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Parallel Preconditioning of the Jacobi-Davidson Method and its Evaluation

AKIRA NISHIDAT and YOSHIO OYANAGIt

The Jacobi-Davidson method is a promising alternative to the Lanczos/Arnoldi approach.
In fact, the Lanczos/Arnoldi approach is suitable for computing extreme eigenvalues of gen-
eral sparse matrices, whereas the Jacobi-Davidson method does not have such restrictions.
In this presentation, the Jacobi preconditioner for the iterative solvers, which is used for the
computation of the correction equations which arrise in the Jacobi-Davidson method, will

be surveyed and evaluated on some shared memory architectures.

The results show that

the computational cost of the Jacobi-Davidson method is reduced by about half with the

preconditioner.

1. T oI

REBEHITHIOBAEHET LIV XL LT, i
% Lanczos/Arnoldi ROMEED % FIV 2 O —fH T
bofe. /NIRRT W TIE, 2EHEZRD
2 QRBEAVDZ LN TE DN, BBEORE S n Tkt
LT O(n®) DERZET D700, ZOFETITHED
RERBEEZHR) ZEBTERY. ZO), VRAF—
k& W K18 Lanczos/Arnoldi 1%, FIZEi{T51%
BOBRICEOERNRMETH DI L V250, BAHE
BEFEL TV DA, ERRHANELNZ LML
TWwW3. Jacobi-Davidson ¥ 1%, B7LZICENT
AV SIS Z & D% Davidson 3% %&b &
12, Jacobi 7 OEXHEAVTHERINMETHS
2B, AT OENEAICH ERICEAEEZHAETE
259100 = ¥ 5se, Lanczos/Arnoldi iz b 38 7172
THAIYXALELTHEHEEINTWS., AETIXZOFE
OBEERBIT 5 & & big, pii#ft Jacobi-Davidson
O FERER & FERHEIC OV TRRS.

T B R R L R ERHE B 2 H
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2. Jacobi-Davidson %

Davidson ¥ T, AT D X 5 i FH & THaxt
EEROBEEFMEY 2RO 5. Wit k OF L ZEH
K = span{vi,...,vx} ET, 1751 A ©FElE A %,
72 B Ritz xt (Gk,uk) BEZD. ZZ Ty, Uk
BEREREEL TS uw 2EHT22DIE L D
W Z IR T D HEDH 5 DS, Davidson & TIIFEZ
r = Aug — Ogug IZOWTEEFBRERIENELLTO
X o e i em< .

Myt =r, My =Das— 0,1 (1)
Da ik A DA THD. BTt &2 K LBERLL
< Vk+1 %‘?\E’fé Vk+1 = [vl,...,vk_H] k;’ﬁlﬂf, %?L
W Ritz & (Ok41, urt1) EAT5

Hy1 = Vi1 AV (2)
OEARE LTCEHESND.

Zhuzxt LT, Jacobi-Davidson ¥ Tl uy, OERH
P LEH DO DDREL E Y HT. LT T ue 1%
ERILENTWE D LET S, BEAEMEME Az = \a
#, UFOLSIC up OEZMZEM uir EICRET 5.
1751 A © uf ~DOEIEEIE

Ap = (I — upup)A(I — uguy,) (3)
TRENDD, ThiL

* Y TFRICRAEAE S <.
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input a starting vector v and a tolerance ¢;
compute u1 =v1 =v/ || v ||2;
w1 = Avi, 0 = h11 = wjvi, r= w1 — Ovy;
for k =2,...
solve approximately a z L u from
(I —uwu*)(A—0I)(I —uwu*)z = —r;
forj=1,..,k—1
z =z — (2"v;)vy;
v =2/ || 2 |l2, wgp = Avg;
forj=1,..,k
hj k= wyvj;
compute the largest eigenpair (0, y)
of the matrix Hy with || y ||= 1;
compute the Ritz vector u = Vy
and 4@ = Au = Wy;
r=1u— 0u;
stop if || 7 [l2< €

