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Mathematical Software has become a standard tool of numerical computation
because of the greatly improved reliability and dramatically reduced costs
of pakeged sof tware.

In this talk, we briefly outline the sof tware of “Numerical Recipes” and
its “example book”. Numerical Recipes are desinged to use not only in the
algorithm sense but also in the sof tware sense. Moreover, it is one of the
examples that these codes and procedures in this software can be used on
personal computers, bringing to these machines a capability for scientific

computing previous available only in large mainframe computers.
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2. Numerical Recipes

Numerical Recipes(The Art of Scientific Computing) &,

William H. Press (Harvard—émithsonian Center for Astrophysics)

Brian P. Flannery (EXXON Research and Engineering Company)

Saul A. Teukolsky (Dept. of Physics, Cornell University)

William T. Vetterling (Polaroid Corporation)
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(1) working routine for statistical probability function

{2) Bessel functions and modified Bessel function

(3) random deviates from gamma, Poisson, and binomial distribution

(4) the DATA Encryption Standard

(6) sorting for determining equivalence classes of data

(6) a complete implementation of linear programming

(7} an introduction to annealing methods of optimization

(8) routines for real Fourier transformations, for sine and cosine
transformation

(9) linear prediction and linear prediction cording

@) digital filtering

1) entropy measures of statistical dependency

{2} robust statistical fitting

“Numerical Recipes” T, Thoo b Yy 2 2HYIES %iEANANS]-Standard FORT-
RAN-TIEPASCAL CREE S N b OMBRS TH Y, Buz, BEo#EZs vy cn
G ZO2=a 7 b FARATHEEEAS (C-SERY, BEREIN3HAA
THDB) , 75 n6ll, T 37508 (structured programming) * ¥ X &
Widhs,

3. Numerical Recipes Sof tware

BIfE, Numerical Recipes @ 7 b ¥ X7}, Fortran R UPascal TEMNNE H DA
Y, HrBava—%, HIb, 24740 REINZ7AFL—F—a v
2=FRFTREL, Ny a2y T HHEHARE L D RIS hTWv 3, FiZ, DEC VAX-11
/780 (o.s. VMS) & IBM-PCE 72 idXT( PC-DOS) ETENSTULBDIAS, NEC PC-9800 #
LU Aplle Macintosh E CHHHTHR TS 5, HBMINTHLEY 7 P9 L7 HROEY
Th 3,

(1} Numerical Recipes Pascal Diskette V 1.0

[Pascal procedures as listed in “Numerical Recipes”
in machine-readable form]

{2) Numerical Recipes Fortran Diskette V 1.0

[Fortran procedures as listed in “Numerical Recipes”

in machine readable form]
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{3) Numerical Recipes UCSD p-System Diskette (UCSD Pascal) V 1.0
[Pascal procedures from “Numerical Recipes” for IBM/PC
using the UCSD p-system operating system]
{4) Numerical Recipes Macintosh Diskette (Pascal) V 1.0
[Pascal procedures from “Numerical Recipes” for Apple Macintosh]
{5) Numerical Recipes Object File Diskette (FORTRAN)
[FORTRAN subroutines from “Numerical Recipes” as .OBJ files]
{6) Numerical Recipes VAX INSTALLATION MAGNETIC TAPE (FORTRAN)
[FORTRAN subroutines from “Numerical Recipes” for multiuser
installation on DEC VAX]
CD77 FY L7, Numerical Recipes eI N T34 XTOT7 AT Y XA
03OT TS5 h - 2a—FELTEENTVD, IDI, ThOoDY T MY LTEH
B LIS 3270010, ROX I BRKNBPEEDF + 25 v + ddH D,
(1) Numerical Recipes Example Diskette (Pascal)
[demonstration program in the Pascal language as listed in
“Numerical Recipes Example Book (Pascal)” in machine readable form ]
{2) Numerical Recipes Example Diskette (FORTRAN)
[demonstration program in the FORTRAN language as listed in
“Numerical Recipes Example Book (FORTRAN)” in machine readable form]

PUBES A A » FIZWL, Numerical Recipes ¥ 7 O n 7%l THEA23 5189 o2
—FRE&EhTn3, D9 b, 154 {liHNumerical Recipes iCXhnd B2 D2 —F
TEOIBMD 22— FiL 520 onunibus” 7 7 A W SRR I TS, IHICIDF 4
Ry M, FEVALv—va VREHCHERHIWAUREOF -9 77 A VbEENT
Wb,

FORTRAN 771125 &id, VAX-117CHt, SIEBEIEZ L cH=, IBM PCTH, version 3.2
VI E® Microsoft FORTRANTEjL .

