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Abstract

A wniquely converging (UC) property for a possibly nonlinear term rewriting system
(TRS) is investigated. UC, which is an intermediate property between conventional
Church-Rosser (CR) and uniquely normalizing (UN), is newly proposed in connection
with the consistency of continuous semantics. Continuous semantics is defined by
constructing free-continuous algebra which is required in algebraic specification on a
lazy space. In fact, free-continuous algebra can specify a lazy space, whereas neither
initial algebra nor final algebra can.

This paper also clarifies a sufficient condition for UC. The statement is, an w-
nonoverlapping TRS is UC (irrespective of linearlity). This makes the contrast with
the well-known facts that a nonoverlapping TRS is possibly non-UN when nonlinear,
although CR when left linear. The difference between w-nonoveriapping and usual

nonoverlapping is that unification with infinite terms is applied instead of usual unifi-
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cation with occur-check.

1 Introduction

A Term Rewriting System (TRS), intuitively which is
a set of directed equations (reduction rules), have been
applied as a model for representing computational pro-
cesses of equational logic and algebraic specification [9].
As theoretical foundation, its declarative semantics have
been investigated in several literatures [1,6,11,14]. The
method mainly depends on algebraic semantics, that is,
to construct an algebra corresponding to a given TRS. In

other words, which and which should be specified equal.

The algebraic semantics is quite clear under the as-
sumption of termination. For instance, let us count an
initial algebra and a final algebra, which give the pair
of the most detailed and the most abstract semantics.
Intuitively speaking, equality in the initial algebra is de-
fined to be MustEqual(z,y) &f { z = y is deduced from

E in finite steps } (else » and y are naturally assumed to

be unequal), where reduction rules in R are interpreted
as equational deduction rules. In contrast, inequality in
the final algebra is defined to be CannotEqual(z,y) %
{ z # y is deduced from E U {true # false} in finite
steps } (else z and y are naturally assumed to be equal).
These two equalities will coincide on terminating compu-
tations (if CannotEqual is well-defined) [9]. Differences
may be found among erroneous computations, such as

nontermination.

In turn, once we take account into lazy-evaluation,
a nonterminating computation becomes the center of
interest. However, neither initial algebra specification
nor final algebra specification can specify lazy space [3].
The

example shows that nontermination on a lazy space

For instance, let us examine example 1 [16].
is classified into two cases : diverging as an error
(e.g.h(x)), and generating an infinite data structure

(e.g.intseq(z),intseq’(z) which generate an infinite in-
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Figure 1: A nonoverlapping, but not UN™ example R,.

creasing sequence starting from given z). Initial algebra
distinguishes each cases and final algebra identifies all
cases, but should be intseg(z) = intseq'(z) # h(z).

Example 1

intseg(z) — cons(z,intseq(s(z)))

R ¥ intseq'(z) — cons(z,intseq'(s(x)))

h(z) - h(h(z))

Therefore, the semantics of an infinite object, which
is defined as the limit point of a sequence of finite ap-
proximations, requires some kind of the least fix point
operation (as in denotational semantics of a functional
language). Then, as a natural way, definedness-ordering
is induced from a TRS. That is, the more a reduction
proceeds, the more a term becomes informative (still
omitting diverged computations). This method, called
continuous semantics, is based on the construction of
free-continuous algebra [1,6,11,14]. This semantics have
been investigated dependent on Church-Rosser (CR)
property of a nonoverlapping TRS. From this limitation,
the objective TRSs are restricted on a left linear TRS,
though a nonlinear TRS is the first important step to
describe equality among infinite objects. For instance,
Example 2 shows that a nonoverlapping and nonlinear
TRS is not uniquely normalizing (UNT") in general (See
Figure 1), though a nonoverlapping and left linear TRS
is known to be Church-Rosser [8].

Example 2
d(z,z) — 0
R ¥ ¢ da flz)) — 1
2 - f(2)
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In this paper, a uniquely converging (UC) property
for a possibly nonlinear TRS is investigated. UC, which
is an intermediate property between conventional CR
and UN, is newly proposed in connection with the con-
sistency of continuous semantics. Further, a sufficient
condition for UC is clarified. The statement is, an w-
nonoverlapping TRS s UC. The difference between w-
nonoverlapping and usual nonoverlapping conditions is
that unification with infinite terms is applied instead of

usual unification with occur-check.

