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As you know well, in English the word of ‘eigenvalue’ is often used in the eigenvalue
problem as compared with the other words, e.g. ‘proper value’ and ‘characteristic value’.
Then we become to have the following questions from this tendency. Who used first the
word of ‘eigenvalue’ 7 Who influenced greatly to the spread of ‘eigenvalue’ 7 In this
article, one answer will be shown based upon consideration from a number of references.

1 BU®HIC

KEETR, TEAMHE] ST 2FMATEL LT,
LIgT & {fEb L TVi/z “proper value” ¥ “character-
istic value(root)” &7 HEIIEER)RPITEL
%otz Fhiftb o T “eigenvalue” &\ BEL
BEXERERE, TR, AR, TOXH%FA4
V56 L BFEHEBL & N7z “eigenvalue” &\ ) ERA
ENTEOSEB L UHELRERFEOFETL AL
FRAShZDTHAH0? COFM BN OBRE
PTFHA TR,

2 ‘Nature’ ® Eddington DX

HEBDOANL, “eigenvalue” &\ ) FEITHNOT
L0, —BITBHEMSE “Nature” ISR S h
721927 4E7 B 23 BT oML &5 [16). &h
B, A ¥ AORIEE A.S. Eddigton(1882.12.28
- 1944.11.22) 2 & % “Eigenvalues and Whittaker’s
Function” * &\ ) HE D/ TH 5 [Edd27-¢]. T
NI, E. Schrodinger 1 (1887.8.12-1961.1.4)

*Sir Whittaker, Edmond T. (1873 - 1956.3.24)
4% ROBE WMEEE, 1912 F9h5 1946 FEX7 4 ¥
RO KZOREEE. BF vy Vi, BOBRICER
DEED Y. AEEERICOKREZEEREEoTWE,

PRELLAERFOEAME (R VF—1cHH T
3) & EAMEE I 3 B HERICHT 5 K A ViR
TEINEERLO—8 %, EREO—HEOAID
s LI ICHEEICHFEXBE LS DTH 5 [Sch26-G]
(5] :
[Among those who are trying to acquire a
general acquaintance with Schrodinger’s - wave-
mechanics there must be many who find their math-
ematical ~to determine the eigenvalus and eigen-
functions for the hydrogen atom. I do not think
it is generally realised that Schrédinger’s differen-
tial equation for this problem is one which is fully
treated in a standard text-book, Whittaker and
Watson’s “Modern Analysis”, chapter XVI. (I quote
from the second edition). It would seem that ad-
vantage may be taken of this to make the treatment
easier for English readers. |

I DOXERE WS AS. Eddignton 13 2 0D
HRAEEOA ) AERET IRIFZETH o7,
oo —oI2, T4 2% 4> (1879.3.14-
1955.4.18) O —HAEA R % 1919 £OREERED
BHlCHEIOZIEDHITOND. AR ([18], p.166)
EDL EDOBRTFHFREA ST 3 18]

[#mBE1915 KRVIEL, H(=TAv>ad A
VY RKEZEHORIC—BARNEER EER L.
ZOFFEOHPT, ELDEND L ZHAKIEDE
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TEZLXCHMITONREILEFELTVS, (b
B) CRICBE¥LRLIFT Y VRBEOXE
DY LI, FEENBOEMEBHIC L - Ty
DLIL LA CORDICIEEEAIRED L XiAR
DELETNTRICEIEDENR L2 HHEER
BB LEFD L. BEDF Y OEITKRS 2
FED1919EDEEREICB - b /-8l 74 >
a4 VDOFEBYICKBEOE L OXOBFIF
L7

TAY 274 YRS HEBCAONE X I Ickat:
DR IOREROZ L THot. Fh, T4V Y
RROFBZEZ LITEFE LTS ([15], p438 L 1).

