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Abstract. We consider orthogonal drawings of a plane graph G with specified face areas. For
a natural number k, a k-gonal drawing of G is an orthogonal drawing such that the outer cycle
is drawn as a rectangle and each inner face is drawn as a polygon with at most k corners whose
area is equal to the specified value. In this paper, we show that several classes of plane graphs
have a k-gonal drawing with bounded k; A slicing graph has a 10-gonal drawing, a rectangular
graph has an 18-gonal drawing and a 3-connected plane graph whose maximum degree is 3 has
a 34-gonal drawing.

1 Introduction

Graph drawing has important applications in many areas in computer science such as VLSI design,
information visualization and so on. Various graphic standards are studied for drawing graphs [5].

Orthogonal drawings, in which every edge is drawn as a sequence of alternate vertical and horizontal
segments, have applications in circuit design, geometry and construction. Many aspects have been
studied on orthogonal drawings. Studies of an orthogonal drawing with specified face areas have begun
recently. For a natural number k, a k-gonal drawing of a graph is an orthogonal drawing such that
the outer cycle of the graph is drawn as a rectangle and that each inner face is drawn as a polygon
with k corners. Rahman, Miura and Nishizeki [6] proposed an 8-gonal drawing for a special class of
plane graphs called a good slicing graph. Recently, de Berg, Mumford and Speckmann [2] proved that
a general slicing graph admits a 12-gonal drawing. They also showed that a rectangular graph admits
a 20-gonal drawing and a 3-connected plane graph whose maximum degree is 3 admits a 60-gonal
drawing.

In this paper, we show that a general slicing graph has a 10-gonal drawing, a rectangular graph
has an 18-gonal drawing and a 3-connected plane graph whose maximum degree is 3 has a 34-gonal
drawing. Our approach for a general slicing graph is different from that by de Berg et al. [2].

The paper is organized as follows. Section 2 gives some definitions of graphs. Section 3 introduces
outlines of the algorithm for a 10-gonal drawing of a slicing graph. Sections 4 and 5 discuss an 18-gonal
drawing of a rectangular graph, and an orthogonal drawing of a 3-connected plane graph, respectively.
Finally Section 6 concludes.

2 Preliminary

A plane graph is denoted by G = (V, E, F, o), where V, E, F and ¢y denote a set of vertices, a set of
edges, a set of inner faces and the outer face, respectively. Let n = |V|,m = |E| and f = |F|. Since
G is a plane graph, m = O(n) and f = O(n) hold. A vertex of degree k is called a k-degree verter.
We denote the maximum degree of a graph G by A(G). An orthogonal drawing of a plane graph G
is a drawing such that each edge e € F is drawn as an alternate sequence of vertical and horizontal
line segments, and any two edges do not intersect except at their common end. It is known [3] that
a plane graph G admits an orthogonal drawing if and only if A(G) < 4. For a natural number &, an
orthogonal drawing is called a k-gonal drawing if the outer cycle of G is drawn as a rectangle, and
each inner facial cycle ¢; is drawn as a polygon with at most k corners.

‘We consider a plane graph G such that the area of each inner face ¢; € F is specified by a real
a; > 0. Let A be a set of areas a;, and we denote a plane graph with the specified face areas by (G, A).
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For a plane graph (G, A), we consider an orthogonal drawing such that the area of each face c; is
equal to a;. Figure 1 illustrates an example of a plane graph with specified face areas, and its 10-gonal
drawing.

Fig. 1. (a) An example of a plane graph (G, A) with specified areas, where the number in each face represents
the area specified for the face; (b) A 10-gonal drawing of (G, A)

Let G be a plane graph that has exactly four 2-degree vertices a,b,¢ and d in its outer cycle. We
call these four vertices a, b, c and d corner vertices. The four corners a, b, ¢ and d divide the outer cycle
of G into four paths sharing end vertices; the top path, the bottom path, the left path and the right
path. We call each of these four paths an unif path. A path 7 in G which does not pass through any
other outer vertex is called a vertical (horizontal) path of G if one end of 7 is on the top (left) path
and the other is on the bottom (right) path. Such a path = divides the interior of G into two areas,
each of which is enclosed by a cycle and induces a subgraph of G (the subgraph consisting of edges
and vertices in the area and the cycle). We say that 7 slices G into these two subgraphs of G.