In section 2, UC property is formally defined in terms
of an abstract reduction system. The relation among
these CR-related properties is also investigated. In
section 3, the relation between continuous semantics
and UC property is discussed. A sufficient but un-
decidable condition for UC property is also proposed.
The statement is, an E-nonoverlapping TRS 1s UC,
where E-nonoverapping is intuitively the nonoverlapp-
ing condition under modulo an associated equational
logic E. In section 4, a decidable condition for E-
nonoverlapping property is proposed. The statement is,
an w-nonoverlapping TRS is E-nonoverlapping. Thus,
an w-nonoverlapping TRS is proved to be UC. This re-

sult is also compared with classical results found in [4,10].

2 Reduction systems

2.1 Abstract reduction systems

A reduction system is a structure R = (A, —) consisting
of an object set A and any binary relation — on A (i.e.
—C A x A), called a reduction relation. A reduction
(starting with z¢) in R is a finite or an infinite sequence
zo — ¥; — T, — ---. The transitive closure of — is
noted as <. A sequence = xg — &y — Ty — 0 —

z, =y is said to be a reduction-path Wr;y

An equational system associated to a reduction sys-
tem R = (A,—) is a structure E = (A,=p) (or sim-
ply E =
nary relation =g (or simply =) which is defined to be

(A,=)) consisting of A and the symmetric bi-

T=py < (2 = yVy— c) An equality =g (or simply
=) in E is the transitive reflexive closure of the binary re-
lation =g. A sequence T =29 =T1 =Ty =" =Ty =Y

is said to be an equality-path o=y

A combination of equality-pathes So—y and Sy=. is de-

noted as S,—, - Sy=:. A step of an equality-path S,=, is

denoted as #3,.,. For a reduction path ® . | the com-
r=y 2y

bination and the step are similarly defined by treating



‘Rr;y as an equality-path.

Definition
NFR) ¥ {red|-Fyst. z—y}

A set of normal forms of R is defined as

Definition Let R = (4,—) be a reduction system.
Assume D be a base domain such that A C D. Then,

J

i @ D — D is said to be a normal retraction iff
- boy(r) =y(x) for Vo € D.
- () = z for Vz € NF(R).

- (¥(D),C) is an algebraic cpo’

R is said to be monotonic (with respect to ) iff
(r—oy = Y(z)Cy(y) )forVz,yc A
-z € NF(R) = (¢(z)Z (y)forVye D)

If ¥ is a normal retraction and R is monotonic with

respect to ¥, then v is said to be a regular retraction.

2.2 Hierarchy of Church-Rosser related
properties

Church-Rosser related properties guarantee the validity
of reduction-based computations in various levels. Intu-
itively speaking, Church-Rosser means that equality of
terms may be examined without back-track. Uniquely
converging means that the result of the computation
is uniquely specified even for infinite computations.
Uniquely normalizing means that the result of the com-

putation is uniquely determined if terminates.

Definition [8] R = (4, —) is said to be Church-Rosser
(CR)iffVz,ye Ast. a=y= x|y (ie Jz€ As.t.
T 5 zandy 5 2).

Notation 04(z) ¥ {¢(y) | = = y} (0(x), for short.)

Definition
and ¥ :
R is said to be uniquely converging (for ) with respect
to equality (UCy) iff ©y(a) is a directed set? for Vz € A.

Let R = (A, —) be a reduction system,

D — D be a regular retraction where A C D.

Definition [13] R = (4, —) is said to be uniquely nor-
malizing with respect to equality (UN) iff Va,y € NF(R)
st.x =py=x=y. (¢ =y iff z and y are syntactically
same. ) '

R = (A,—) is said to be uniquely normalizing with
respect to reduction (UNT) iff Vz € A Vy,z € NF(R)
stz S yYAT Dz =>y==z.

!Short for, algebraic complete partial order (See ch.1 in [2])
?A set S is directed iff for every finite subset I/ C S, S contains
an upper bound for U [2].
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Figure 2: Relation among CR-related properties.
Remark Let ¢ be a regular retraction. Then, the

logical relation among them is,

CR = UCy = UN == UN~

However, the converses are not satisfied in general (See
Figure 2). If R is weakly normalizing (i.e. Vo € A 3y €
NF(R) s.t. 5 y), all these properties are equivalent.

Lemma Let R = (A,—) be a UC, reduction sys-
tem, and ¥ D — D be a regular retraction where
ACD. If z € A satisfles O(z) NY(NF(R)) # 4, then
{lub(©(z))} = ©(z) N NF(R). (Thus, UN.)

of a

3 Continuous semantics

TRS

3.1 Term rewriting systems

Term rewriting systems are reduction systems which has
aterm set T(F, V) as an object set A. A term set T(F, V)
is a set of terms where F is a set of function symbols and
V is a set of variable symbols. 0-ary function symbols
are also called constants. T(F, V) may be abbreviated as
simply T'. The substitution 6 is a map from V to T(F, V)
such that € is an identity map except on a finite number
of variables. The syntactical equivalence between terms
M and N is denoted as M = N.

