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Abstract

We study the literal shuffle operation on w-languages.
First we show that a duo (the smallest class closed under g ~-free
morphism and inverse g -free morphism) is closed under literal
shuffle operation if and only if it is closed under intersection.
Next the closure properties of some classes of the w-reglar
languages under literal shuffle and shuffle operation are investi-
gated. Furthermore we consider the relation between literal shuffle

and shuffle operation.
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1. Introduction

The literal shuffle operation, introduced in [1]‘as a more
constrained form of the shuffle operation, models the synchronomous
behaviour while the shuffle corresponds asynchronomous one.

In this paper we study the literal shuffle operation, in
relation with w-languages. In section 2 basic definitions and
notations are given. In section 3 we investigate the closure
properties of some subfamilies of the w-regular languages under
the literal shuffle and the shuffle. We also give the necessary
aﬁd saficient condition for a duo to be colsed under literal
shuffle. 1In section 4, we consder the relation between literal
shuffle and shuffle operation.

2. Preliminaries

Let ¥ be an alphabet. 2* denotes the set of all finite

words over 5, and 5% denotes the set of all w-words over DI

i.e., the set of all mappings « :{0,1,2,... } - 3. Let 5%
=3 U =¥, An w-word is written by a = aga,... where a_ =
a(n) (n = 0,1,2,...). We call a subset of £° (5%, resp.)

a language (w-language) over 3.

A deterministic automaton (DA, for short) 4 over ¥ is a
5-tuple & = <8, =, 6,'s0. F>, where S is a finite set of
states, X is an alphabet, 6§ : 8§ X ¥ — S is a next state

function, s, € S is an initial state, and F C S is a set of

0
accepting states. Then the run Run(d, a«) of a DA 4 on an w-

. w - =
word o 1is an w-word qui"' < Q such that qo = SO and A, =
S(qn' a(n)) (n=0,1,2,...).

For a run r of &, let Ex(r) = { g€ Q | q = a, for some
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n }, and Inf(r) = { € Q | q = a, for infinitely many n }, and
define the following six types of acceptances of the DA A

E(A) = { a € £ | Ex(Run(4, a)) n F # ¢ },

E'(A) = { a € 2 | Ex(Run(4, a)) CF },

I(A) = { « € £ | Inf(Run(4, a)) n F = ¢ },

I'(4) = { « € =® | Inf(Run(4, a)) & F },

L(A) = { a« € £“ | FC Inf(Run(4, a)) },

L'(A) = { a € 2% | FZ Inf(Run(4, a)) }.
The class of w-languages of the form E(4), E'(&), I(4), I'(4),
L(&), L'(4) resp.) for some automaton A over 3 is denoted by
EZ (]E'Z, HZ’ ]I'Z’ H"Z’ ]I_,'z, resp.). All these classes
are included in the class sz of w-regular languages. (For the
definition of an w-regular language and inclusion relations among
these classes, see [6],[8], and [9]). 1If X is clear in the context,
we omit ¥ and simply write J&, [E', and so on.

Let h: ¥ - A be a morphism. We say that a class C of w-
languages is closed under morphism h if h(X) ¢ [CA for any X &

[CZ , and that C is closed under an inverse morphism h_1 if
h_l(Y) c [[:Z for any Y € [CA.

A class of w-languages closed under any ¢ -free morphism and
any inverse ¢ -free morphism is called a duo. Only three classes
R®, ' and [£' are duos among those defined above.([5])

For X and Y C 3%, the shuffle Sh(X, Y) and the literal
shuffle LSh(X, Y) are defined by Sh(X, Y) = {uovoulvl... | Uty - .-

+
< X, Vovl...e Y, u;, vy € > }, and LSh(X, Y) = {xoyoxlyl...{
€

XgXy .o X, yoyl...e Y, X0 ¥y € X}. We say that a class [

is closed under Sh (or LSh) if for any X, Y C =% in (T, Sh(X,Y)
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(or LSh(X, Y), resp.) is in .