1 JD BIZ X BB KEAHEDOH

A= Ap + upup A + Auguy, — Opuru, (4)
EEBEETIELNTES. EERY MV 21X

Az +up) = Mz +uk), 2L uk (5)
o, 22 K (4) 2RATHIE

(Ap — M)z = =1+ (A — 0 —upAz)uy (6)
LB, Apz Lug, z Loug, r L ug &9 up ORI
0 TRIFNER B2V, REE

(Ap — M)z = —r (7
DOHFIITEIND Z LB 5. EBRITIE XA OfFE M
BT LFTERV, K (7) ITBE IS BER RN
b, 2 TIEADYIC 0, VT

(I —upup)(A —0,1)(I — upup)z = —r  (8)
R . /oy Mk Vi iR U TERIEL, vptr
ET 5. Hypr = Vi1 AV OBEKRERESRAT >
7D Ritz B Opr1 &5, BEMRTLVIT) XAEK
1ITRY. AROBEET, HkE AV TEROEFEE
RDDHZENTES.

o =

Jacobi-Davidson {EIZBW T, KEEICLS (8)
DHAEHROATROMBERDHD. £Z TMTT@
Jacobi-Davidson #ORBLEIZOVTE X 5. K (8)
DiERREE 2 L35, ZoL&, 2 Lu XV,

3. B

(A—0kD)z — aup = —r 9)
BERY ZLODT, A — 0kl & My, TEETIZ,
Z=—M;'r+aM; u (10)

LRTIENTED. ZOHEITHELIRIT vy LER
THEMICBESNDOT, ERIITAPHEAETL LT
My, = (I — upup) My (I — upul) (11)
%)ﬁb\é%%?)?&)é ERQAE T, HATELT
M7 A (A = (I —upul)(A— 0, 1) (I —upu})) &R
L ZORE, KERS My R LT g =(A—60k])y
&E< Ly J_ up £V
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solve @ from Mypu = u;

compute 7 = Mk_lr as:
solve x from Mix =1
F=z— 524

solve approx1mately M YAz = —7
with zg = 0;

®2 ERTLEEZRWEEFRROFREETS

Ay = (I — upui) (A — 0 1)(I — upui)y  (12)

= (I — upup)(A — Ocl)y (13)

= (I — ukug)y (14)
LRBOT, M Ay = § 1%

Mg = (I — ukug)g (15)

B ZEICE-TRDBZENTE B, EEITIT, 9
& oup LOERMENS

ngjzgjfauk (16)
LETDHDOT, My = 4, Myu = up &3
U=9—au (17)
&V g OERSEMEANT
_ uy
a= wa (18)

255, U\J:%:ik&)t%)@’i’lil 2 1TRT.

= (10) IZBWT, BB TS My, OELY FIZkD, »

{OMDFEREBEZBND. My =1 LBDEHEIE

Z=—r+4our = —Aup + (0r + 0)ur  (19)
ThHHI b, FAFE1IELY Arnoldi & FfETH
5. if:, Mk =A— HkI &Hﬂé%’é’ﬂi

Z = —ug +a(A79k[)71uk (20)
THHZ LD, HUFE2HLIY 7 MI#REELFE
ETHbD. My =diag(Ad) ET3HELIRICEEN
5.

—J, X (8) i IMIZM < HFEIX, BREATH
B = (I —upup)(A — 0 1)(I — upuy) B L TH
B Bz = —r 2IELIMICMHL Z iz, EBEFHK
IZ2WTiE, QMR 7 1y 7 ILU HfRIC X 2 Rl
BLOREHIBHE SHTOERDD) | —RITFICHT 5
Jacobi-Davidson ¥EDRILE & LTIk
(1) Fﬁ%@%ﬁﬂﬁfﬂi’g%ﬁﬁz’bfﬁb‘ &

(2) HEEMNHIWZE

(3) WrFMEOREmWEETHDZ L
DEEMEHR T UERD L. ZOHFEOTALIY XA
U TFOL S ICHERENs.