The context C' is a term in T(F U {O},V) where
D is a special constant named a hole.
C[Ny, -+, N,] is a syntax convention for the result of
placing Ny,---, N, in the holes of C[,---,] from left
Then, N is said to be a subterm of M iff
M = C[N] for some context C having a precisely one
hole. The context C[,---,] is said to be trivial iff
Cl]l=n0.

The notation

to right.



Definition A finite set R = {(«, i)} of ordered pairs
of two terms is said to be a Term Rewriting System
(TRS) iff each «; is not a variable and all variables in
B; appear in «;. A reduction is defined on a term M as
M — N iff there exists a context C[ ] and a substitu-
tion 8 s.t. M = C[6(qa;)] and N = C[6(8:)]. A subterm
M’ = 6(«;) in M is said to be a redez (short for a re-

ducible expression).

Definition A pair of reduction rules o; — f; and
a; — B; is said to be overlapping iff there exists a context
C[], a nonvariable term M, and a substitution 8 s.t. a; =
C[M] and 8(a;) = (M) (i.e. a; and M are unifiable).
A TRS R is said to be nonoverlapping iff no pair of
two rules in R are overlapping except trivial cases (i.e.

=3 A C[]=0)

Definition A reduction rule a; — f; is said to be left
linear iff any variable in a; appears precisely once in a;.
A TRS R is said to be left linear iff all reduction rules
in R are left linear. A TRS R is said to be nonlinear iff

R is not left linear.

Remark A left linear nonoverlapping TRS is known

to be confluent [8].

3.2 Continuous semantics and UC-
property
Intuitively speaking, continuous semantics of a TRS R

T(F,X) — D such that

Valg(z) = lub({wr(y) | * =g y}) where wp is an em-

is an interpretation Valg

bedding into an algebraic cpo (D, E). For this purpose,

there must be clarified following two points.

- How is wp defined ? (i.e. How is an algebraic cpo
(D,T) constructed 7)

- Does lub exist ? (i.e. Is an interpretation Valg
well-defined 7)

It may be natural to introduce the ordering C as
zCy <= z —pry. That is, the more a reduction pro-
ceeds, the more a term becomes informative. However,
this idea is little bit too naive; some reductions may be
redundant or fall into an idle loop, and some reductions
may not terminate but generate infinite terms. Thus,
the former requires a special constant L which means
undefined, and the latter requires an infinite term which
means a limit of an approximation-sequence (consists of
finite/infinite trees). For these purpose, a set of infi-
nite trees T°(F U {L},X), which is the completion of

T(F, X) for a lub (least upper bound) operation, is ap-
plied as an algebraic cpo D.

Definition Definedness ordering T is defined to be

TCT <= T isobtained from 7" by replacing
subtrees of T with L .

for VI, T € T>°(F U {1}, X).
Let U C T®(F U {Ll},X). A pair of trees Ty, T,

are said to be cooperative in U iff there exists T € U
s.t. Ty,T, © T. A pair of trees Tj, T; are said to be

individual in U iff Ty and T, are not cooperative in U.

Note that T°°(F U {1}, X) is an algebraic cpo under
the definedness ordering C [14]. Before defining a retrac-
tionwg : T®(FU{Ll},X) — T*(FU{Ll},X) (whichis
also an embedding wp: T(F,X) — T>(FU{l},X)),

several tree-related notations are introduced.

Definition  An occurrence occur(M, N ) of a subterm

N in a term M is defined inductively as

€ if N=M
occur(M, N) R u = occur(N;,; N) and
M = f(Ny,--,N;)

The subterm N of M at occurrence u is denoted as
M/u. (That is, u = occur(M,N).) Node(M) is a set
of all occurrences in M (including a root occurrence ¢).
Node*(M) is a set of all non-variable occurrences in M
(i.e. {u € Node(M) | M/u is not a variable}).

Definition A replacement is noted as T[u « T']

which is the replacement T'/u with T” where u is an oc-
. . def
currence u in T. A substitution is noted as Ty =

Tu « T'| Yu € occur(T, z)] for a variable z.

Then, a set of candidates of redexes Candp is defined
inductively as
- If T € Redpg, then T € Candpg.
- T, T" € Candp, then T[u «— T"] € Candg for some
occurrence u in 7.

where Redg is a set of all redezes of R.