Facts. For X and Y C 5%, the followings are easily obtained.

2.1) LSh(x®-X, £%-v) = 5% - (Lsh(X, %) u Lsh(2?,Y)).

2.2) LSh(X, Y) = LSh(X, %) n LSh(=%, Y).

2.3) X n Y = h_l(LSh(X. Y)), where h:¥ — ¥ is a morphism
defined by h(a)= aa for a € X.

3. Closure properties under literal shuffle and shuffle

Lemma 3.1 Let C be a duo and X be an w-language over ¥ in (.

Then both LSh(X, £®) and LSh(zZ ¥, X) are in (.

(Proof) Let X C £% be in . We define g -free morphisms g:

T - (Z'u{#}) and hO:):—-b(Z'U{#}), hI:Z—» (Z'u{#}), where

5'={o'" | o € T } and ¥ £ ¥, as follows: (1) hO(a) = a'#

and hl(a) = #a' for a € X. (2) g(a) = #, g(a') = a for a € 3.
It is obvious that LSh(X, $“) = g ' (hy(X)) and LSh(X®,X)

= g '(h,(X)). Thus the result holds.

Lemma 3.2 Let C € { [, E, L, L'}, and X C =% be in C.

Then both LSh(X, %) and LSh(=®, X) are in (.

(Proof) Suppose that X € C, and that X is accepted by a DA & =

Q, =, &, qq» F>. We difine the DA &' = <Q u Q', £, &', qq-

F>, where Q' = {q' | @ € Q }, as follows: 56'(q, o) = (5(q,

c))', and 8§'(a', o) = q fdr q € Qand v € ¥. It is obvious

that I(4)' = LSh(I(4'), %), E(4') = LSh(E(4), =) and so

on. For the case of LSh(z‘*’, X), the proof is similar to that

for the case of LSh(X, % %) and is omitted.

Theorem 3.3 For a class U of w-languages, we define ﬂjc =

{x° | X €C }, where X = 59-X. If C or C° is a duo,

then the followings are equivalent.
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(1)C is closed under intersection. (2)C is closed under LSh.
(Proof) Let L be a duo. Then (1)==>(2) is a consequence of Fact
2.2 and Lemma 3.1. (2)==>(1) is directly obtained by Fact 2.3.
Let C® be a duo. (1)==>(2): From Fact 2.1, we have that LSh(X, Y)
= Lsh(X®, £%)% n (Lsh(5®, Y°)®. The result holds from

Lemma 3.1. (2)==>(1): For ¢ € 3%, and the morphism h in Fact
2.3, we have that o € X° U Y® iff h(a) € LSh(x®, =%) u
Lsh(x®, ¥%) . Hence X°uY® = nh™l(Lsn(xX%,£¥)uLsh(=®,Y%)) =
h™1(LSh(x,Y)C) from Fact 2.1. Thus XnY = ( h l(Lsh(X, v)%))C.

Colorally 3.4 The classes R*, [[, ', [E, and [£' are closed

under LSh. H

Theorem 3.5 The class [ is not closed under LSh.

(Proof) Let X=L(g#4), where # is the DA defined in Fig.1. Sup-
pose that LSh(X, X) = L(4') for a DA 4' with an initial state 9,
and a single accepting state Qp- Consider the w-words g = b%
and § = LSh(b°(a®0)¥,(a%)®). Since o« = LSh(a, a) with a

€ L(A), there exists an integer i such that 6(q0, bi) = Qp-
Since B is in L(4'), either of the followings holds for some k
=0, 0=j=2, -1£i=0, and0=sms=s 1.

(1) 5(qq, Lsh(b®(a®p)*ad, (2%m)Fad*3*1y ) = g,

(2) 5(ay, LSh(b°(a®0)"a®, (a®b)*a®™) = q,

5b)kam+4, (a5b)k+1am+l+1))

(3) 5(ay, LSh(b(a = ap,
Suppose that (1) holds. For w-word a, = LSh( b>(a’b)¥a,
(a%0)*ad*3* )% g is in Inf(Run(4’, @;)). But a, is not in
LSh(X, X). This is a contradiction. For other cases, the proof
is similar to that of case (1) and is omitted.

