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The convergence of GMRES(m) méthod with Deflation
HipEAKI TaKASHINO,! KENTARO MoORIYA t and TAKAsHI NODERA!

The GMRES method is one of the iterative method for solving large sparse non-symmetric
linear systems of equations.. But it’s not practical because it requires high computational cost
and too many strategies. Usually the GMRES(m) method, a restarted version of the GMRES
method, is used. However, the GMRES(m) method doesn’t often converge in some problems.

One of the reason is the information of eigenvector loses. We consider the three algorithms, '

MORGAN(m,k), DEFLATED-GMRES(im k), and DEFLATION(/m k) method. Those algo-
rithms add the information of eigenvector obtained in the previous iteration process. We also
that show DEFLATION(m,k) and DEFLATED-GMRES(m,k) method can make the conver-

gence of the residiial norm much faster than the original GMRES(m) method through the

numerical results on AP3000.
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convergence := false;

Algorithm: GMRES(m)
€ is the tolerance for the residual norm;

choose zy¢;
until convergence := true do
ro =b— Azo;
Arnoldi process applied to A to compute Vi,;
ym = minyerm || fe1 — Hmy ||;
Im 1= $0+mem; ‘
if ||b— Azm ||<e then
convergence := true;
else =z =1n,;
endif

enddo‘
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Algorithm: MORGAN(m k)

¢ is the tolerance for the residual norm;
convergence := false;
choose zp;
U:={k
l:=0;
until convergence :=
ro = b — Axo;
Arnoldi process applied to A to compute Vim;
W = (Vm,U)
compute AU;
orthogonaize AW to get V;
Ym = minyegm+ || Ber — Hy |l;
Tm = Zo + Wym;
if ||b— Azm ||[< ¢ then
convergence := true;
else

true do

ZTo = Tm;
choose | < k;
estimate [ eigenvectors U of A;
endif
enddo
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Algorithm: DEFLATED-GMRES(m k)

¢ is the tolerance for the residual norm;

convergence := false;

choose xo;

M = In;

U:={}

1:=0

until convergence :=
ro =b— Azo;

true do

Arnoldi process applied
to AM ™! to compute Vpn;
ym = minyerm || Ber — Hmy |l
© Zm =20+ M7 Vinym;
if ||b— Azm ||< € then
cohvergence 1= 'true;
else
To = ITm,
choose | < k;
estimate ! eigenvectors of A;
T :=UTAU;
M™Y:=1I+ U(lAn]T” = L)yuT,
endif
enddo
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Algorithm: DEFLATION (m, k)

€ is the tolerance for the residual norm;
convergence := false;
choose zp;
M = I,;
U:={}
l:=0
until convergence :=
ro = b - Az‘o;
"Arnoldi process applied to
AM™! to compute Vin;
Ym = mingern || Ber — Hmy ||;
Tm = To + M"‘mem;
if Jb— Az, |[< ¢ then:
. convergence := true;
else s

true do

o = Im;

estlmate f eigenvectors Uy of A usmg (6),
= orthog(U,Uy);

l = l + f;

if 1>k then "
estimate k eigenvectors U of A using (7)
l=k;

endif -

T:= UTAU

M =1+ U(],\,,|:r-1 -0t

endif

enddo.

P DEFLATION(m k) o)

R5EL LU 53 % BUALE & 3 GMRES(m) & ¢
MORGAN(m, k) BT L4 2 ~X (Reynolds) #
HI00DLERRVT, BE/ ALRE 72 B
LA®or. %7, D MORGAN(m, k) Bic i)
BBE) L AOBGRR, REL LU S E0LE 5
3 GMRES(m) BOBE X 0 b 12 BHICEVb DT
»of. L, DEFLATED:GMRES(m, k) &
DEFLATION(m, k) BT, B & REEK %
KIBCEET L5, bFH B BROFCR

ﬂﬁ)»AﬁmﬁLthétkﬁbﬁé

(BBl 2] EAHEB Q= - [0,1] x [0 1] LoE#s
HEXORFERMErEL 5.
. —“u —tyy + D{(y - 1/2)
+@—W®@-U$w}g
u(z,y)loa =1+ 2y

BEEY uw(z,y) =1+2y LLTHTL g 28D, A

Yo% 256 x256 £ LT, 5ARDESEACHE
AIEL, COBEEROMRE 2 ORT. XL,



F 1 BEG 1 DR (sec: BRI (B5) iter: REIEAH)

Table 1 The computational result of example 1 (sec: second, iter: iterative number)

R 10.0 100.0 1000.0 10000.0
C W sec iter sec iter sec iter sec iter
GMRES(5)+ILU 53.383 325
GMRES(10)+ILU 47.196 | 250
GMRES(20)+ILU 43.868 180
MORGAN(6, 4) 1622.084 | 2070
MORGAN(16, 4) 799.815 848 IR IR
DEFLATED-GMRES(5, 2) 9.612 25 19.264 25 | 17.58% | 45 | 16.905 | 45
DEFLATED-GMRES(10, 2) 13.506 30 | 13.903 | 30 | 18.143 | 40 | 23.265 | 50
DEFLATION(S, 4) . 10.472 20 -] 10.130 | 20 | 19.353 | 35 | 23.011 | 40
DEFLATION(10, 4) 15.086 30 15.113 | 30 | 20.912 | 40 | 21.031 | 40
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Table 2 The computational result of example 2 (sec: second, iter: iterative number)

Dh 2-% 2! 27 2!
ok sec iter sec iter sec iter sec iter
GMR.ES(5)+ILU 315.839 3225 274.033 2775 317.423 3120 257.738 2640
GMRES(10)+ILU 174.031 1610 158.129 1460 171.029 1600 221.347 2110
GMRES(ZU)+ILU 129.359 1000 148.952 1180 168.362 1380 210.300 1680
MORGAN(S; 4) -
MORGAN(18, 4)
DEFLATED—GMRES(5, 2) 2.008 25 2.192 25 2.254 25 2.624 25
DEFLATED—GMRES(IO, 2) 3.158 30 3.161 30 3.139 30 3.659 30
DEFLATION(5 ,4) 2.353 20 3.292 20 2.465 20 2.440 20
DEFLATION(10, 4) 4.576 30 4.472 30 4.152 30 4.041 30
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