4. & MERETE

jﬁﬂ’rﬁﬁﬁﬂ@}i@ﬁ?i’i RWTIEL, B &R
Tl R7 PV OBEANHREROKBYEZ ED D
7’_ D, ZOWHADONRWRUHEBLERTRTHD. &
51 Dongarra 52 &> THi% Sz BLAS (Basic
Linear Algebra Subprograms)® # FWWCHEET 3 2
L D3ERETH B 03, 1751 - X7 PABEBE IRV, —
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solve @ from Mypu = u;
compute 7 = ]\7[};17“ as:
solve & approximately from Mgz =1r
by the preconditioner;
T=x— %ﬂ;
apply BiCGSTAB to solve ]\7[};1/1,2 =7
approximately with zo = 0 as:
solve ¢/ from Myz' = (A — O0x1)z;
y' = J\;Ik_lAz =a — Z:zﬂ;

®3 RiLEERAWEESRROFRETS

ICEHERIT O(n®) THY, A FryvaArEY
EIERTHOEREE LY. LEB-T, BITH 7Y X
LDWFULEIT 5 HE12, BLAS L TOXFHE T
BWRBRETH DI E I DERET D0, +o7%
FHESBHETHS.

BLAS D534 8 LTI, 1) ScaLAPACK?Y o
L9512, MPL iz X% BLAS L &fli72it5Ub o4 75 U %
WET 200, &, 2) ATLAS' @ X 51z, pthreads 2
X VAFULEITH bORH Y, 1), 2) &b—#D BLAS
N—F ATDNTIE, ZIERARWFIEIENEIL TN D.
7272 L, PBLAS 08 AEY 7T —%7 7 Fx & X724
£LLTRY, 72, ATLAS @ Level 3 BLAS —5
VICET A RBE e VT T uk y B oW SR, A
ThEY ZLD KD REATIIRIE~DOBERZE Lz b
DTIEZRV.

HEARYVT—XT 7 FXIIAEY T 7 BRBEN/I
SWKH, PBAE) T —F%T7 7 F ¥ LR L TRy v
VaIADRENEL, £, A—DX vy a TV
~OFERALPRELEHEITE L EREMET TS
BABDLB. LrLERS, 20ROV THEELT
FEELITHOZLICEY, BV R MR T 5 2 L S FRE
Thd. ARV TV BRBEOD/NENWEFAEY 7T —F
F I F ¥ FIZBWTIE, L—F L L TOXFHRIZ X o
T, Level 1, 2 BLAS HEIZOWT bR HERER |k
FERTEHbO LIS,

T, AT AITY XADWFUIC Y 2> Tk, 7T
OB DAL —F % OpenMP API 27Ty
Z4b L, WHIcE#$ 5 Z & & L. OpenMP Fortran
APl OFETETNATIE, 70l T AORTIIvAF R
Ly RERIEINZHE—Tnvx b LTHBEND. <
AFZAVy RIZBEHDAT— AV M EBREITL
PARALLEL & END PARALLEL $8/R3C D% THEAL
SNHEFEERBND L, 1 DU EDR LY R bR
5F—LEBERL, F—L2DRA U ROENETRIZONWT
T REOREEITR ). WIHIEENDORT— KA
M, F—LADEFEA Ly FIZ & o THFNCEITE R, A
FIREEDR TR CTF—LNDA Ly RiIZRIHL, w2
H—ALy FEEHFSNLT—F 2 AVTEAEZRIT 5.

5. Jacobi-Davidson DO #{E %

LRI, EE7A3Y XADRE ROEFEAEY
T—%7 7 F v LCOWIULFIEIZ OV THRET . 7
/5 AZB LTI, Fokkema, van Gijzen® 5ic &
5 JIDQZ NV—F v ENR—R L Uiz, KEMREOTLRIZ
i Templates?, F 7= #HHEE 21X BLAS, LAPACK
ZHNWTWNS.