A slicing graph G is a plane graph that is defined recursively as follows; a cycle G of length 4
with a single inner face is a slicing graph, and G has a vertical or horizontal path 7 such that each of
the two subgraphs generated from G by slicing G with « is a slicing graph. Note that A(G) < 4 for
every slicing graph G. A vertical or horizontal path in slicing graph G is called a slicing path if two
subgraphs generated by slicing G with 7 are slicing graphs.

A slicing tree T is a binary tree which represents a recursive definition of a slicing graph G. Each
node u in T corresponds to a subgraph G, of G. Let u be a non-leaf node in T, and v and w be the
left and right child of u, respectively. Then we denote by 7, the slicing path that slices G,, into G,
and G,,; If 7, is vertical (horizontal), then G, is the left (upper) subgraph of G.,, and G, is the right
(lower) subgraph of G,,. The node u is called a V-node if 7, is vertical, and u is called an H-node if
7y is horizontal. For a leaf «’ of T', the corresponded subgraph G, has one inner face ¢;. Figure 2
illustrates an example of a slicing tree and a slicing graph corresponded to each node of T'.

A rectangular graph is a plane graph whose outer face and each inner face can be drawn as a
rectangle. Note that A(G) < 4 for every rectangular graph G. A 3-connected plane graph is a plane
graph that remains connected even after removal of any two vertices together with edges incident to
them.

In this paper, we show the following results, where a “combined decagon” is defined in the next
section.

Theorem 1. Every slicing graph with specified face areas has a 10-gonal drawing such that each inner
face is drawn as a combined decagon. Such a drawing can be found in O(n) time if its slicing tree and
four corner vertices on the outer rectangle are given. ]

Theorem 2. Every rectangular graph with specified face areas has an 18-gonal drawing. Such a draw-
ing can be found in O(nlogn) time if its outer rectangle and its four corner vertices are given. O

Theorem 3. Every 3-connected plane graph (G, A) with A(G) = 3 has a 34-gonal drawing. Such a
drawing can be found in O(nlogn) time. a
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Fig. 2. (a) A slicing graph G and subgraphs G, and G, of G; (b) A slicing tree with nodes r,u and w

3 Drawings of Slicing Graphs

By definition, every inner face of a slicing graph can be drawn as a rectangle if we ignore the area
constraint. To equalize the area of inner face to the specified value, we need to draw some edges with
sequences of several straight-line segments.

We define a step-line as an alternate sequence of three vertical and horizontal straight-line segments.
A step-line has two corners, which we call bends. Based on step-lines, we introduce a polygon called a
“combined decagon,” which plays a key role to find a 10-gonal drawing of a slicing graph.

3.1 Combined Decagon

We introduce how to draw a cycle with four corner vertices as a k-gon with 4 < k < 10. We consider
a plane graph G of cycle G = ({a,b, ¢, d}, {{a,b), (b,¢), (c,d), (d,a)}). Note that path ab is the top
path, dc is the bottom path, ad is the left path and bc is the right path of G. We call path dab the
top-left path of G.

We consider a k-gon (4 < k& < 10) in which each path is drawn as a straight-line, a step-line or a
pair of these. We use several types of combinations of lines for each of the top-left path, the right path
and the bottom path; Five types for the top-left path (Fig. 3), three types for the right path (Fig. 4),
and three types for the bottom path (Fig. 5).

We draw cycle (a,b,c,d) by choosing a drawing pattern A; (i = 1,2,3,4,5) for the top-left path,
B;(j = 1,2,3) for the right path and Cjy (k = 1,2,3) for the bottom path. Note that the resulting
polygon has at most 10 corners. A combined decagon P is defined as a polygon such that each unit
path of P is drawn as a straight-line or a step-line and at least one of its top and left paths is drawn
as a straight-line. Figure 6 illustrates examples of a combined decagon. We may let A; denote the set
of combined decagons such that the top-left path is drawn as a pattern in A,. Similarly for B; and C.

