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The Solution of Univariate Algebraic Equation
by the Matrix Method and Related Topics

MURAKAMI HIROSHI

FacuLTty OF URBAN LIBERAL ARTS,
TOKYO METROPOLITAN UNIVERSITY

The method to solve a given univariate monic algebraic equation by the eigensolver of the
corresponding generalized companion matrix is studied and also its associated subjects.

For the algebraic equation f(x) = 0 and the set of all of its approximated roots, we con-
struct the conditioning polynomial P(z) all whose zeros are the set of approximated roots.
The partial fraction expansion of f(x)/P(x) can be rationally represented by the coefficients
of f(z) and the known zeros of P(z).

The generalized companion matrix of f(x) is the matrix represents the action of  modulo
f(z) on the generalized Lagrange interpolants whose nodes are zeros of P(x). The general-
ized companion matrix can be constructed directly from the coefficients of the partial fraction
expansion and then the roots of f(z) = 0 are solved as the eigenvalue of the matrix.

The well known Smith’s theorem that gives bound of the existing region of roots of f(z) =0
relative to the zeros of P(x) can also be derived from the partial fraction expansion in a very
simple manner®.

The Durand-Kerner method one of the standard root solvers can be interpreted as the
iterative eigensolver of the generalized companion matrix by its diagonal approximation.

The iterative solution method of the approximated zeros of the equation in the form of
partial fraction expansion is also studied by the perturbation expansion approximation or the
Newton-Raphson method.
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DR a; FTRTRRLLT5. Px)=]].(z — ay)

LIS, BZ 9y % KEER f(z) — 01K L, 8
PABOE [(2)/P(0) = 1+ 3 /(@ — o) &
T2, BT 7 = flay)/P(ay).
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Zj 7i/(r — oj) EEL &, g DERERD B Newton-
Raphson 5O R#EIE: z+—z — g(x)/¢'(z) =
{143, 7/ = } /{5, 7/ - a;—)? ¢
2%, R 6950, K L TTEDICR T IERD
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