Pascalizd 0 T, Borland International ®Turbo Pascal €, DEC VAX LDVAX-
11 Pascal Tb, DB D2 v a—% FCHHTIFESUCSD Pascal iHWTH, &
HIZIBN DA A4 7 LA A EDPascal/VS THETURETH 5,

oDV 7o ITE, TRV 7 by r7&aTcE#EIh, V7 P2 TEO0
TORKHZERR 27 5 20N OEIEIC VTS, Tl d@iikE &L 2&HNE S
ncwd, £k, BE, C-FEBRMEERECHEOLY,

Numerical Recipes Sof tware
P.0. Box 243, Cambrige, MA 02238, U.S.A.

V7 b9 L7 OfEBE, Numerical Recipes 7 4 A4 v b LT Examples 4 2%
FEEbic, KETWLI5.00, KETWE$19.95 TCambridge University PressH o
RFESNTHY, TEOEMAOSEERIFEZLDTE S,

[32E] Edinburgh Building [2KE] 510 North Ave.
Shaf tesbury Road, New Rochelle,
Cambridge CB2 2RU, U.K. New York 10801, U.S.A.
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4. ¥fEp

@l 1) =a—tbtvEk (RiI%E)

PROGRAM d5r 13 (input,output) ; —zl-zi-zliz,=0

¢t driver for routine MNEWT #*) 2 2 2 2

GONST zi+zpt+z3+zi-1=0
ntrial=5; Ty — -

1—22=0

tolx=1.08-6; 2
n=a; 2 —23=0
np=r;
tolf=1.0e—6;

TYPE

q]narrdy = ARRAY [1..n] OF real;
glnbyn = ARRAY [1..n,1..n) OF real;
glindx = ARRAY [1..n] OF integer;
alnpbynp = glnbyn;

VAR
i,i,k,kk : integer;
xx : real;
x,beta : glnarray;
alpha : glnbyn;

PROC

DURE usrfun(x: glnarray; n: integer; VAR alpha: glnbyn;
VAR beta: glnarray);
(# Programs using routine USRFUN must define the types
TYPE
glnarray = ARRAY [1..n] OF real;
alnbyn = ARRAY [1..rn,1..nl1 OF real;
in the main routine. #*)
BEGIN
alphall,1] := -2.0%x[1];
alphall,2] —2.04x[2];
alphall,3] -2.0¢x[3];

alphall,4] 1.0;

alphal2,1]} 2.0%x[1];

alphaE:?,S.t] 2.0%x[2];

alphal2,3] 2.0%x[3]; 2=.03
alphal2,4] 2.0%x[4]; [%47-%%]
alphal[3,1] 1.0;

alphal3,2] -1.0;

alphal3,3] 0.0; Starting VE([OV
alphal[3,4] 0.0; x[1]
alphal4,1] 0.0; x[2] ==
alphala,2] 1.0; x[3] 1z
alphala,3] ~1.0; x[4] :=
alphal4,4] 0.0;

petall] := sar(x[1])+sar r{x[2])+sar (x[31)-x[4]; b
beta[2] := ~sar (x[1])-sar (x[2])-sar (x[3])-sar (x[4D)+1.0; }
betal3] ~-x{11+x[2]; “
betal4] ~x[2]+x[3] i
END; 4

(#$1 MODFILE.PAS #)
(#31 ¥PAS¥LUBKSB.PAS #)

(#31 ¥PAS¥LUDCMP _PAS #)

i
1
o
3
4

(#31 ¥PAS¥MNEWT.PAS #)

BEGIN
FOR kk := 1

to 2 DO BEGIN
FOR k := 1 to 3 DO BEGIN
xx = 0.2%k#(24kk-3);
writeln(’Starting vector number®,k:2);
FOR i := 1 to 4 DO BEGIN
x[1] == xx+0.2%i;
Dwriteln(’x[’:?,i:l,’] sn Tux[1]:5:2)
writeln;
FOR j := 1 to ntrial DO BEGIN
mnewt (l,x,n,tolx,tolf);
usr fun{x,n,alpha,beta);
writeln(’i’:5,'x[1]7:13,7f’:13);
FOR i := 1 to n DO BEGIN
writeln(i:5,x[i}:14:6,betali): 18
END;
writeln;
writeln(’press RETURN to continue...’);
readln
END
END

i
1
2
3
4
press RETURN to
i
1
@
3
4

press RETURN to continue. ..