[(T7AYY 25 A OBREAHTEDOIER
T1000 Ab Wiz L, Thi2MNC#RTEL0
12100 Advaizw, |
(Less than a thousand people in the world can un-
derstand FEinstein’s theory and less than a hundred
can discuss it intelligently.)

T4V P RBLT, ZEAOANLRTA 2y
A DA ER Y EIC LAt E-oToEET
BZw, L7147 Y REMRETOEEE i, =
DEIIC—RRENT DAERD ZHEL T2 [13]. Figl
IZ A.S. Eddington(%) & E. Schrédinger #5—#%2
EoTwaB LWEH (1942 4) %787 ([15], p.375).

Fig. 1 Eddington(%.) & Schrédinger(4) DEE,

ds, IR ([12), p.278) WAEIZBET 2 kDT DD 5.

[In addition, Eddington was the first interpreter
of Einstein’s relavility theory in English, and made
his own contributions to its development; ... |

3 Dirac? 1930 FNEE

BT NEDGET “cigenvalue” &\ ) FIE % 540
Ko7z DIE, 4 ¥ Y A0YHEEE P.AM. Dirac
(1902.8.8-1984.10.20) TH 3. kA% 1930 FEIE L7
A “The Principles of Quantum Mechanics” [2] ®
% 3 #: “Figenvalues and eigenstates” 12% ¢ fI5E

PRZ5([16]. HREFOEHDOHTETICE-TH
DIFNEF—REFZTREELZVWILETFRL
. CHIRF Y 2 RIMICRIES Rz,

[In the present chapter we shall consider some
of the properties of real observable. If we have any
real observable o we can write down the equation

ay = ay 3.1)

where a is a number, and consider it as an equation
for the two unknowns a and ¥. If @ and ¢ are any
solution, we call them respectively an eigenvalue
and eigen-y of the observable a. ]

1926 412 3835% & .7 Schrodinger[Sch26-G] DA
T, BRIy CHhI2WHEBQIMEHLTED
N5 BMR

QY = M (3.2)

2o CTEAERERE LT3, —F4, W.K. Heisen-
berg (1901.125 - 1976.2.2:F 1 v DY ELE) A%
1925 S£IZRR L =TFIHETR, COBEFHER
HATOX ) ic_r b VvEBEER S,

Qu = Ju (3.3)

FThbb, )7Ly lZWEE Q BEHALT, &
LN7-BEHME N PBA I r2ETHE LIS,
BB LR AV, BOFEEFETHEVI LS
12, BEMICEHERIBD DTH 55, ZplT o
CEBIBTHAEIARALTHS, TLxHLH
{2 L7zt P.AM. Dirac T 3.

Z D%, 1958 £ KIRISHET S hrz [2) (45 4 1L, p.30)
T oL fi—LARRET

fe> = &> (34)

DEHEKENL. ZORRFTADZD>DR (3.2),
(BI) KHET2IDTHBA, bok—RIC¢ %~
FUDIR, 6> RRZMVEER, £ 2FTH—
PNIWVERAR, #29LTe ZREL-LEI2ELN
HRESEMEN ¢ L L7z 3512, AR—-YOMEIZK
DIXLEFHTME & htz.

[The word ’proper’ is sometimes used instead of
‘eigen’, but this is not satisfactory as the words
'proper’ and ’improper’ are often used with other
meanings. For example, in §§ 15 and 46 the words
'improper function’ and ’proper-energy’ are used. ]

[ERI(BAK#E—ER H133R [2], p.39)

[eigen’(BEA) &V 3£5H DI 'proper’ LWV H &
EPAVLNEZ T XX H B, TNRBL LAV,
‘proper’ X UF "improper’ &9 Z & IZAR D EBk
THAWLRZZLDE VR THD. HExITE5
B LU §46 Tid’improper function’ LV EERT D
BI%) 'proper energy’ (ARDIFNF—) b3z
LIEPHWLhTWE,

