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Abstract:

For a given convex polygon P, compute a sequence of polygons {Py}k>3 circum-

scribing P such that each P, with k vertices circumscribes P. For this problem we propose two
algorithms: one is to compute optimal k-gons, called optimal algorithm and another is to compute
k-gons by adding smallest triangle, called greedy algorithm.

We implemented these two algorithms and executed computational experiments for some convex
polygons. The results show that the greedy algorithm works well from the viewpoint of area,

except k = 3 (triangle).

1 Introduction

Polygon is a fundamental object in computa-
tional geometry. Many kinds of problems about
polygon have been investigated, and collected in
[4].

Consider “similarity” between polygons for re-
trieval of shape. Many similarities have been al-
ready proposed [5]. For example, Hausdorff dis-
tance is often used as a similarity between poly-
gons and its error bounds are analyzed in some
cases [3]. Since to calculate these similarities we
need to match polygons, or vertices, the compu-
tation of similarity is time consuming. If the load
due to the matching is none, or less, the compu-
tation of similarity is fast. Boxer et al. proposed
an algorithm to reduce edges of general polygon
for approximation [2]. When the problem below
is solved, the load of matching is reduced.

We investigate the following problem in this pa-

per:

Problem Given a convex polygon P with n
vertices. Compute a sequence of polygons Py
with k vertices (k = 3,...,n — 1), where Py
circumscribes P.

This problem can be solved by Aggrawal’s algo-
rithm [1] for computing a minimum area circum-
scribing k-gon. Applying the algorithm to P, we
have a sequence { P, } such that each k-gon Py has
a minimum area among all k-gons circumscribing
P.

‘We propose another algorithm, called greedy al-
gorithm: first, compute a (n — 1)-gon P,_; from
the n-gon P(= P,) and, next compute (n—2)-gon
P, from the P,_;. This step is repeated until
we have a 3-gon. The sequence obtained by the
greedy method is also an answer of the problem
above. Moreover each polygon Py, of the sequence
circumscribes P41 (k=3,...,n—1).



Algorithm 1 Optimal Algorithm
Input P : polygon with n vertices;
Output {P;}: each Py has k vertices, P, D P;

for k:=3ton—1do
Compute optimal k-gon by Aggrawal’s
algorithm.

We consider a situation where we search an ob-
ject with a special shape, like a knife, in videos
taken by some stream cameras. Currently, such
a check is done by a watchdog. He has to pay at-
tention to many monitors in his business hours.

Consider a support system for the search. The
system do the following tasks on a server/servers:

1. divide the videos into many pictures;

2. check objects in each picture;

3. report to watchdog if doubtful objects are
found;

If every cameras send all video data to the server,
the system works very slowly, and we have to
buy so expensive computers with high perfor-
mance as the server. Or, we ask the cameras work
harder, i.e., execute step 1 and step 2 to reduce
the load on the server. Since the cameras have
only low computing power, the cameras can exe-
cute only simple algorithms with small memory,
like a greedy algorithm.

The rest of this paper is organized as follows:
In section 2, we explain two algorithms: optimal
and greedy. In section 3, we describe our com-
putational experiment and its results. And we
discuss the experimental results in section 4.

2 Algorithm

In this section we explain two algorithms: op-
timal and greedy. Their time and space complex-
ities are analyzed.

2.1 Optimal algorithm

‘We explain an optimal algorithm for computing
a sequence of k-gons of a given convex polygon P.

For a given P and a positive integer k(= 3,
..., n—1), a minimum area k-gon is computed
in O(kn + nlogn) time and O(kn) space by Ag-
grawal’s algorithm [1]. We use Aggrawal’s algo-
rithm in the optimal algorithm repeatedly (Algo-
rithm 1).

The output convex polygon with &k vertices by
Aggrawal’s algorithm is called optimal k-gon, or
optimal polygon in this paper.

The time and space complexities of the opti-
mal algorithm are given by those of Aggrawal’s
algorithm.

Theorem 1 A sequence of k-gons circumscrib-
ing P with n vertices can be computed in O(n?)
time and O(n?) space by the optimal algorithm.
Moreover each k-gon has minimum area among
all k-gons circumscribing P.