Let Candy, be a closure of Candg under Scott topology
[2] on the algebraic cpo (T°(F U {L1},X),C). A set
of occurrences of Candy which appears in a term M is
noted as

Candoccp(M) % {u € Node(M) | M/u € Candy}.

Definition The order on occurrences u,v is defined

asu<v < Jwst.v=u-w. fu=<v A uzvthen



it 1s noted as u < v. The occurrences u, v is said to be
disjoint and noted ulv iff u A v and v A w.

Let U be any set of occurrences. A set of minimum
occurrences in U is noted as

Min(U) ¥ {u € U | v £ u for Vv € U}.

Definition The retraction wp : T*(FU{Ll},X) —
T>(F U {Ll},X) and the interpretation Valg,Valg
T(F,X) —» T=(FU{L},X) are defined to be
wr(M) ¥ M[w 1 {Vue Min(Candoccr(M)) ]
Valg(M) ¥ b({wp(N) | M 5 N}

Valg(M) ¥ ub({wa(N) | M = N})

Note that the retraction wg is regular [14].

Definition A TRS R is said to be UC iff UC,,,.

The value of a term M in continuous semantics of a
TRS is given as Valg(M). Thus, the well-definedness of
Valg is equivalent to UC property. Adding to it, UC
property implies the continuity of Valr. For detailed

discussions on the continuous semantics, refer [14].

Remark Note that Valg (M) is not well-defined even
if R is UC. Further, they are generally unequal (i.e.
Valg (M) C Valg(M)), though they are well-defined
and coincide if R is CR.

Example 3

1 - f(1)
ho) o hh(e)

Ry & dy(x,x) — cons(z,x)
di(z, f(z)) — da(z,2)
dy(z,T) —  cons(z, h(x))
dy(z, f(z)) — cons(h(z),z)

In fact, Rs is UC, but Valg(dx(1,1)) is not well-
defined. If the last rule dy(z, f(z)) — cons(h(z),z) was
removed, Valy becomes well-defined, but still cons(1, L
) = Valg (dy(1,1)) © Valp(dy(1,1)) = cons(1,1).

In the following sections, sufficient conditions for UC-

property will be investigated.

3.3 UC-property of an
E-nonoverlapping TRS

In this section, the sufficient condition for UC property
in terms of nonoverlapping property is introduced. Intu-
itively speaking, a TRS R is said to be E-nonoverlapping

iff R is nonoverlapping modulo an associated equational

logic E.

Definition  An occurrence u is said to be invariant
in the equality-path Spy=n iff v £ u for any occurrence
v at which some reduction in Spy-n occurs. A set of
all invariant occurrences in the equality-path Sp—n is

noted as Ojny(Sp=n)-

Definition Let R be a TRS. A pair of reduction rules
a; = f; and a; — f; is said to be E-overlapping iff
there exist a context C[ ], a nonvariable term M, and a
substitution 6 s.t. a; = C[M], and (6(a;) =g 8(M)) A
(€ € Oino(So(a,)=s0a1)))-

A TRS R is said to be E-nonoverlapping iff no pair
of two rules in R are E-overlapping except trivial cases
(ie.i=j A C[]=0).

Theorem 1 An E-nonoverlapping TRS R is UC.

The proof consists of three steps. The first step, a
key lemma normalization lemma is introduced. The
next, an E-nonoverlapping TRS is proved to be UN.
Finally, an E-nonoverlapping TRS is proved to be UC.
(See Appendix A.)

4 A sufficient condition for E-

nonoverlapping property

4.1 Unification with infinite terms

Unifications are classified into following three classes.

They are,

- Unification without occur check.
- Unification with occur check.
- Unification with infinite terms (called infinite unifi-

cation ).

Unification without occur check does not care on name
conflicts. Thus, even for finite terms, this is not cor-
rect for nonlinear terms. For instance, f(z,z) and
f(g(y), h(y)) are unified as {z = g(y), ¢ = A(y)}. In
other words, consistency of binding environments is not

preserved.

In contrast, unification with occur check treats name
conflicts as unification failed. This is correct on fi-
nite terms, but not correct on infinite terms. For
instance, unification between f(z,z) and f(y,g(y)) is
failed, though it can be unified with the infinite term

Fla(g(g(--))), a(gg(-- 1))



There have been proposed several algorithms for unifi-
cation with infinite terms [5,7,12]. The substantial differ-
ence is that expressions defining a binding environment
can refer the environment itself recursively. Therefore,
a looped infinite term such as g(g(g(---))) (the solution
for z = g(z)) is permitted as a unifier. For instance,
g(z, f(y, h(z)),z) and g(f(h(u),v),u,u) are unified to

gUF(R(f =), h(F =), F(R(F =), h(f )

(1. The environment is z = u = f(y,y), y = v = h(z).)