FHMIZ X, Intel Pentium 11T Xeon (550MHz, 16KB
data, 16KB instruction cache, 512KB L2 cache) ®
4-way SMP (Dell PowerEdge 6300, 450NX chipset,
768MB main memory) K& O' Sun UltraSPARC II
(250MHz, 16KB data, 16KB instruction cache,
1MB L2 cache) @ 64-way SMP (Ultra Enterprise
10000) % Av 7z, OS iZidv§ivd Solaris 7, 7=
A ZiZiEREN PGI Fortran XU Omni OpenMP
Compiler % AV 7z.

P, EAESBES TH D LT OERMFATHZ A

TITD.
n = N? & 5 BRAITHI
Ty —I @)
a=| , (21)
S
0] A
4 -1 0)
w=| "t " (22)
S
0) -1 4

O E A E X, BTN 4 — 2(cos(kr/(N + 1)) +
cos(jm /(N + 1)), j,k=1,..,.N THEx b 5.

T I T, BEOCTFAHEL 1078 L LT, ADBEKE
FEZHE L. BREMOEEHKIT 15 ETE L, 2
Petrov Z2f] E CKERY M EART H. BEEHFER
OFFIIX BiCGSTAB(4), £ REH 10 LT 0F
A1 GMRES # vz,

2562 OB AILONT, BR TRKEAEE 5 HET
ROTIFEDEN—F  OFITRITINFUIR 10@EY
Thb.

ZOFRERMN G, Jacobi-Davidson EIZE W TIXEIE
FRAXOHADOEBMB AR TH D Z LBIH1DH,
& % DRI OWTH D &, SRR ORI % zgenv,
zdotc, zaxpy 72 £® Level 1, 2 BLAS L—F U 4
BTWBZ LRD. 728, zgeny I

y := alpha*A*x + betaxy,
y := alpha*A’*x + betaxy,
y := alpha*conjg( A’ )*x + betaxy,
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£1 n=2562 TOETHE
Table 1 Result for n = 2562.

Function Calls  Time(s) Time(%)
zgemv 10246 319 33.40
zdotc 12615 150 15.77
zaxpy 8163 116 12.14
jdaz 1 109 11.50
jdgzmyv 3479 54 5.74
zxXpay 4193 54 5.68
dznrm?2 5402 52 5.50
amul 3540 47 5.00
bmul 3540 31 3.26
zcgstabl 41 12 1.33
zmgs 369 3 0.32

D Level 2 BLAS, ¥£7z, zdotc iX
z := conjg(x)*y,
zaxpy, zxpay I$ZNEh
y := alpha*x + y,
y := x + alphaxy
D Level 1 BLAS HETH 5.
Z DX 51z, Jacobi-Davidson ¥ TiX Level 1, Level
2 BLAS %, #iZ zgemv B OHEA B FHE RO KIS
EEDD. 2IEL, BITHIERRGRL LTS, 1751 -
X7 MEOEREEIZIZIE O(n) Ths.
WHMLIZ Y 72> Tk, £, zgemv, zdotc, zaxpy,
zxpay @ 4 BB OMNMUA—F% OpenMP API % v
T ry b LizA—F 2B L, WHICLER LTz
ENENOHRADON—TIFHAHEA Ly F~EID 4T
. £, L—TNTOEEOREIZE Y AEY T
ERAOBEER/NRICIZ D & & bIT, TRERIR Y BH
RNV TEBETRDBRVWE SHET 5.
¥, 4way SMP EToOWILEDOEITREER
AT WIHkIZ LY, FA—F iz oNTENREN A
E— 7y IBHELNLTNAZ EBRbhs. EfTEMO
K& N%E 5D TS Level 2 BLAS @ zgenv 12D
WTh, HREOAF—FH O(n) ThdHid, EFLOWSF
fBC LY +amEmnEER ERER/LNTWD. £z, K
TLEEZ CETHERZ DT bOEK 4 1R, WILHKR
ELRBIT LIt THER ERABZ Ly FEITESS
B, BHERRE L2 E T zgenv, zdotc BOHET, LV E
WHRBIELNTND Z EBR05.