Let P be a combined decagon. A line segment in the top-left path is called connectable if it is
incident to corner b or d. Similarly a line segment in the right (bottom) path is called connectable if it
is incident to corner c. Other line segments are called unconnectable. In Figs. 3, 4 and 5, connectable
segments are depicted by thick lines.

We denote the connectable segment in the top path, the left path, the right path and the bottom
path of P by a;(P), ae(P), a,(P) and ap(P), respectively. An unconnectable line segment in the
top-left path is called a control segment if it is incident to corner a. Similarly an unconnectable line
segment in the right (bottom) path is called a control segment if it is incident to corner b {(d). In
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Fig. 4. Three types of drawing pattern for the right path bc
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Fig. 6. Illustration of combined decagons P and P»



Figs. 3, 4 and 5, control segments are depicted by dashed lines. We denote the control segment in the
top path, the left path, the right path and the bottom path of P by 3:(P), Be(P), B-(P) and By(P),
respectively. Let fBmax(P) be a control segment whose length is maximum in P. A control segment e
is called convez if both of the two interior angles of P at the both ends of e are 90 degree.

The width w(P) of P is the distance from the leftmost vertical segment to the rightmost one, and
the height h(P) of P is the distance from the top horizontal segment to the bottom one. We denote
by zy the line segment with end points x and y. We denote the length of segment zy by |zy|, the area
of a polygon P by A(P), and the sum of the areas specified for all inner faces of a plane graph G by
A(G). For a node u of a slicing tree 7', we call the following condition the size condition of combined
decagon P,; A(P,) = A(Gy).

3.2 Outline of Algorithm

This subsection outlines our algorithm for slicing graphs with specified areas. The algorithm is a divide-
and-conquer based on slicing trees. We are given a slicing graph G with specified areas, its slicing tree
T, and rectangle P, with corner vertices for the outer cycle of G. At this point, the positions of all
vertices have not been determined yet. A vertex whose position is determined during the algorithm is
called fized. We first draw the outer cycle of G as the specified rectangle P,, fixing the corner vertices.
We then visit all non-leaf nodes in T in preorder and slice P, recursively to obtain an entire drawing
of G. For a node u of T, suppose that the outer cycle of G,, is to be drawn as a combined decagon P,
which satisfies the size condition.

Let u be a V-node. Then G,, has the vertical slicing path =, and let z; and zp be end vertices of m,,
on the top and bottom path of G, respectively. First, we try to slice P, into two combined decagons
which satisfy the size condition by choosing a (unique) vertical straight-line segment L as its slicing
path 7, (see Fig. 7). If L can be drawn correctly, i.e., the end points 2z; and z, of L are on oy(P,) and
op(P,), respectively, then we slice P, by L to obtain two combined decagons. Otherwise, we split P,
by choosing a step-line as its slicing path 7, (see Fig. 7). We can show that the existence of such a
suitable step-line 7, is ensured if P, satisfies the size condition and “boundary condition,” which will
be described later (the detail of the proof is omitted due to space limitation).

The slicing procedure for H-nodes u is analogous with that for V-nodes. An entire drawing of the
given slicing graph G will be constructed by applying the above procedure recursively. We call the
algorithm described above Algorithm Decagonal-Draw.

P, e4,NB,NC,

Fig. 7. Vertical slicing of P,

To ensure that a combined decagon can be chosen as the polygon for the outer facial cycle of each
subgraph G, the positions of end vertices z; and z, of 7, will be decided so that certain conditions
are satisfied. We now describe these conditions.



For each node u of T, let ft be the number of inner faces of G, that are adjacent to the top path
of Gy, and f£ be the number of inner faces of G,, that are adjacent to the left path of G,,.

Let amj, be the minimum area of all areas for inner faces of G. Let W and H be the width and
height of the rectangle specified for the outer facial cycle of a given slicing graph G. We define

Gmin
A 3f - max(W, H) (1)
We define some conditions on combined decagon P,.
A control segment e of P, is called (), f)-admissible if one of the followings holds:

e is a convex and vertical segment, and fi\ <le| < fA,

e is a convex and horizontal segment, and fé\ < |e| < fA,

e is a non-convex and vertical segment, and Je] < (f — f),

e is a non-convex and horizontal segment, and |e| < (f — f£)\.