—8—



4 BERECHIST 2RAZBOEE

3 113, 1964 FEICHAT S 1tz A, Householer D3
& (8] WM A NS EMA M RIC LATHERERD
FLOTHL. I TREEXROBEORIZ [E
HEl et 2 AESD AR OBREHE L. |
iz, FAVETEPNZILOEE OPICEHE
“Eigenwert” 2*& T h b m XN b KA L. %5,
RE NGRS NEBXO I BRI F LS DI 1962
ENDFRLTH o7,

31 A. Householder DE# (8] DSE XM DER
bz [BEAE] XET 5 HEE.

Year | charac- | eigen- | latent Eigen-
teristic | value | (proper) || wert
1934 | 1 - 70 3
35-39 - 1 2(-) 1
40-44 2 - -9 3
4549 8 5 2 (1) 3
50-54 5 17 5(-) 8
55-59 9 23 1(3) 14
6061 6 4 -(1) 4
Total 31 50 12 (5) 36

ZOEIPLULTOZLFbHS.

o “proper value” X U % “characteristic value

(root)” DHHL LEHRTV2T &,

o 1945 FEZBWETH D “cigenvalue” PRIE DN
i 7. 2, Fan [Fan49-e], Kato [Kat49-e],
Lohman [Loh49-¢], Walker [Wal49-e], Weyl
[Wey49-¢] @ 5 WOFWILLAMICD Lanczos
[Lan49-e] %% 1949 FEICRE SNz T & DK
WTHs. ZOFERPL, ThbHORIITHN
BEERIZLIXRS Do Z RIS NS,

5 175323 & Fredholm 84 Eq.

[TERICH 1 3EREEEANT M V]
nRKEHTH AL THERZ e LAAT—
APBEELT, FEX

Az = )z (5.1)

AT EE, A2 A OBEME, o AN IHET
LEHENRY NIV LS,

[Fredholm ¥ X 7= 17 Bl & BEHN)
koS HTER (D. Hilbert 12 X V45 2 7 Fredholm
Mo HER LTI ON:) #EXS.

b
@+ [ Keniod = o) 62

ZIT, o(z) RXM [q,b) THEE, BIHEXOK
K(z,1) 1 [a,b] x[a, b] CEIELZBEETH-THOPL

BHEZLNTWER LTS, SDLE, KUK f(z) 2
K7, ZOREICHE LT EL Fredholm i, 1903
#£ Cramer DA (1750) ZFIA L7z Fredholm @
IFFIR L TN B FTFIR THERBT 5 2 LT
L7 [1]. T O Fredholm DEF & EAMERMEL i}
RKOX I LBRFDH D, VT,

b
Kf = / K(z,t)f(t)dt (5.3)

LRESVEREL E 2 2 L, Fredholm OFAHERIZ
I+uk)f = ¢ (54)

gD, 2L, [ MESER. 22T, (I+pK)
P11 201, B f=T+pk)lp tESH
2. ¥7:, BHMEDEH L Fredholm D/NTFIRN %
FhPFI, RDEIIITHITLHFTES.
[EHENER]

b
p/ K(z,t)f(t)dt = f(z) (5.5)
ET fx) #OVHETHEE, p AESTEA
(5.2) DEIEIEE V). p VEAEOLE, (55)AD
# f(z) ¥ EAE p BT 2EHRKL TS
A HRROERENEHEDIH L 15!]
8T, Rf = [ K(z,t)f(t)dt % Hilbert 2BV
LRSEREL BB L, Kf = frESh, 1Yp
YEAEE S ) FESRSL RS, 0%, 1T5IH
BB 3 EAER, RAFERICBT AEFEDH
B oTW3 [9]. ThizonTit, HEWEZO
HL AR TH B Courant - Hilbert DEH [3](1924
1R CROEBYDH 5.

