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Effect of the multi-step relaxation and window on LOBPCG

TOSHIYUKI IMAMURA*tt

Though LOBPCG as one of the eigenvalue algorithms for the hermitian sparse matrix has
higher cost disadvantage and unknown issues with regard to theoretical convergence prop-
erty compared to Davidson-based methods, we found that parallel implementaion is quite
easy because of no requirment of solving linear systems through our experiences on a quan-
tum many-body simulation. In addition, blocking facility is also powerful property of the
LOBPCG algorithm, however, it sometimes costs heavily due to O(m?) complexity (here m
means the factor of blocking), and unbalanced distribution of the included eigenmodes. In this
report, we investigate the idea and the effect of window conbined with a deflation procedure,
and the multi-step relaxation strategy like the Simulated Annealing method to converge all

the eigenmode globally and successively.
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Hx DFEEE L ITRNIC, Jacobi-Davidson # (BLF JD
HBERET) 2y r—Pb L PRIMME® 235
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LEEAEITT A LITAR D, —REIZ LOBPCG I
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F) OUERESEBIRICEL BB, TNHLED
IR (BHERM) 2B S WA EERFETS.
¥ Y, BP TRV AL — FiZBEh T bOTRARL,
FHTELIEHBRETHE. FWzhE, THD
- FH B0 — FHIZE- RS ER22 5
window DF#E% L2t i, EERPHEIZES I
{WeEZLND. BFEEOEANT 454 TIZRD
LOTHB.

(1) window ZEA LKEBRECOHETR&T—
FEEHETS.

(2) ETe— FE&ELE— FNIRIE—HITIUR
T35 & 91T, REMICERE / VA EBT (Bi)
EETWL.

D 2 RICENEIND. £, window DEAIZIT win-

dow ZEBEADET— FIZ L 5 deflation(Birk) 3%

FEHTH DM, Z0 deflation DA TITRBBDOEAE—

RO 0 BEE» LR L 2 AITTFE

LEESLIREBIGES BoTLE 2 &b, E

led 7 MRORy— U 7 K D FAxES7: (deflate &

NIATHTO 0 BHEEE RV ) BEHESAHOLER

BBELRD, R 10) TEBEIhE, BERRY T K

REEGALL), 2 DT AT 4 TEERBHIR LD

AEolLr.

window DK & IDBIRR, RE/ VL OBFIORK

R ECREOSPOBROKMYEH D (Fa—=2

RIAEERB). TR, WREEN, BRI

EICEETDILIIERICTENTES. &biz, =

NH ORFEREFIIR AT RETFIOREIRE

BET D Z IR OFIAERIR 2 & O MEICIGE T

SLDELTFRIND. AT, BRNRT A5 ¢

TDEREEIZ, 37 2 F OBRICHOVTHEF =2—

=V T DOIAHERLEDOHRIC OV TER LERGA

LOBPCG O FEEHIZOWTERT D = & BAFED

FETHB.

2. LOBPCG

LOBPCG(Locally Optimal Block Preconditioned
Conjugate Gradient) #:iZ Knyazev? i & 0 /8 X
NEMAEMREEDO—FETH Y, BRAT v T OFHH
R PR T, BIAT » 7 ORPEF L7 bk
BERI MO 3 RIZE > TEHHEMEBRL LA
Y —FERETR/ME (b L I3EKIL) IR Lo T, kDB
RHM (RAT v 7OHPEFRS M) L+ BFE
THD.

BEERFEIZY YRy MVEEIRT S AT GD (Gen-
eralized Davidson) QA IZEV L DR H 5 28,

o # 0 (an initial guess),po = 0
Ho =z Azo/||zol|®
do k=0, ... until convergence
wi = T(Azr — prxr)
V = [wk, Tk, Pk)
Sa=VTAV, Sp=VTV
Solve Sav = pSsv, v= (o, 8,7)7.
Tr+1 = Vv = awi + Bxx + P&
Pr+1 = V¥ = aws + yps
Het1 = Thp ATk /|| Tha |2
if pey1 converge, exit this loop.

enddo
1 LOBPCG D37 ay 7 7A=Y X, EEITRSEME
RS wg, Tk, pr XERLENS.

EEFBREML Z L72< (inverse free) Y A F— |
EPTDBRICBR S TVARABRKEL BARS. IR
B/AMEREICRd 5 CG & (NLCG) T3, BRFm
TOERINF—B/MbEBY R FETRVER DS
2B, Y ooy MATRAE (REFRIGER) T3 & &
ThiX LOBPCG & —%7 5. T\ okEERTII,
BONDOREFEOT LAY RALERE bokT AT
AAEBNZRSB.