A looped infinite term can be represented by a cyclic
finite graph as an internal form. Thus, the algorithm of
infinite unification terminates as well as usual unification

algorithms do. For details, refer {12].

Remark If two terms are unifiable under unification
with occur-check, unifiable under unification with infinite
terms. If two terms are unifiable under unification with
infinite terms, unifiable under unification without occur-

check. However, the converse will not be satisfied.

4.2 E-nonoverlapping property of a
nonlinear TRS

the E-

nonoverlapping property is introduced. For the prepa-

In this section, decidable condition for
ration, we introduce variations of overlapping conditions
corresponding to variations of unifications. Let us first

recall the definition of the overlapping condition.

Definition (again) A pair of reduction rules a; — §;
and a; — f; is sald to be overlapping iff there exists a
context C[ ], a nonvariable term M, and a substitution
6 s.t. a; = C[M] and 6(e;) = 6(M) (i.e. a; and M are

unifiable).

In this definition, usual unification with occur-check
is applied. Similarly, a pair of reduction rules is said
to be w-overlapping (resp. strongly overlapping) iff uni-
fication with infinite terms (resp. unification without
occur-check) is applied instead of a usual unification with
occur-check in the definition above.

Same as the definition of nonoverlapping, a TRS R
is said to be w-nonoverlapping (resp. strongly nonover-
lapping) iff no pair of two rules in R are w-overlapping
(resp. strongly nonoverlapping) except trivial cases (i.e.
i=j A C[]=0D)

Theorem 2 If a TRS R is w-nonoverlapping, then

E-nonoverlapping.

flx,x) —0
flx,gx) —1
2 — g(2)

i}

nonoverlapping

{
{

}

flx, x)

flx, gx)) =1
Strongly- fx. %) —0

flg(x), h(x)) — 1

2 — g(2)

3 — h(3)

d(x,x) —0

flx) —dx, f(X))}

1 — f(1)

Figure 3: Relation among nonoverlapping properties.

The proof is found in Appendix B. The relation
among these variations of nonoverlapping conditions is

clarified as shown below.

Remark strongly nonoverlapping
w-nonoverlapping
E-nonoverlapping

(See Figure 3)

Ll

nonoverlapping

Note that if R is left linear, all these nonoverlapping

properties are equivalent.

The following two corollaries are direct consequences

of the theorem.

Corollary 1 An w-nonoverlapping TRS R is UC.

The assumption w-nonoverlapping is weaker than
strongly nonoverlapping, and the result UC is stronger
than UNT. Thus, corollary 1 is a simple but more

powerful result than the following classical theorem.

Theorem [4]

ditions are met :

A TRS R is UN™ if the following con-

- R is strongly nonoverlapping.

- R is compatible.

In fact, the theorem above shows that Example 4 is
UN™. Further, theorem 2 shows that the example is
UC, though it is not CR (See Figure 4).

Example 4
d(z,z) — 0
Ry © 3 f(2) - dxf(2)
1 - f(1)
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diverged

Figure 4: A UC, but not CR example R,.

The next corollary makes contrast with another clas-
sical result : If @ nonoverlapping TRS R is strongly nor-
malizing (i.e. Vag — a7 — 25 — -+ - dn os.t.

zr, € NF(R)), then CR [10].

— 2, =

Corollary 2 If an w-nonoverlapping TRS R is weakly

normalizing, then CR.

The other approach to CR-related properties of a non-
linear TRS is found in [16]. In [16], a nonoverlapping and
nonlinear TRS is guaranteed to be CR by restricting its
reductions in call-by-value strategy when critical. The

main theorem is,

Theorem [16] If a membership conditional TRS R is
nonoverlapping and restricted-nonlinear, then CR.

where a restricted-nonlinear membership conditional
TRS reduces 6(c;) to 6(5;) only when a substitution 8
satisfles §(z) € NF(R) for all nonlinear variables in a
rule a; — 3; € R.

5 Conclusion and future works

In this paper, a newly proposed uniquely converging
(UC) property was investigated. UC, which is an inter-
mediate property between CR and UN, was proposed
in connection with the consistency of continuous seman-
tics. Adding to it, a sufficient condition for UC was
clarified. The statement is, an w-nonoverlapping TRS is
UC (irrespective of linearlity). The difference between
w-nonoverlapping and usual nonoverlapping is that uni-
fication with infinite terms was applied instead of usual

unification with occur-check.