{1931 ££45 2 A (3], p-18)]

[ Vielfach ist es vorteilhaft, statt des Parameters A
den reziproken Wert k = 1/A einzufithren. Man
betrachtet dann zweckmassigerweise die Form £ E —
T, mit der Determinante . . . |

[ER)([3] #F &, ALl #BER, p.18)]

(35 2= — A Db ILEFDOYH c=1/) 2
SHIMERIZ DBV, FOLEIRBKX E-T
REXLHANLG, () ZITR, Lox i p il
k WEEOEAM A KELAHRTS. ]

¥ Z 2%, R. Courant! 12X % 1953 {EDY¥FE
p.17) Ti, RO X HHFFHWHLN TS,

[ In many problems the system of equation of a lin-
ear transformation takes the form

([4],

-’ti"/\ztik-’ﬂk = Yy (i=1,---,n) (5.6)
k=1

tCourant, Richard(1888.1.8 - 1972.1.27) F AV ®
B, Gottingen K¥® Hilbert ® b & THZE LA,
FF 2 A ENT 1933 K. 1934 Enb=a—F - K
B 7T UHRFRAIRT .
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where ) is a parameter (in general complex). ...
Let us consider the zeros of the determinant |E=AT)
or, equivalently, for k = 1/X # 0, ...

These values k; are known as the “characteristic
values,” “proper values,” or “cigenvalues” of T with
respect to the unit matrix E ; they form the so-
called “spectrum” of the matrix 7. |

7z, FT5IR (Cramer DAR) %o THL 1%k
HEREMLO, T n 22V L X Gauss DY
FHRICHRTARALZI LR L QbR TWE, Hi
i3, BBOFHEEN O(n3/3) IS LTHEDZNIZ
O(nt) LAFEOLNS.

& 512, 1912 4E D. Hilbert 1 [IBRSHER

D—BEERRE ] LBT 5 0 HIELOREHIKL 7.
CIT, 20 WROBFEOKE AL % % Hilbert
ZHOBSEREL. X oT, BRI,
Fredholm D#k > T - TV “GTHIH" &\ 5 s
FIOKRE, “4THIRE L OB o L BEOLEWRS
FRARIMLENBICE 572, 20720 Fredholm
DEXH I EOHRILREL TV 72 [17].
T, 750 [EHME) LT, AC. Aitken K
1948 fEIT “latent roots” &\ HIEER - T/,
F#RIZ, Olga Taussky It 1954 4 ¥ T “characteris-
tic roots” %, & L'C 1958 fELLIRIE “cigenvalues”
EoTnaE, &542, J.H. Wilkinson 2 1954 ::
¥ Tid “Yatent roots” 2 o TW7zA8, 1958 ELLE
IZ “eigenvalues” ¥ 5 L Yk oz, ThoDE
NEDLYVEELMORLY A FOBE»LHELL
h5. £7:, A4 XD H. Rutishauser it, ¥ 1 VEE
(Eigenwert) T 1955, 58, 614FEIC, %3E (eigenvalue)
T19584E12, #LT7 5 R (valeurs propres) T
1955 £ (2 #F) X EFEFV TV 3,

72, FAY A Zurmiihl OFE# [9] 0 142 § (3B

RE) OMEICIZIRDI AV F BT WS,
[< bt U2 A0EFEMEL REFBROZhE O
DESZFMITE L LI IT 52012, BHE
V) HEYEAE R oM 1/ BT OLL
TLoTBI ) LW IRER, KEHEEDO<LY
7 ADYETHHELL Tz, |

BEF TIZ, BB eigenfunction’ I\ F AT
5.