Proof: In the optimal algorithm, we use Ag-
grawal’s algorithm (n — 3) times. Since the time
complexity of Aggrawal’s algorithm is O(kn +
nlogn), the time complexity of the optimal al-
gorithm is 3772 O(kn + nlogn) = O(n®).

Since each execution is independent, used
memory can be reset in each step. Then the space
complexity is O(n?) in any step of the algorithm.

O

2.2 Greedy algorithm
We propose a greedy algorithm for the problem.
The algorithm is based on the following lemma.

Lemma 1 Let P = (po,p1,---,Pn—1) be a con-
vex polygon with n vertices. Let I; be the line
through p;, piy1. The minimum area flush*!
(n — 1)-gon circumscribing P is (po, ..., DPi-1,
Qis Pi+2, ---5 Pn—1), Where ¢; is the cross point
between two lines l;_i, l;41 and the area of
Ag; Pi+1 Pi—1 is the smallest for i =0,...,n — 1.

Proof: Consider four consecutive vertices p;_1,
Di, Pi+1, Pit2 of P (see Figure 1). When [;_;
and l;41 intersects at g; in the half-plane deter-
mined by /; and in the opposite side of P, con-
sider a flush polygon @; obtained from P by re-
placing the points p;,p;+1 with ¢;. The triangle
Ag; piy1p; is called added triangle T;. The area
of Q; is determined by the area of Tj.

Running the i from 1 to n, we have a minimum
flush polygon with (n — 1) vertices. a

[Remark] Non-flush (n — 1)-gons may have
smaller area than flush (n — 1)-gon. In this sub-
section we deal with only flush polygon.

From lemma 1, we have a greedy algorithm (Al-
gorithm 2).

The output convex polygon with k vertices by
Algorithm 2 is called greedy k-gon, or greedy poly-
gon in this paper.

The first step in Algorithm 2 needs to O(n)
time and O(n) space. The pairs (g;,S;) can be

*1 A polygon Q is flush for P if every edge of Q con-
tains a edge of P.
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Fig. 1 cross point g; and added triangle T;

Algorithm 2 Greedy Algorithm
Input P : polygon with n vertices;
Output {Py} : each Py has k vertices, P, D P;

1. for i:=0ton—1do
(1) Compute the cross point g; and the area
S; of added triangle T;, if exists.
(2) Add the pair (g;,S;) with key S; to heap
H.
2. for k :=n — 1 downto 3 do
(1) Get a pair from H (S; of the pair is small-
est in H). Let i be the index of the S;.
(2) Output k-gon Py computed from P4
by replacing the points p;, p;+1 with g;.
(3) Modify (gi-1,8i~1), (gi+1,Si+1) on H.

managed by heap in O(n) space. The construc-
tion of heap is O(n) time. A modification is
O(logn) time. Then, Algorithm 2 is done with
O(nlogn) time and O(n) space except output of
k-gons. In the output, we report (n—3) polygons
each of which has at most (n — 1) vertices, then
we need O(n?) time.

Theorem 2 A sequence of k-gons circumscrib-
ing P with n vertices can be computed in O(n?)
time and O(n) space by greedy algorithm. More-
over each greedy k-gon circumscribes greedy (k -+
1)-gon.

Since Pj is obtained from Py by replacing the
points p;, p;41 with g¢;, it is sufficient to output
the sequence {¢; and their subscript} instead of
the sequence {P;}. So the output is only O(n),
the computation time for output is reduced to
O(nlogn).

3 Experimental results

In this section we show experimental results of
optimal algorithm and greedy algorithm.
[Implement] We implemented two methods: op-
timal algorithm and greedy algorithm.
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Fig. 2 Result of optimal algorithm
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Fig. 3 Result of greedy algorithm

Figure 2 shows optimal k-gons circumscribing
an input convex polygon. Figure 3 shows greedy
k-gons circumscribing the input convex polygon.
These k-gons are not optimal, but circumscribing
(k + 1)-gons.

[Experiment] We experimented on sets of poly-
gons with two algorithms as follows.