Equality among infinite objects (as shown in this pa-

per) will be developed through following three stages:

—67 —

- The definition of the equality
(declarative semantics)

- The logical inference rules of the equality
(underlying logic)

- The strategy to manipulate the equality

(theorem prover)

This paper investigated only the first stage. The next
may have two approaches. One approach is to give an
adequate conservative extension based on final algebra,
that is, add an adequate finite observation function. For
instance in Example 1, intseq(z) and h(z) are distin-
guished with car(cons(z,y)) — z, though still identify-
ing intseq(z) and intseq’(z). In fact, it is proved that
there exists a such conservative extension [15].

The other is to introduce induction rules to initial al-
gebra, such as fized point induction (in LCF') or lazy

induction [3].

In either cases, further investigation is required in this

area.
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Appendix

A Proof of theorem 1

In appendix A, we assume that R is an E-nonoverlapping
TRS. Main proof techniques are various inductions based
on various induction bases, such as a step #Sy=n, a

parallel step #,Sa=n, and a length A(M) of a term M.

Definition

allel equality-path iff any occurrences u,v (u # v) where

An equality-path Sps—n is said to be a par-

a reduction occurs in Sy are disjoint (i.e. ulv).
A parallel step #,Sy=n of an equality-path Spy—n
is a minimum number of a decomposition into parallel

equality-pathes. That is, #,3n=n is formally defined as

Vi(< n) 3IM;s.t. M =My, M, =N,

& — o
and Sy=nN = Smp=M, * SM,_1=M,

min n
for some parallel equality-pathes
%M;=M;+1

Definition A length A(M) of the term M [8] is in-

ductively defined as

{

A.1 Step 1 : normalization lemma

A(z) R for any variable z

A(f(My,-- M) ¥ 1+ %0, A(M;) otherwise

Notation Substitutions 6,8’ are noted to be § =g ¢’
(resp. 8 5 0')iff 8(z) =g 8'(z) (resp. 6(z) = 0'(z)) for

any variable z.

Notation Let M, N be termss.t. M = N, and Sp=n
be an equality-path. Boundary 03 p=n is defined as

OSyen & Min ({u })

Elimination lemma Let o; — 3; € R. If 8(;) =r
'(«;) for some substitutions 6, ', then § =g ¢'. Fur-
ther, § =g 6 naturally induces 6(3;) =r 9'(8i) s.t.
#oS0(0)=0'(60) < H#pS0(ci)=6'(i)-

A reduction at an occur-

rence u appears in Sy=n

Proof

part because any variables in f; appears in «;.

The latter part is obvious from the frontier
The
proof of the frontier part is due to the induction on a
parallel step #,Sp(a,)=0'(a;). The initial induction step
#p36(a,)=6'(cr) = 0 is obvious.

If 0F0(ai)=0/(ar) N Node*(a;) = ¢, the lemmais ob vi-
ous. Otherwise, from E-nonoverlapping property, there

exist an occurrence u € OTp(a,)=6'(a,)s @ Tule a; -



3; € R, and substitutions ¢,0” s.t. Jg(a,)/uz6/(ar)/u COD-
tains 3’ = So(g,)—o(a,) " Sola,)=a"(ay) - Soi(a,)—o(g,)- SiNCE
#53" < #6000 /=010 s

duction hypothesis. Thus,

3’ is shortened from the in-
J(0,)=6'(a,) is shortened, and
again from the induction hypothesis, lemma is proved.
]

Definition

path ®

An equality-path Ja=n (resp. reduction-
M—lN) is said to be normalized iff the reduction at

the occurrence u appears in -y (resp. R exactly

AN )

once for Yu € IS ,-n (resp. 3%4‘1_"_N).
E-nonoverlapping property and repeated applications
of elimination lemma induce following normaliza-

tion lemma.

If M = N, there exists a

normalized equation-path Sp=y.

Normalization lemma

A.2 Step 2 : proof for UN

UN-lemma An E-nonoverlapping TRS R is UN.

Proof Let M,N € NF(R) s.t. M = N and the step
of the equality-path #3p-n = n. We will prove M = N
by induction on n.

The initial induction step, M = N for n = 0, is obvi-
ous.

Assume M = N holds for #3y-ny < n as induction
Let 3M,N € NF(R) st. #Sp=ny = n

and M # N. From normalization lemma, there ex-

hypothesis.

ists a normalized equation-path Sp—y. Without loss of
generality, we can assume OSy-n = {€}. Then, there
exist M',N' s.t. Sp=ny = Sy=m - (M’ — N') - Syien,
€ € Oino(Sar=mr), and € & Oimy(Snr=n).