LOBPCG %W+ 551477 Y (YA—) &L
T, 12°%8%# Kuyazev HA3ES blopex?, TN % &te
hypre 7u =2 +3, PETSc, PRIMME®, Adven-
tureCluster” 2 EBH3. i, HTr DL 5 IcEEHR
BETHZEDINSTATFY) 2EREPIZTSY
T a yRATHEEETIRELEL Abh 5.

LOBPCG O a7#mii 1 0% TH 5.
R1BFETay 7ETHIN, 70y JRTCEERY

MV % w25 {wl, - wl™ ) ORBICEESRIT L
V. HEEZECHET DI, BoZEREES
Y M OBEREERETZ L FERSLAN, — ki
IMEOBFEDK LB RTNIELT UL MBETIIRN
EEREBELTRLW,

2.1 deflation

REDERT, WHLZEEE— FizonTiizn
BEHEELSEAZENTED. HEREIBIRL
TEERE-FERYVBRBEEZT 7 L—va v LS
BHEREEHANTEDD O(m?) DX bk
S HEEHIBICEST 5.

* X#k 8), 9) COMERLRT LOBPCG ARWEHEO—~FEY L
TERLOAEARE N L OS2 EHREDER L H B,
EREDOS A 2 2/ ZEOISBRT SRR ERIE LIz b
RHRVOTIZ L BABICIEE XL TWA.
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—RICHBRITHIORSE, X b udT7L— 3
YRR EACTIThRS.

A =T~ uu) A — wuT) (1)
El, BAOEREEV b u2RWETVICHLT
(I —-uu?) ZERS®

Vie(I-uwu)WV=VV-@wVu (2)
L7V EBRTHZ &b LR EMLRETH 5.

R 11) COHHHA L L DI, ZoBER v icH
ST 21T L FIoM = UBEICY = JHETHLETYH
deflation #EBTA5Z LN TE S, HEaAMDLET
ITHEBERCIIH DN, REOEEOY A7 285D
DTEEBLETHS.

2.2 window

LOBPCG DIRFHEDFEIRIC OV TIL, Xk 1) 12 &
DRERTHWS. ERT2L, hSVEFEOET—F
EERHERE L, Eem BREW, 2F D, FEFIZ
HETIEEET— FOEBE I EIHIE . LT
L, R E— FORBEOBRLEV» D, BEE
BREBIEDRICZ TV BBENED.

F72, LOBPCG REH 1 T— Fhi- Y &IK 3 A0
HoEmEE o CRAELEM2EREETS. i, R
FTAREE— FEBRKREL BREBROTAIY XA L
DLHETHIEERR (ATY) BRK&LARBI L
BEHRLTWA, Zhizsf LT, LOBPCG k¥ 5
PRIMME 54 75 V% Cif window OBEALZ L 0 i
REMOEKR (AT ORE) 2—FOCHET 5. X
2IZRT LS I, B/AVE— ROIERIZ & Y window %
7 b ULRIREDE— K% window IZH Y AR 7208
LEFEZETIHE TV, BP CRIGREADEE
FT-FR VIRV AROH, RINEE— Nz LT
deflation DXFHR~T b ERD.

window DEADFEKITIT— FEE K& < BRI
HENRHET D £ 5 Knyazev HDOEE L IZHEENR
BROVWHBDTHLHH, 1L KEDZV DR FERELK
ETEHATHERREOTRENRDS. bRARIZ,
mAORRE—FBHDIHEEHE R FOBEE T
OANm?), ZZT N 37 MORTTH S, de-
flation % ®IZ1T 9 HE 1L, deflation DFHEZ hL
DOREF gz LT m - q RO P ALVRZERFEN
O(2Nq) Da X FBRUBELRD (DFEY, HERET
X O@2Ng(m — ¢)) BME). #iZ, m ZEAEEI
g=0ICEETDIHELD b, FTHEX MIHIE
TELWEENRSH D Z LI s, EEIZX, N BFEE
REVWEDF Yy oI REORBIC XV HERIC
HERMAEO RWESSH DN, KREZOMREE L
THHEORALEYFTED LTS,