1. fix n (= 10, 20, 30, 40, 50);
2. generate ten polygons with n vertices on a
circle;
3. for each polygon
(1) compute {Px} by the algorithms and
compute the area of Py;
(2) calculate the ratio of area of greedy k-
gon to that of optimal k-gon;
4. compute the average of the ratio over ten
polygons;

Since we generated points on a circle in the exper-
iment, all the points are vertices of convex poly-
gon, called random set in this paper. A polygon
computed from random set is called random poly-
gon. The input polygon in Figure 2 is a random
polygon with 10 vertices.

The z-axis and the y-axis in Figure 4 are the
number of vertices of output polygon and the av-
erage ratio of the area of the greedy polygon to
that of optimal, respectively.

We also generated other sets of polygons for
experiment. We selected j points on a circle and
for each selected point p, generated new points
in the vicinity of the p. The set has j clusters
on a circle, and is called skew set in this paper.
A polygon computed from the skew set is called
skew polygon. In the experiment we used poly-
gons with 30 vertices and 2,3,4,5,6 clusters.

Axes in Figure 5 are the same as the axes in
Figure 4.

4 Discussion

In this section we discuss the experimental re-
sults.
Comparison of Figure 2 and Figure 3

Figure 2 and Figure 3 show the results of opti-
mal algorithm and greedy algorithm for one con-
vex polygon with 10 vertices, respectively.

Compare the optimal 5-gon and the greedy 5-
gon in the figures. These 5-gons are similar ex-
cept only one part and the area ratio is 1.00390.
The optimal k-gon is the same as greedy k-gon
for k = 6,7,8,9. On other hand, 3-gons and 4-
gons show much difference and the area ratios are
1.12228 and 1.01094, respectively.
Area ratio for random polygon

In Figure 4, we show the average area ra-
tio of random polygon with n vertices (n =
10, 20, 30, 40, 50). For each n-gon, the average ra-
tio of k-gon is almost 1.00 for k > 5. The average
ratios are less than 1.07 and 1.63 for k = 4 and
k = 3, respectively. The maximum ratios are less
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Fig. 6 Results of optimal and greedy algo-
rithms for a skew data (2 clusters)

than 1.17 and 3.87 for kK = 4 and k = 3, respec-
tively. These results show that greedy k-gon is a
good approximation of optimal k-gon for k = 4,
5, ..., n—1. The optimal and greedy 3-gons have
much difference for many polygons.

The average area ratios of 3-gons are 1.04700,
1.34554, 1.32365, 1.38190, 1.62466 for n = 10, 20,
30, 40, 50, respectively. This suggests that the
ratio increases with increasing number of vertices
of convex polygon.

Area ratio for skew polygon

Figure 6 shows optimal and greedy k-gons (k =
3,4) for a convex polygon the vertices of which
cluster two regions. The greedy 4-gon is simi-
lar to the optimal 4-gon. The area ratio of 4-
gon is about 1.00585, and that of 3-gon is about
3.62299, which is the worst case in the experi-
ments for skew polygons.

The average area ratio of 3-gon are 1.46956,
1.05859, 1.04731, 1.14039, 1.17446 for the num-
ber of cluster j = 2, 3, 4, 5, 6, respectively. These
ratios are smaller than the ratio 1.32365 of ran-
dom polygon with 30 vertices (except j = 2).

When there are j clusters in the set, the points
in a cluster are near to each other and the area
of added triangle consisting of the near points
is small. If the distance between clusters is
sufficiently far, a cluster consisting of vertices
Di, Pi+1,---,P; becomes an angle Zp;qp; where g
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Fig. 4 Results for random polygons with n vertices (n = 10, 20, 30, 40, 50)

is the cross point between [; and l;_1 (see Figure
7). Suppose we have an [-gon when all clusters
become angles, then p;q and gp; are the edges
of the I-gon. Since we have j clusters, 25 edges
are found in the I-gon. On the other hand, there
are at most j edges connecting the angles. The
l-gon, therefore, has at most 2j + j = 3j edges,
i.e.,, I < 3j. The [ depends on the number of
clusters j, not the number of vertices n. The I-
gon obtained is regarded as random polygon with
l(< n) vertices.