Theorem 3.8 The class [' is not closed under LSh.
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(Proof)Let X1 = L‘(Al) and X2 = L'(Az) where Al and Az are

defined in Fig.2. Suppose that X = LSh(Xl, X2) is in L'. Let

X = L'(As) for a DA AS = <Q, {a,b}, &, qq» {qf} >. It is clear

that both a® and b“ are not in X, i.e., they are in X°. Since

x¢ = L(As), 8 (gaq. a™) = 5 (ag, ™) = qp for sufficiently large

C

m and n. Thus a"b?® ¢ L(#A5) = X~ . However a™® ¢ X for n = 2,

., since a'b® C L,n L,. This is a contradiction.

(a) | o ,,.,

Fig.1. DA & in Th.3.5 Fig.2 (a)DA &, (b)DA 4, in Th. 3.8

Theorem 3.7 The classes [ and [ are not closed under Sh.
(Proof) Let % = {a, b}. Take two w-languages {a”} and {b'aw}
€L C II. Then sh( {a®}, {b"a®}) = ="a® ¢ [ ([81,[91).
Lemma 3.8 For ¥ = { a, b }, the w-language X0 = {w | Inf(w)
= ¥ } over Z is in [[-T1'.

(Proof) It is obvious that X, = (a*;)® n (b a)?.

Since the class [[ is closed under intersection([8,9]), and bofh
(a*b)“’ and (b*a)“’ are in [[, X is in J]. Suppose that X ¢
I'. Let h:5® o 5% be a morphism defined by h(a) = a and
h(b) = ba. It follows that h™'(Xy) = (a"®)®. We know that I['
is closed under inverse morphism. However, (a*b)“’ is in [[ -

H'((8, 91). This is a contradiction. Thus XO isin [ - 0"
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Theorem 3.9 Let % = {a, b}. The classes ', L' and [[' are
not closed under Sh.

(Proof) Consider the two w-languages {a”} and {b®} € ' C
L' C 1'. By the previous Lemma, Sh({a®}, {b%®}) = X, £
I['.- Thus E', L' and J[' are not closed under Sh.

Theorem 3.11 ([7]) The class ]R“’ is closed under Sh.

4. Relation between shuffle and literal shuffle

We define a morphism h$:(2 u {sH® - =%, where $ € =,

by h$(o) = o for o € ¥ and h$($) = g.
Facts. 4.1) For X C 5% and Y C A® such that 3 n A = ¢,
LSh(X, Y) = Sh(X, Y) n (ZA)w. 4.2) For X and Y C 39,
Sh(X, Y) = hg(LSh(hg ' (X), hg™'(¥))).
Theorem 4.3 Let X and Y be w-languages. Then
Sh(X, Y) = £(g ' (LSh(hg '(X), ng"1(¥)))) N W for ¢-free morphisms
f and g, the morphism h$ defined above, and W € .
(Proof) For X and Y C »%, define morphisms f, g, and w-
regular language W as follows.
(1) F:(Ex3ZUSX{$}U{$}x3)® - =%

by f(<o, n>) = on for ¢ and € %, f(<o, $>) =

o for ¢ € ¥, and f(<$,5n>) = n for n € 3.
(2) g: (EIXTUSX{$IU{$Ix2)?® - (x U {$H¥

by (<o, n>) = on for ¢ € ¥ and n € A, g(<o, $>) =

0% for ¢ € 3, and g(<3$, n>) = $n for n € 3.
(3) W =(xx U ={$} U {$}2)%® - U,

where U = (23 U ={$} U {$}1Z)"( ({$}2)® U (z{$}))))
It is obvious that Sh(X,Y) = f(g ' (LShuf(hy '(X), g™l (¥) n W),
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and W € J].
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