6. Enterprise 10000 tA~® 5=

WIZ, Sun Enterprise 10000 £ THDEITHERIZOW
T&’~%. Omni TiX, Solaris 77 v b 74— A LT
Aby Fe7atyPICEET LI LNTRTHS. &
FIOFMETIEF v v =2 OFARFHRE R D7D, 1
Ty izt LTLWP Z@EELTW5.

Level 2 BLAS Th % zgemv 28T, BLAS ®
reference implementation TiE, LLFD & 5 124751 - X

0340

£2 n = 2562 TOWFIEITRER

Table 2 Result for n = 2562 in parallel execution.

Function Calls  Time(s) Time(%)
jdaz 1 113 19.95
zgemv 9814 96 17.12
zZaxpy 7818 54 9.69
zZXpay 3954 51 9.12
zdotc 12212 50 8.93
jdgzmv 3290 50 8.85
dznrm?2 5296 45 8.09
amul 3352 42 7.56
bmul 3352 42 7.47
zcgstabl 42 11 2.02
zmgs 376 3 0.56
4 . . .
zgemy —+—
35 L zdotc <= |
3 -
2.5
f=%
=
3 2
&
1.5 |
1 *
0.5
0 . . . . . . . .
1 4 16 64 256 1024 4096 1638465536

size of problem

B4 R A XEZ{N—F v OEER LE
Fig. 4 Size of problems and speedups.

7 ME%E
y(L:m) =y(1:m)+M(:m,jx(j), (23)
j = 727 "'7" (24)
ELTHELTWS.

*
* Form y := alpha*A*x + y.
*
D0 60, J =1, N
IF( X( JX ).NE.ZERO )THEN
TEMP = ALPHA*X( JX )
DO 50, I =1, M
Y(CI)
$ =Y(I)+ TEMP*A(C I, J)
50 CONTINUE
END IF
JX = JX + INCX
60 CONTINUE

TOWBIILVVRAZ LV TORELE HE Lz
DTHDHN, —ii72 Level 2 BLAS HEIZEBWTIT,
N7 by LITHI M OfTE &


研究会Temp
 

研究会Temp
 

研究会Temp
 

研究会Temp
 

研究会Temp
－34－


L zayl(py ——

speedup

- B
T

number of threads

5 n = 2562 TOZL—F L OEER LR
Fig. 5 Speedups of subroutines for n = 2562.

Y1 Y1 M1
Y2 Y2 M2

. = . + xx (25)
Yk Yk My,

ELTT7uy L, MTFTOLSIET Oy 7 TONY
MVER E WA T INER D D.

*
* Form y := alpha*A*x + vy,
*
'$0MP PARALLEL PRIVATE(JX, TEMP, TEMP_SUM)
!$0MP+ FIRSTPRIVATE(KX, INCX, ALPHA)
'$0MP DO
DO 50, I =1, M
TEMP_SUM = (0, 0)
DO 60, J =1, N
JX = KX + J * INCX - INCX
IF( X( JX ).NE.ZERO )THEN
TEMP = ALPHA*X( JX )
TEMP_SUM
$ = TEMP_SUM + TEMP*A( I, J )
END IF
60 CONTINUE
Y(CI)=Y(CTI) + TEMP_SUM
50 CONTINUE
'$0OMP END DO NOWAIT
!$0OMP END PARALLEL

51, YA X 2562 TR Ly REEBlLEE:
FFDREEL zgemv, zdotc, zaxpy, zxpay DAL — K7 v
7 %77 . Enterprise LTI, Level 1, Level 2 BLAS
& BRI ARMRER EAE LN TS,

7. Jacobi BIALE

B DHIH &, Jacobi-Davidson $EIZBWTEE R
KORMICETIHABBRKENZ LN D03, #HY
RAMLEEITRI 2 LICLD, ZOHFEREZHIRT S Z
LR TESD.