A combined decagon P, is called (), f)-admissible if it satisfies the followings.

(al) las(Pu)f > fi
(82) lae(Pu)] = fEA,
(a3) Every control segment of P, is (), f)-admissible,
(ad) If P, € Ay, then |ap(Pu)| 2 (f + fE)A or |ow(Pu)l = (f + fE)A,
(ab) If P, € A2 U Ay, then |ae(Pu)| + [Be(Pu)] = (f + FEA,
(a6) If P, € A3 U As, then |ou(Py)| + |8:(Pu)| = (f + fL)N,
(a7) If P, € A2 N Bs, then |Bo(P,)] — 18- (Pu)l = FEX,
(a8) If P, € A3 N (s, then |By(Pu)| — 18s(Pu)| = FEA,
(3'9) If Pu € A4 N BZy then |ﬁr(Pu)| - |ﬂ€(Pu)| Z f:;,’\:
(al0) If P, € A5 N Cy, then |By(Py)} — B (Pu)] > fEN.

By (A, f)-admissibility of P,, P, is a simple polygon, and the distance of any pair of vertical line
segments or any pair of horizontal line segments of P, is at least .

For a combined decagon P,, let a be the top-left corner vertex of P,, b’ be a fixed vertex which is
the nearest to a on the top path of P,, and d’ be a fixed vertex which is the nearest to ¢ on the left
path of P,. We call the following conditions the boundary condition of P,.

(bl) If there exists fixed vertices on the top path of P,, then these vertices are on a;(P,). The distance
of any pair of fixed vertices on oy (P,) is at least fiA, and the distance from both ends of oy (P,)
to any fixed vertex is at least fi\.

(b2) If there exists fixed vertices on the left path of P,, then these vertices are on a(P,). The distance
of any pair of fixed vertices on oy (P,) is at least f£, and the distance from both ends of c(P,)
to any fixed vertex is at least f.

(b3) If P, € Ay, then the distance from b’ to the left path of P, is greater than (f 4 f:)A or the
distance from d’ to the top path of P, is greater than (f + f£)\.

(bd) If P, € Ay U Ay, then the distance from d’ to the top path of P, is greater than (f + f£)\.

(b5) If P, € A3 U As, then the distance from b’ to the left path of P, is greater than (f + f¢)\.

Let D be the set of all (A, f)-admissible decagons that satisfy the boundary and size conditions.
The following lemma guarantees the correctness of the algorithm, whose proof can be found in the full
version of the paper.

Lemma 1. For a decagon P, € D, let P, and P,, be combined decagons generated by slicing P, in
Decagonal-Draw. Then P, and P,, belong to D. ]

By this lemma, we can prove the existence of 10-gonal drawings in Theorem 1.

Lemma 2. Algorithm Decagonal-Drow finds a 10-gonal drawing of a slicing graph G with specified
face areas correctly.



Proof. Let P, be a rectangle given as the boundary of G. Clearly P. has no control segments and
satisfies the size condition. Hence, P, satisfies (A, f)-admissibility. Since P, satisfies the boundary
condition, we have P. € D. By Lemma 1, every face of G is drawn as a decagon in D recursively.
Hence, algorithm Decagonal-Draw finds a 10-gonal drawing of a slicing graph G with specified face
areas. O

It is not difficult to observe the time complexity of the algorithm.
Lemma 3. Algorithm Decagonal-Draw can be implemented to run in O(n) time and space. O

Lemmas 2 and 3 prove Theorem 1.