Let M’ — N’ at ¢ by the rule a; — §;. If a; — B;is a
left linear reduction rule, E-nonoverlapping property and
€ € Oiny(Sar=nrr) implies M = 6(a;) for some substitu-
tion 6. This contradicts to the assumption M € NF(R).

Then, @; — p3; must be a nonlinear rule. From E-
nonoverlapping property and A € NF(R), there exist
u,v € occur(a;, x) for some nonlinear variable z s.t. u #
v. Mju=M/ju, M/v=M/v,and M'/u= M'/v.

Note that both Sprju=prrju and Spr/u=nsrj, are subse-
quences of Sas=pp (i.e. subsequences of Spr=p). Then,
F(Sarpumarrju - Smro=mye) < #Sm=n From the
facts M/u # M/v and M/u,M/v € NF(R), this con-
]

7.

tradicts to the induction hypothesis.

A.3 Step 3: proof for UC

The proof of theorem 1 is due to the induction on the
sum of the lengths of objective terms. Let us denote a

root function symbol of a term M as root(M).

Proof of theorem 1  The proof is due to the induc-
tion on A(wr(P)) + A(wr(Q)) where P,Q € O,,(M) %
{wr(N) | M =g N} for any term M>.

The initial induction step A(wg(P)), A(wg(Q)) = 1
is the case that P,@ € VU {L}. Since any left side of
a rule a; is not a variable from the definition of TRS,
V € NF(R). Thus, UN lemma implies that P,Q are
cooperative.

Assume the theorem holds for A(wgr(P)) + A(wr(Q))
< n as induction hypothesis. Let P,Q € ©,,(M) s.t.
A(wp(P)) + Alwp(Q)) = n and wgr(P),wr(Q) are indi-
vidual in ©,,(M). Without loss of generality, we assume
03p=q = {€} for some normalized equation-path $p_q
between P and Q. A pair P,Q is classified into following
three cases.

1] P,Q e NF(R)
2] Pe NF(R),Q ¢ NF(R)

(or P ¢ NF(R), Q € NF(R))
B8] PQENF(R)

Case [1] leads the contradiction directly from UN-
lemma and the fact M = wg(M) for VM € NF(R).

In case [2], there exists terms P’,Q’ s.t. the se-
quence Sp— is divided to Sp=pr - (P’ = Q') - Sgi=g s.t.
€ & Sp=pr, € € Sgi=g, and the reduction between P’ and
Q' occurs at the root. If P/ = Q' is realized as P! — Q'

by the reduction rule a; — f;, then E-nonoverlapping

property implies that P and P’ have a same shape with
a; from the root*. Since P € NF(R), there must ex-
ist the distinct occurrences u,v € occur(e;,z) for some
nonlinear variable z s.t. P/u # P/v, P/u = P/v, and
P/u,P/v € NF(R). This contradicts to UN-lemma.

If P’ = Q' is realized as @' — P’ by the reduction rule
a; — §;, then E-nonovelapping property implies that Q
and @' have a same shape with «; from the root. If a; —
B; is a left linear rule, there must exists a substitution
s.t. @ = 6(«,;) from E-nonoverlapping property. Then,
wpr(®) =L. This contradicts to the assumption.

Thus, a; — B; must be a nonlinear rule. There are
again two cases; [2a] There exists a nonlinear variable =

in a; s.t. wr(Q/v) and wr(Q/v) for u,v € occur(a;, )

3Note that A(wr(P)), AMwr(Q)) < oo. because P,Q are de-
duced from a finite tree M in finite steps.
*.e. root(Pfu) = root(P’/u) = root(a;/u) for Yu € Node* (o)



are individual in T°°(F U {1},X). (Thus, individ-
ual in ©,,(M).) Since Q/u =r Q'/u Q'/v =g
Q/v and A(wp(Q/u)) + Alwr(Q/v)) < Alwa(Q)),

this case contradicts to the induction hypothesis; [2b]

For any nonlinear variable z in a;, wg(@Q/u) and
wr(Q/v) are cooperative in T(F U {1},X). (Thus,
cooperative in T(F,X).) Let N, € T(F,X) st
wr(Q/u),wn(Q/v) T N.. Since @ = Q[u — N. | Vu €
occur(a;,z) for any nonlinear variable z in a;] is a re-
dex, and Q is obtained from @ by replacing subtrees
with elements in Candy (which correspond to 1). Thus
Q@ € Candy, and this leads wg(Q) =1. This contradicts

to the assumption.