ZZTCIATIIR RO A EFIRAT AME L LT, Bk
FMEA S Z LB TWVWS Jacobi KEHEEZEMAT
5Z & EE 2 5. Jacobi LTI, FREATHII A EALME
TR L L, BEFEROHBEICBOTHEWIKR
HERTETFRENS.

F9, BBV A X 1282 COWABREE M 612, F72IX
RREE X TICRT. Bl e T RO ERIEL, el
IMEESFRROFHHEICET S BiCGSTAB ko KHE[H
HERT. BBz, WEHE L7z Jacobi k& Az,
Z 2T, Jacobi O AEEEITEEHF RS R/ & 72
5150 | & L7z,

14 b I I original —t
preconditioned -4
12 +
2
g 10t
5
= 8t
o
=}
56t
£
=
£ 4}
Seeaocasocd o
0 . . .
0 10 20 30 40
number of corrections
6 n =1282 T® Jacobi MIMAEORHE
Fig. 6 Performance enhancement with Jacobi
preconditioner for n = 1282,
0 — —
M original —+—
L reconditioned -----<----- |
Sl B P
-4+ Voo Y g
6| 1\
s
=
= -8
g 1
-10 +
12 b
14 + i

0 5 10 15 20 25 30 35 40 45 50
number of corrections

B 7 R

Fig. 7 Convergence behavior.

Z OB, AiEE AW B A& OB TR, A
EITRDIRVEEOEERFOK 50% Th YV, FHHEFH
IZ2OWTHH 50% TH 5. MIEREIZE W CTREME
DEDBEIGIIREL, T OESOXFLHIRT, 7
NITY XENEHETHDTDZE EE L 2. Jacobi
BB DI FIEZHRINEIE 100% THDHZ L 2BETD
L, BB E1T72 9 Z Ltk Y, Jacobi-Davidson oD

0350


研究会Temp
 

研究会Temp
 

研究会Temp
 

研究会Temp
 

研究会Temp
－35－


WIHERIIRE <A LT b0 EHFEIND.

WIZIX 812 Sun Enterprise 10000 £ CTo&EEH _E=R
BT, TR A X% 2567 & L, RKEAE
1% #5H L7z, Jacobi RIALER, £RE1TF - X2 MARE,
zgemv, zdotc, zaxpy, zxpay D 4 V—F & FILL
TW%. Jacobi EDKEREIFUL 20 B & L7z,

preconditioned Jacobi-Davidson —+—
ideal -

12 4 8 16 32
number of threads

E8 n=2562 T» Jacobi MMEA JD HOMWE R L%
Fig. 8 Speedup of Jacobi preconditioned JD for n = 256.

8. FLOHLESHDERE

AFE T, Jacobi-Davidson HEIZBWTEHEAEEDOK
e bEORBEEFEROHBEICH LT, F2AEY
BN HIFH- BR8] & OREETH B Jacobi BITALE %,
FEIEL, OO RICHOVWTHRE L7z, i, Jacobi
BIALEE & WA Z LIz & v, Jacobi-Davidson ¥ D&
BEMICEAL TR 2EoMERER GRS Z L, £
7z, OpenMP % R\ v— 7 FIkic & v, BiiLERft
Jacobi-Davidson EICEWTHERD KBS EZ 5D 5
Level 1, Level 2 BLAS HHIZBWTH, KM SMP
ECHERAICUFNEITTEDHZ L &R L.

AFEITEAH LWRIETh 5728, Rtz onT
LN TWRVWABEN. 4%, KESEAE
FRIRCKE T DB 172 ffiED—o & LTk A G 21T
RoOTOKBERDH L. BATHIT VY X LIZEBN T
L7235 Level 1, 2 BLAS HAILOWTYH, YrEy
FURATORELEAEDE T, S5%ER - FMEEL
TRV R REEGEEZHLMT L THE .
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