“A set of independent solutions, which may be
called eigenfunctions. ” (1926, Proc. R. Soc. A.
CXIL 661 [16] X ¥)

—%, fTHME%EDAETIE, determinant (Cay-
ley(1843), Silvester(1853)), matrix (Cayley, 1858),
latent root (Silvester, 1883), characteristic func-
tion (Thomson, 1879), proper value (Ruark & Urey,
1930) Z EAEF T2 [16]. —F, “determinant”
L) RIFRORIRIC D TIRIKER ([7]) (6], p.1) i<,
“The term ’determinant’ occurs for the first time
in Gauss’s Disquisitiones arithmeticae(1801)", ¥7-
“latent root” & V>3 ROV TIXICHR ([Lan56-¢],
p-50) IC b RDFEBEIRS NS,

['This phase of the theory was developed by Sil-
vester(1851) — originator of the term “latent
root” — and later by Weierstrass(1868). The
most complete algebraic theory of the characteristic
equation was finally given by Frobenius(1879). |

6 FIFEE 'eigenvalue’ DERE

WRAKBERD 1946 £, 1 ¥V XA H. Jef-
freys *& B.S. Jeffreys it, HEWEFDOKE (p.708)
REL [Jefdbe]. 2Tk TEAM] %,

([Jef46-¢], 1946(1st), 1950(2nd ed.), p.127)
[ Then Azj = a;rz; can be written in matrix form

Az = Az (6.7)
and the A are variously called the latent roots, char-
acteristic values, proper values, and eigenvalues of

the matrix A. |

LEHL, FHOMEIZHRD Courant - Hilbert 0
EHO [EAMH] OFHLYTH2 L EWEBL.
CHREDBRIP DL THEEE L2 Bbhs.
¥ 7z, C. Lanczos iF 1950 4£5 X [Lan50-¢] O 256 &
T “eigenvalue” & “characteristic number” ([E#& )
VI TODHBEERDL IR L TR o7,

['We shall use the term “eigenvalue” for the num-
bers A; defined by Au; = Au;, whereas the recip-
rocals of the eigenvalues: y; = 1/); shall be called
“characteristic numbers”. |

72, 1980 FEICHIATE N7z 1) 2 A W. Leder-
mann %12 X 2EFH ([11], p.196) D 3 Bz, %k
D (ugly: 2 L\, ‘regrettably’ & v 9 BEXRHD
BEFOVE) a X/ b IFEIPRTVS, X&HD
quantum physicists & I3FEEZIE L TV B DIE2 5?7

[ *Eigen’ is a german word for ’proper’ (in the sense
of propery), so that ’eigenvalue of A’ means a value
that belongs to A. The ugly hybrid word was in-
troduced into the scientific literature by quantum
physicists who were perhaps unaware that English
algebraists had coined the term ’latent root half-a-
century before the advent of quantum theory. Other
authors, mainly American, use ’characteristic root’.
But, regrettably, it seems that ’eigenvalue’ is now
firmly established in the mathematical literature. |

1960 FALLLEIL, ‘eigenvalue’ DEFITDOWVTIE
A F1) ZA® J.H. Wilkinson (1965 4E [10]) DEE
TAJACTObRENL ) TH S,

!Sir Jeffreys, Harold (1891.4.22 - 1989.3.18)
AF Y ADORIT MR B E Cambridge 2% 0F, FA
FORXFLEREEOT VI 7 U HKERICEE SN,
1953 £+ 1 b OHEE T 3.



7T WIS

“elgenvalue” LV ENABDOEOREN L EHE
5 TOBEELEMETIBHF LA, £, B
® % DI null point (FEH) (1809 4, Coleridge) %
null space (F22f) (1884 4%, A. Buchheim) 2% 5.

S &

AMEOFRATICTH O E AR L 2 THE - BHx
THV 72 Professors N. Higham, H. Stetter, E. Hairer
Z L CEEAFEI/ NHBER CBRHOBLRT 5.

ES

DTFosZx@or cEERIC [EHE] H4T
ZHESEINIHRLICOVTIE, [Sch26-G] D&
ICEAI O 3 SCFIRFEROTEILT, 1900 £ROT 247,
[EAME] HeT 2 AEOEIT (-, -6, -p T2
German:-G) TR L 7.
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