() 18

BN e

(6)

number

0.00
0.20
0.40
0.60

3
034

1

£

0. 776446

O.776777
0. 000000
0.000000

¢

~0.004024

0.004024
0. 000000
0. 000000

continue. . .

34

£

~0.000007

0. 000007
0.000000
0. 000000

0. 000000
0. 000000



(i 2.) MBI ik (HE8)

PROGRAM d17r2(input,output); 82u  du
(+ driver for routine ADI #) '—9;;+a—y;-—ﬂ

LABEL 1;

imax=11;
pi=3.1415726;

TYPE A =Ci=Dj=Fj;=~1.0
double = real; ] 1=t =
aglimax = ARRAY [1..jmax,1..imax] OF doubles; Bji= Eji =20

VAR

alim,alpha,beta,eps : double;
i,di,k,mid,twotok : integer;
a,b,c,d,e,f,g,u : glimax;

alpha = 2 [1 — cos (jx:ax)}

beta = 2 {1 — cos M]
jmax

(*31 ¥pas¥ADI.PAS *)

BEGIN
FOR i == 1 to Jjmax DO BEGIN
OR J imax DO BEGIN

END
END;
mid == (imax DIV 2)+13
glmid,mid} := 2.0;
alpha := 2.0%(1.0-cos(pi/imax));
beta := 2.0%(1.0-cos((jmax-1)#pi/imax));

alim == ln(a.0%imax/pi);
ko= 0;
twotok := 1;
REPEAT
k == k+l;

twotok := 2¥twotok;
UNTIL twotok >= alim;
eps := 1.0e-4;
adi(a,b,c,d,e, f,g,u, inax,k,alpha,beta,eps) ;
writeln(’ADI Solution:’);
FOR i := 1 to jimax DO BEGIN
FOR j := 1 to jmax DO write(uli,il:7:2);
writeln
END
writeln;
writeln(’Test that solution satisfies difference eaqns:’) ;
FOR i := 2 to (jmax-1) DO BEGIN
FOR § := 2 to (Jimax-—1) DO BEGIN
gli,il := -4.0%uli,il+ulfi+1,]i]
#uli=-1,3)+uli,i-17+uli,j+1]
END;
write(’ ’:7)
FOR j == 2 t
writeln
END

(EFER)

ADI Solution:
0.00 0.00 0.00 .00 .00 a.00 0.00 0.00 0.00 .00
0.00 -0.02 -0.04 -~0.04 -0.02 - ~-0.0a ~0.06 ~0.04 ~-0.02

o (imax—1) DO write(ali,il:7:2);

0.00 0.04 -0.0% -0.13 -0.17 ~0.17 ~0.0% ~0.04 () (
0.00 ~0.06 -~0.13 -0.20 -0.25 ~0.28 -0.13  ~0.06 0.00
0.00 -0.03 -0.17 -0.28 -0.41 ~0.41 -0.17
0.00 ~-0.0% -0.1% -0.32 -0.55 ~-0.55 1w

-0

0.00 -0.02 -~0.17 -0.22 -0.41
0.00 -0.0& =-0D.13 -0.20 -0.282
0.00 -0.04 -0.09 -~0.13 -0.17
0.00 -0.02 -0.04 -~0.0& -0.02
0.00 .00 0.00 0.00 0.00

o .17
~0.20 -~0.13
~0.13  -0.0%9
-0.0s  =0.04
0.00 0.00

Test that solution satisfies difference egns:
-0.00 0.00 0.00 0.00 -~0.00 0.00 0.00 0.00 ~0.00