In case [3], the proof is similar to the case [2a], [2b]. W

B Proof of theorem 2

The proof is boot-strapped from simply nonoverlapping
property. That is, E-nonoverlapping property is decom-
posed into (E, n)-nonoverlapping property, which is valid
only for less-than-n-parallel-steps equality-pathes, and
stepwise refinement of elimination lemma and nor-
malization lemma pull up it inductively. The main
proof technique is the induction on parallel steps of

equality-pathes.

Definition Let R be a TRS. A pair of reduction rules
a; — f; and o; — B; is said to be (E,n)-overlapping iff
there exist a context C|[ ], a nonvariable term M, and a
substitution 8 s.t. o; = C[M], and (8(a;) =r 6(M)) A
(€ € Oinu(So(a)=00))) N (#6St(ay)=000) < 1)

A TRS Ris said to be {E, n)-nonoverlapping iff no pair
of two rules in R are (E,n)-overlapping except trivial
cases (i.e. i=7 A C[]=0).

Then, similar argument as in section 3.3.(1) leads a
stepwise version of elimination lemma and normal-

ization lemma.

Let a TRS R be
(E, n)-nonoverlapping, and a; — 8 € R. If 8(e;) =g
0(0) st #550(ci)= 0 (o)
6,6, then § =g ¢'. Further, § =g 6’ naturally induces
0(B;) =r 0'(B:) s-t. #pS0(8)=0'8,) < FpS0(en)=6'(0ri)-

Stepwise-elimination lemma

< n for some substitutions

Stepwise-normalization lemma Let a TRS R be
If M =g N sit. #,9n=n <
n+1, there exists a normalized equation-path _y s.t.

#,80=n < #pSMm=n-

(E, n)-nonoverlapping.

Proof of theorem 2  we will prove that R is (E,n)-
The initial in-

duction step is obvious because (E,0)-nonoverlapping

nonoverlapping by induction on n.

is equivalent to nonoverlapping, and the fact that w-
nonoverlapping implies nonoverlapping.

Assume R be (E,n-1)-nonoverlapping as an induc-
tion hypothesis, and «; and a; be nontrivially (E,n)-
overlapping. That is, there exist a context C[ ], a nonva-
riable term M, and a substitution 6 s.t. CM],
and (8(c;) =r (M) A (¢ € Oino(Span=sian)) A
(#:S0(a)=ro00) < 0)-

From assumption, o; and o are not w-overlapping (ex-

a; =

cept «; overlaps with itself at the root). Thus, along
the execution of the infinite unification algorithm on M
(a nonvariable subterm of &;) and «;, there exist non-
variable subterms P, P’ of M or a; s.t. some frontier
{z} = (P, P") failed. (That is, root(P) % root(P').)

There are two cases the frontier {z} = (P, P’) fails.

[1] P is a subterm of M, and P’ is a subterm of «;.
[2] P, P’ are both subterms of M (or, o;).

In case [1], there must exists a context C'[ ] s.t.

- C'[P] is a subterm of M.

- C'[P] is a subterm of a;.

- 6(C'[P]) =r 6(C’'[P']) and Se(c'(p=s(c’(p)) is a sub-
sequence of Jgar)=6(a,)-

(ie. #:Scpp=sciry < #FpSoan=o(a,))-

From stepwise-normalization lemma, we assume
that Sgcrpp=s(c'ipy) is normalized. Then, there exists
an occurrence u € 9Scip)y=o(c(p) and terms Q, Q' s.t.

- u =< v where {v} = occur(C'[ ],0)

* Seoripn=acrian = Sacrpp=e (@ = Q) Sq=sicP)

where Q = Q' is induced by a reduction at u.

Assume Q = Q' is Q — Q' by the reduction rule a; —
Bi. Then, a; and ay, are E-overlapping in #,Sec/[P)=@
parallel steps. If ; and « are trivially E-overlapping
(i.e. i = k and overlaps at their roots), then Sgar)=o(a,)
is shortened. This contradicts to the induction hy-
pothesis. If not, this also contradicts to the induction
hypothesis from #,Sscpy=0 < #:Secip)=scPn(S
#HpSoM)=0(a,) = 1)

In case [2], there must exist a nonlinear variable z in
«; (or, M) corresponding to the occurrences of P and
P’ in M (or, a;). Then, either a pair of P and 6(z),
or a pair of P’ and 6(z) have different function symbols
at their roots. Since both Sy(p)=s(z) and Sg(pry=s(z) are
subsequences of Sg(ar)=4(a,), the case [2] is reduced to the
]

case [1].



