(Japanese, MPG) � [18, 46.6] (30)
⊗(Japanese, Displacement) � [70, 168] (31)
⊗(Japanese, Horsepower) � [52, 122] (32)

⊗(Japanese, Weight) � [1.65, 2.9] (33)
⊗(Japanese, Acceleration) � [12.5, 21] (34)

Cylinder Model year (28)
(29)

Japanese O
GW ∗(Japanese) GW ∗(Japanese)

5

4

German, American
Swedish

5.
5.1

6
Zhang and Cheng

Dubois
Dubois

Zhang
Zhang and Wu

α = 1
α

Wu 2
Pawlak Yao

Pawlak

1. Wu Yao

6
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4 AUTO-MPG
S GW∗(S) GW∗(S) GW∗(S) − GW∗(S) α(S) γ(S)

American 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 1, 2, 3, 4, 7, 8, 10 5, 6, 9 0.7 0.7
German 1, 2, 4, 5, 6, 7, 8, 9, 10 1, 2, 5, 7, 9 4, 6, 8, 10 0.556 0.5
Japanese 1, 2, 4, 5, 6, 7, 8, 9, 10 1, 2, 4, 5, 6, 7, 8, 9, 10 ∅ 1 0.9
Swedish 1, 2, 4, 5, 6, 7, 8, 9, 10 7, 10 1, 2, 4, 5, 6, 8, 9 0.222 0.2

5 AUTO-MPG
S GW∗(S) GW∗(S) GW∗(S) − GW∗(S) α(S) γ(S)

American 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 2, 3, 4, 10 1, 5, 6, 7, 8, 9 0.4 0.4
German 1, 2, 4, 5, 6, 7, 8, 9, 10 1, 2, 7, 9 4, 5, 6, 8, 10 0.444 0.4
Japanese 1, 2, 4, 5, 6, 7, 8, 9, 10 2, 5, 6, 7, 8 1, 4, 9, 10 0.556 0.5
Swedish 1, 4, 8, 10 10 1, 4, 8 0.25 0.1

5
2. Wu Yao

1

1

5.2

7
S

(x, a)

1. (x, a) S
GW ∗(S) = GW∗(S)

2. (x, a) S
S

(17) (x, a)

6.

1.

2.

3.

4. IXSQL

6
Type Approximation
Pawlak [1] R∗(X) = {x ∈ U|[x]R ∩ X �= ∅}
Classical rough set R∗(X) = {x ∈ U|[x]R ⊆ X}

U: universal set
[x]R: equivalence class of relation R
X: subset of U

Dubois and Prade [33] μR∗(F )(Xi) = sup{μF (x)|ω(Xi) = [x]R}
Rough fuzzy set μR∗(F )(Xi) = inf{μF (x)|ω(Xi) = [x]R}

μR∗(F )(Xi): degree of membership of Xi
μR∗(F )(Xi): degree of membership of Xi
F : fuzzy set in X
[x]R: equivalence class of relation R
μF (x): membership function

Zhang and Cheng [35] W−(Ek) = sup{WG(x)|φ(Ek) = [x]Q}
Rough grey set W−(Ek) = inf{WG(x)|φ(Ek) = [x]Q}

k = 1, 2, · · · , n
Ek: name of the kth equivalence class
WG(x): whitning function
[x]Q: equivalence class containing x

φ(Ek) = {x|Ek}
Wu et al. [36] R−([A, B]⊕) = R−B
Grey rough set R−([A, B]⊕) = R−A

[A, B]⊕: grey set based on the range set
A: normal set as lower boundary
B: normal set as upper boundary (A ⊆ B)
R−B: classical upper approximation of B
R−A: classical lower approximation of A

Zhang and Wu [37] aprα
c

X = {X ∈ U|[x]αc ⊆ X}
Grey-rough set aprα

c X = {X ∈ U|[x]αc ∩ X �= ∅}
[x]αc = {y ∈ U|(x, y) ∈ GSIMα(C)}
GSIMα(C) =
{(x, y) ∈ U × U|∀c ∈ C, SDC (x, y) ≥ α}
SDC (x, y) = m(⊗x∩⊗y)

m(⊗x∪⊗y)
α: grey similarity coefficient

Yao [38] Apr(X) = [R∗(X), R∗(X)]
Rough Interval-set Apr = (U/RE): approximation space
Proposal GR∗(S) = {x ∈ U|[x]GR ∩ S �= ∅}
Special grey-rough set GR∗(S) = {x ∈ U|[x]GR ⊆ S}

U: universal set
S: subset of U
[x]GR: equivalence class of grey number

Proposal GW∗(S) � [
Tn

i=1 GL∗(⊗si),
Sn

i=1 GL∗(⊗si)]
General grey-rough set GW∗(S) � [

Tn
i=1 GL∗(⊗si),

Sn
i=1 GL∗(⊗si)]

GL∗(⊗si) = {x ∈ O| ⊗ (x, ai) ∧ ⊗si �� ∅}
GL∗(⊗si) = {x ∈ O| ⊗ (x, ai) → ⊗si}
x: object of O
ai: ith attribute of n
⊗(x, ai): given value of x on ai⊗si: ith value of n for approximation
S: set of ⊗si with n values

7
S (x, a) GW∗(S) GW∗(S)
⊗̃ ⊗̃ ◦ ◦ GW∗(S) = GW∗(S)
⊗ ⊗̃ ◦ ◦ GW∗(S) = GW∗(S)
⊗̃ ⊗ ◦ × GW∗(S) = ∅

⊗ ⊗ ◦ ◦ GW∗(S) ⊆ GW∗(S)
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