0.00 -0.00 -0.00 -0.00 Q.00 -0.00 -0.00 ~-0.00 0.00

0.00 -0.00 -0.00 -0.00 0.00 -0.00 -0.00 -0.00

0.00. -0.00 -~0.00 -0.00 0.00 -0.00 ~0.00 -0.00

-0.00 0.00 0. 00 Q.00 2.00 0.00 .00
0.00 -0.00 -0.00 -0.00 0.00 -0 -0.00
0.00 -0.00 -0.00 -0.00 Q.00 =0.00

0.00 -~-0.00 -0.00 -0.00 0.00
~0.00 a.00 0.00 0.00 -0.00

-(0.00 -0.00
0.00 0.00

(7)
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Numerical Recipes&# DY 7 bW LTI 2WVTHRTE b, NAWICETHS &
BREOTNTY XHDEHT, B4, ROEH3db00, 2olmEREERS L, »7iY
BATELY 7O ZT7EER B, LKL, FHHMNEC PC-9800 Lt dDTurbo-Pascal ¢4
TOa—-FERLALEZA2TOK L0 IbUTil, Hlloa—FiEzodEcudd
M, BLOFEHLELREE L,

BH R

[1] W.T.Vettering et al., Numerical Recipes, Cambrige University Press,
(1986) .

[2] W.T.Vettering et al., Numerical Recipes Example Book( Pascal ), Cambrige
Cambrige University Press, (1986).

[ 3] Numerical Recipes Sof tware, Numerical Recipes Pascal Diskette V1.0,
Cambrige University Press, (1986).

[4] Numerical Recipes Sof tware, Numerical Recipes Example Diskette V1.0,
Cambrige University Press, (1986).

[ 5] Turbo Pascal User’s Guide and Refference Manual, Borland, 1986.
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FLMOON
JULDAY
BADLUK
CALDAT

GAUSSJ

LUDCMP
LUBKSB
TRIDAG
MPROVE
VANDER
TOEPLZ
SVDCMP
SVBKSB
SPARSE

POLINT
RATINT
SPLINE
SPLINT
LOCATE
HUNT

POLCOE
POLCOF
POLIN2
BCUCOF
BCUINT
SPLIE2

SPLIN2

TRAPZD
QTRAP

QSIMP
QROMB

MIDPNT
QROMO

MIDINF
MIDSQL
MIDSQU

MIDEXP
QGAUS

GAULEG
QUAD3D

EULSUM
DDPOLY
POLDIV
CHEBFT
CHEBEV
CHINT

CHDER

CHEBPC
PCSHFT

GAMMLN
FACTRL
BICO
FACTLN
BETA
GAMMP
GAMMQ
GSER
GCF

8% (av¥ta—p . a-F2R)

phases of the moon, calculated by date

Julian day number, calculated by date

Friday the 13th when the moon is full

calendar date, calculated from Julian day number

matrix inversion and linear equation solution,
Gauss-Jordan

linear equation solution, LU decomposition
linear equation solution, backsubstitution
linear equation solution, tridiagonal equations
linear equation solution, iterative improvement
linear equation solution, Vandermonde matrices
linear equation solution, Toeplitz matrices
singular value decomposition of a matrix
singular value backsubstitution

linear equation solution, sparse matrix,
conjugate-gradient method

interpolation, polynomial

interpolation, rational function

interpolation, construct a cubic spline
interpolation, evaluate a cubic spline

search an ordered table, bisection

search an ordered table, correlated calls
polynomial coefficients from a table of values
polynomial coefficients from a table of values
interpolation, two-dimensional polynomial
interpolation, two-dimensional, construct bicubic
interpol two-di 1, evaluate bicubic
interpol two-di construct
two-dimensional spline .
interpolation, two-dimensional, evaluate
two-dimensional spline

integrate a function by trapezoidal rule

integrate a function to desired accuracy, trapezoidal
rule

integrate a function to desired accuracy, Simpson’s
rule

integrate a function to desired accuracy, Romberg
adaptive method

integrate a function by extended midpoint rule
integrate a function to desired accuracy, open
Romberg

integrate a function on a semi-infinite interval
integrate a function with a square-root singularity
integrate a function with an inverse square-root
singularity

integrate a function which decreases exponentially
integrate a function by Gaussian quadratures
Gauss-Legendre weights and abscissas. compute
integrate a function over a three-dimensional space

sum a series. Euler- van Wijngaarden algorithm
polynomial, fast evaluation of specified derivatives
polynomials, divide one by another

fit a Chebyshev polynomial to a function
Chebyshev polynomial evaluation

integrate a function already Chebyshev fitted
derivative of a function already Chebyshey fitted
polynomial coeflicients from a Chebyshev fit
polynomial coeflicients of a shifted polynomial

logarithm of gamma function

factorial function

binomial coeflicients function

factorial function, logarithun

beta function

gamma function. incomplete

gamma function, incomplete. complementary
gamma function, incomplete. series evaluation
gamma function. incomplete, continued fraction
evaluation