Fig. 7 a cluster p;,...,p; in a skew data and
the angle Zpigp;

In our experiments for skew polygons the ra-
tio is smaller than that of random 30-gons. The
average and the maximum of the area ratios of
4-gon are less than 1.02 and 1.03, respectively.
From the discussion above, the area ratio of skew
polygon is smaller than that of random polygon.

5 Concluding remark

In this paper we dealt with the algorithms for
computing a sequence of k-gons {Px} (Px D P)
for a given convex polygon P. We proposed two
algorithms: optimal and greedy and implemented
these algorithms. We experimented on two type
polygons: random polygon and skew polygon.
The experimental results show that greedy algo-
rithm works as well as the optimal algorithm do
except for the 3-gon.

Note that the problem of this paper can be
dealt in the dual space. In the dual space, the
problem is formulated as follows:

Problem Given a convex polygon P with n
vertices. Compute a sequence of polygons P
with k vertices (k = 3,...n — 1), where Py
inscribes P.

This problem is also solved by optimal and greedy



no éluster
2 clusters -------
| 3 clusters 4
4 clusters
5 clusters —-=——
1 6 clusters --------- .
1.35 -
13 F |
i
® 125} -
(]
[
o
g 12f |
©
115 | -
11 F |
1.05 —
1 4
0.95 1 , ) I I
0 5 10 5 pos r !

number of vertices

Fig. 5 Results for skew polygons with j clusters (j = 2,3,4,5,6) and for random polygons with 30 vertices

algorithms.
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Appendix A Calculation of cross point
and of area of added triangle
In this section we explain the computation of
the cross point g and area of added triangle for
four consecutive vertices p;_1,pi, Pi+1,Pit2 On a
convex polygon (see Figure 8). Let (z;,y;) be the
coordinate of vertex p;.
The line I; through p;, p;41 is expressed by

Lt (Wit1 — vi) 2—(Tip1 — @) Y+Tit19i—TiYit1 = 0

The coordinate of cross point ¢ between [;_; and
li+1 is

—(Tipe — i) (@aYi-1 — T 1Y)
(@i — i—1)(TiraYir1 — Tiz1Yir2)
(Ziy2 — Tig1)(¥s — Yi-1)
—(zi = zi—1) (Yir2 — Yir1)
~(Yir2 = Yir1)(@iYi-1 — Ti1Ys)
+(Wi = Yi-1)(TeraYir1 — Tir1Yit2)
(®iy2 — iy1) (Wi — Yi-1)
—(@i = zi—1)(Yir2 — Yir1)

We show a relation among areas of triangles.
Let S, S1, Sz and S3 be the area of the trian-
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Fig. 8 coordinate of cross point ¢

gles Api11p:iq, Api—1PiPiv1, APi—1Piy1Piv2 and
Ap;pi1Piy2, respectively.

Consider Ap;y2p;q. The triangle is divided
into two triangles by the line segment D;p;11
and let their areas be S and Ss3, respectively.
Then the ratio of ||gpz+1]| (the length of gpi1) to
|[Per1pizz|| is that of S to Ss. Similarly, the ratio
of ||gpz|| to ||[pipi=1|| is that of S to S;. So the ra-
tio of the area of Ap;;2p;—1¢ to that of Ap;i2piq
is S/(S+S1) and the ratio of area of Ap;1p;q to
that of Ap;tapiq is S/(S + S3). Then, the ratio
of area of Ap;;2p;—1q to that of Ap;1piq is

S ) S
S+S5 S+8;°

Since the area of Ap;1op;—1q is S + S1 + Sa,
then the ratio above is equal to S/(S + S1 + S2).
So, we have the following equation:

s s s
S+5+5; - S+5 S+853°

We solve the equation for S:

58

5_52—53

(52 # S3).

When p;-1p;, Dir1Dit2 are parallel, then S; = S3
and ¢ does not exist. When ¢ is in the interior of
convex polygon, we have Sy < S3. So, we only
compute S when ¢ is in the outside of convex
polygon, i.e., S > S3. Moreover, q is calculated
only when S is the smallest among added trian-
gles.