4 Drawing of Rectangular Graphs

We assume that a given rectangular graph G has no 2-degree vertex except for its corner vertices. To
utilize Theorem 1, we convert G into a slicing graph. For this, we slice some inner faces in G by adding
new vertices and edges. By the result due to F. d’Amore and P. G. Franciosa [1], we can convert a
rectangular graph G into a slicing graph G’ by slicing each inner face ¢ of G into at most 4 inner faces
so that each unit path of ¢ contains at most 2 unit paths of inner faces generated in the interior of ¢
(see Fig. 8). A cycle ¢ in G' which corresponds to the facial cycle of ¢ contains at most 8 unit paths

(@) ®) (c) (d)
Fig. 8. Four slicing patterns of a rectangle

of inner faces generated in the interior of ¢. Figure 9(a) illustrates a inner face ¢ of G sliced into 4
inner faces c;, ¢, c3 and c4. Also, we obtain a slicing tree of the resulting slicing graph from the way
of slicing the region by their slicing algorithm. When an inner face ¢ of G is sliced into two inner faces
¢; and cq, the area of each ¢; is set to be a half of the area of c.

We apply Theorem 1 to the resulting slicing graph G’ to obtain a 10-gonal drawing D', and remove
the edges and vertices added to G from the drawing D’. In the resulting drawing of G, each inner face
¢ is drawn as a polygon with at most 7 step-line segments and some straight-line segments since either
the top path or the left path of a combined decagon is always drawn as a straight-line segment (see
Fig. 9(b)). Hence ¢ is drawn as a polygon with at most 14 corners of step-lines and 4 corners of the
original rectangle. Then we obtain an 18-gonal drawing as described in Theorem 2.

5 Drawing of 3-Connected Plane Graph

By the definition of a 3-connected plane graph, the degree of every vertex is at least three. First, we
consider a 3-connected plane graph G with A(G) = 3.

An inner dual graph G* for G is a plane graph such that G* has an embedded vertex in each inner
face of G, and G* has an edge (v, w) if and only if two inner faces ¢, and c,, in G that correspond to
the vertices v and w in G* are adjacent. Then edge (v, w) in G* intersects only one edge of G which
separates faces ¢, and c,. Since the degree of each vertex of G is three, G* is a triangulated plane
graph. Note that G* has no parallel edges since otherwise some two inner faces in G would share more
than one edge as the boundary of each of them, contradicting the 3-connectivity of G.
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Fig. 9. (a) An inner face c sliced into four inner faces ¢y, ¢z, ¢35 and ¢4 in G'; (b) the drawing of ¢ in D’

C.-C. Liao et al. [4] proved that a plane graph G whose inner dual graph G* is a triangulated plane
graph without parallel edges has an orthogonal drawing where outer face of G is drawn as a rectangle
and each inner face is drawn as a rectangle, an L-shape or a T-shape. For each inner face ¢ which is
drawn as an L-shape or a T-shape, we can slice ¢ into 2 inner faces ¢; and ¢y drawn as rectangles.
Hence by the slicing procedure described in the previous section, we can convert a 3-connected plane
graph G into a slicing graph G’ by slicing each inner face ¢ of G into at most 8 inner faces. Let ¢/, ¢}
and ¢ be cycles in G’ which correspond to the facial cycle of ¢,¢; and cg, respectively. Both ¢} and
5 contains at most 8 unit paths of inner faces generated in their interior, and two of them are always
in the interior of ¢’. Hence ¢’ contains 14 unit paths of inner faces generated in the interior of ¢
We apply Theorem 1 to slicing graph G’ to obtain a 10-gonal drawing I, and remove the edges and
vertices added to G from the drawing D’. In the resulting drawing of G, each inner face ¢ is drawn as
a polygon with at most 13 step-line segments and some straight-line segments. Hence c is drawn as a
polygon with at most 26 corners of step-lines and at most 8 corners of the original shape (a rectangle,
an L-shape or a T-shape). Then we can obtain a 34-gonal drawing of G, as claimed in Theorem 3.

6 Conclusion

In this paper, we showed that every slicing graph has a 10-gonal drawing, every rectangular graph
has an 18-gonal drawing, and every 3-connected plane graph whose maximum degree is three has a
34-gonal drawing. We also gave a linear time algorithm to find a 10-gonal drawing for a slicing graph.

It is left as a future work to derive lower bounds on the number k such that every slicing graph
admits a k-gonal drawing.
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