(9)

ERF
ERFC
ERFCC
BETAI
BETACF

BESSJO
BESSYO
BESSJ1
BESSY1
BESSJ
BESSY
BESSIO
BESSKO
BESSI1
BESSK1
BESSI
BESSK
PLGNDR

EL2
CEL
SNCNDN

RANO
RAN1
RAN2
RAN3
EXPDEV
GASDEV
GAMDEV
POIDEV
BNLDEV
IRBIT1
IRBIT2
RAN4

DES
KS

CYFUN

PIKSRT
PIKSR2
SHELL
SORT
SORT2
INDEXX
SORT3
RANK
QCKSRT
ECLASS
ECLAZZ

SCRSHO
ZBRAC
ZBRAK
RTBIS
RTFLSP
RTSEC
ZBRENT
RTNEWT
RTSAFE

LAGUER

ZROOTS

QROOT
MNEWT

error function

error function, complementary

error function, complementary. concise routine
beta function, incomplete

beta function, incomplete, continued fraction
evaluation

Bessel function Jy

Bessel function Yo

Bossel function Jy

Bessel function Yy

Boessel funetion J of integer order

Bessel function ¥ of integer order

Modified Bessel funetion Io

Modified Bessel function Ko

Modified Bessel function Iy

Modified Bessel function K

Modified Bessel function I of integer order
Modified Bessel function K of integer order
Legendre polynomials, associated (spherical
harmonics)

Elliptic integral of the first and sccond kinds
Elliptic integrals, complete, all three kinds
Jacobian elliptic functions

random deviates, improve an existing generator
randomn deviates, uniform

random deviates, uniform

random deviates, uniform, subtractive method
random deviates, exponential

random deviates, normally distributed (Box-Muller)
random deviates, gamma-law distribution
random deviates, Poisson distributed

random deviates, binomial distributed

random bit sequence, generate

random bit sequence, generate

random deviates, uniform, using Data Encryption
Standard

encryption, using the Data Encryption Standard
encryption, key schedule for Data Encryption
Standard

enceryption, cipher function for Data Encryption
Standard

sort an array by straight insertion

sort two arrays by straight insertion
sort an array by Shell’s method

sort an array by heapsort method

sort two arrays by heapsort method
sort, construct an index for an array
sort, use an index to sort 3 or more arrays
sort, construct a rank table for an array
sort an array by quicksort method
determine equivalence classes

determine equivalence classes

graph a function to scarch for roots

roots of a function, search for brackets on
roots of a function, search for brackets on
root of a function, find by biscction

root of a function, find by false-position
root of a function, find by secant method
root of a function, find by Brent’s method
root of a function, find by Newton-Raphson
root of a function, find by Newton-Raphson and
bisection

root of a polynomial, Laguerre’s method

roots of a polynomial. Laguerre's method with
deflation

root of a polynomial. complex or double. Bairstow
nonlinear systems of equations, Newton-Raphson



MNBRAK
GOLDEN

BRENT
DBRENT

AMOEBA
POWELL
LINMIN

F1DIM
FRPRMN

DF1DIM
DFPMIN

SIMPLX

SIMP1
SIMP2
SIMP3
ANNEAL

JACOBI
EIGSRT
TRED2
TQLI

BALANC
ELMHES
HQR

FOUR1
TWOFFT
REALFT
SINFT
COSFT
CONVLY
CORREL
SPCTRM

MEMCOF
EVLMEM

FIXRTS
PREDIC
FOURN

MOMENT
MDIAN1
MDIAN2
TTEST

AVEVAR
TUTEST
TPTEST
FTEST

CHSONE

CHSTWO
KSONE
KSTWO
PROBKS
CNTAB1
CNTAB2
PEARSN
SPEAR
CRANK
KENDL1
KENDL2
SMOOFT

minimum of a function, bracket

minimum of a function, find by golden section
search

mininum of a function. find by Brent's method
minimum of a function, find using derivative
information

minimum of a function, multidimensions.
downhill-simplex

minimum of a function, multidimensions, Powell’s
method

minimum of a function, along a ray in
multidimensions

minimum of a function. used by LINMIN
minimum of a function, multidimensions,
conjugate-gradient

minimum of a function, used by LINMIN
minimumn of a function, multidimensions, variable
metrie

linear programming maximization of a lincar
function

linear programming, used by SIMPLX

linear programming. used by SIMPLX

linear programming, used by SIMPLX

minimize by simulated annealing (traveling
salesman problem)

cigenvalues and cigenvectors of a symmetric matrix
eigenvectors, sorts into order by ecigenvalue
Houscholder reduction of a real, symmetric matrix
cigenvalues and eigenvectors of a symmetric
tridiagonal matrix

balance a nonsymmetric matrix

Hessenberg form, reduce a general matrix to
cigenvalues of a Hessenberg matrix

Fourier transform (FFT) in one dimension
Fourier transform of two real functions

Fourier transform of a single real function

sine transform using FFT

cosine transform using FI'T

convolution or deconvolution of data using FFT
correlation or autocorrelation of data using FFT
power spectrum estimation using FFT

power spectrum estimation, evaluate maximum
entropy coefticients

power spectrum estimation using maximum
entropy coefficients

roots of a polynomial, reflects inside unit circle
linear prediction using MEM cocfficients
Fourier transform (FFT) in multidimensions

moments of a data set, caleulate

median of a data set, caleulate by sorting

median of a data set, calculate iteratively
Student’s t-test for difference of means

mean and variance of a data set, calculate
Student’s t-test for means, with unequal variances
Student’s t-test for means, with paired data
P-test for difference of variances

chi-square test for difference between data and
model

chi-square test for difference between two data sets
Kolmogorov-Smirnov test of data against model
Kolmogorov-Smirnov test between two data sets
Kolmogorov-Smirnov probability function
contingency table analysis using chi-square
contingency table analysis using entropy measure
correlation between two data sets, Pearson’s
correlation between two data sets, Spearman’s rank
rank, replaces array clements by their

correlation between two data sets, Kendall’s tau
contingencey table analysis using Kendall’s tan
smooth data using FFT

(10)

FIT
LFIT
COVSRT
SVDFIT

SVDVAR
FPOLY
FLEG
MRQMIN
MRQCOF
FGAUSS
MEDFIT

ROFUNC

RK4
RKDUMB
RKQC

ODEINT
MMID

BSSTEP
RZEXTR
PZEXTR

SHOOT
SHOOTF
SOLVDE
BKSUB
PINVS
RED
SFROID
DIFEQ
SOR

ADI

fit data to a straight line, least squares

lincar least squares fit, general, normal equations
covariance matrix, sort, used by LFIT

linear least squares fit, general, singular value
decomposition

variances from singular value decomposition

fit a polynomial, using LFIT or SVDFIT

fit a Legendre polynomial, using LFIT or SVDFIT
nonlinear least squares fit, Marquardt’s method
nonlinear least squares fit, used by MRQMIN

fit a sum of Gaussians, using MRGQMIN

fit data to a straight line robustly, least absolute
deviation

fit data robustly, used by MEDFIT

integrate one step of ODEs, 4th order Runge-Kutta
integrate ODEs by 4th order Runge-Kutta
integrate one step of ODEs with accuracy
monitoring

integrate ODEs with accuracy monitoring
integrate ODEs by modificd midpoint method
integrate ODEs, Bulirsch-Stocr step

rational function extrapolation. used by BSSTEP
polynomial extrapolation, used by BSSTEP

two-point boundary value problem, solve by
shooting

two-point. boundary value problem, shooting to
a fitting point

two-point boundary value problem. solve by
relaxation

backsubstitution, used by SOLVDE

diagonalize a sub-block, used by SOLVDE
reduce columns of a matrix, used by SOLVDE
spheroidal functions, obtain using SOLVDE
spheroidal matrix coeflicients, used by SFROID

clliptic PDE solved by simultancous overrelaxation
method

elliptic PDE solved by alternating direction
implicit method