Set Xo = Normal{z(()l), ... ,a:((,m)},
Py=0,and V=0

do i=0,m

Xk = {mi, -~-,1L‘min(i+w,m)},

Ao = diag(XT AX,), and

if(¢ + w < m)then

P, = {pi,...,0}
else

Pk = {pi, ,}
endif

do k=0, ... until convergence
Wi = T(AX}, — AxXx)
V= = VVT)[Wi, Xk, Pi)
S4a=VTAV, S =VTV
Solve Sav = pSpv, {v,..} = (4, B,C)~.
K41 = Normal(Wi, A + X B + P,C)
B =Wid+ BC
Ay = diag(Xiy1 AXi1)
if Af:il converge, exit this loop.
enddo
{Zi, oo, Tmin(itw,m) } = X,
{pi, -oos Pmin(i4w,m) } = B,
V= [V,Iu]
enddo
2 window(i8 w) 2¥A L% LOBPCG 742 ) X4

BB BB AR A TR K CER ST v 2 s h
() <7 BT

2.3 IROBIEMZEN (Relaxation)

window OEARIEREDOHE IR FOBB O EE
PR RN, BO L ZAKEMLRIRICRIT 55HE
HEOUWBIRISH TV EFSE LRI LBRTRENS.
{iligie &, FEITH/R LI L S IKREDOE I 2T
258, EAE— FORREBIERT 57912 window
V7 M X o TH¥IC window KRV A 2EHF
T NN HEROFE & 705 TTHEMER H 5.

IOEHETEDIREIERET IO, TurbE
LOETOE—FIZH L TTEIEFIRORE (&
ZOBYORE) #B—bLBRE, TEBET AL
T— FOHERIES < ONSEHEM ST 2
LRREL B,

2 TRLIET AT Y RADESNN—T% LOBPCG
DEARITELTITLW I HERESE ¢ 2HNT
LOBPCG(X,I'ym,e) TRIWRTH. ZDLE, ¢
RORAMITO Y BECRET DO TIEARL,

& = a%e, a<1 (3)
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ORI TALE— 05 bfire— FET28T
£E— FOBREEZBOSIETN LT, FALE—F
& B7E— FOBSRIGREDB VSTV X S i
T FIREL 72 5.

ZORRITH Y D RE DR RBEFINI = XL ¥ —
B/MERBIREO—F £ D Simulated Annealing (28T
WA BEICHE, ARERICEHLOFREEZ IS EN
THWRYVYA window I I A B RE— FE
RTFA~DEBELEWHOLTH IV, iz, JloBAD
H RAERZThTICEENENAZBEE TINKES
W DDILESBEMRER T, BREIT I OIIEES
B2 BRER TV,

2.4 BELI b+

32 10) TH, LOBPCG OIUHOBRETHE L
EEEEBETDY 7 M T ETELRBITHIOH
SLERIT X0 AR (PERE) SR BT B T LR &
nTW3. ik, FEHEFETOVT F ORI de-
flation ARG D Z LT, FRAREOBREE—F
BRA~EDEOMBELEETHHERDB. ZOBIC
FREICRDEREBERE—FBIEEDHZ LT, 4
M REAE- FECOEERLKRESNS. BiFmic
B, RAE CEREEIENTZ 2 L CREERRO
A7y MEDIZ X HBERELZRITHZ LMW TE,
E—-FEEVHFHL 2D (EVEFE- NIk T
B SNDEHERIERTZZ L8R A2B).

2.5 RERX—L

FHRECTRIET B AX—AIZOWTE LD, 22
% TIZaR <7z, deflation+window-+relaxzation+shift
Z)FELMAEDLELELOTHD (EWTIILUT
DWRS-LOBPCG LML), ZhETIRALER1
R 21TM % T, Relaxation A ¥— A L 7 F3iE
ALETATY XLEK 3IRT. 4FBOBESHZR
7 MEESL FTAEAR B TRIEES, T(Ar) 2
A-TO TR BRIABEER L TWS. Bk -
T, X#K 10) DRICEHEEEEHE T 7 F Li¥xRE
WCEBBEHEE—RF740Z E LTHERAERETHLEWT
HA5.

3. BiERE

3.1 EHEMIEE

FEBRICIEA U7 FHE I Intel Xeon 5345 (2.33GHz,
Quad-core, dual CPU’s, FBDIMM-533MHz 4GB)
FHET Y- THAEN, ERICERALED
X1 370HRTHL*. £, ERALEZaL 1 T3 In-

// Algorithm DWRS-LOBPCG
// Input is a matrix A
// Output is a set of eigenvectors {z‘V, ...}
Set Xo = Normal{z{",...,z{™},
Py=0,and V =8, e = max || Xo|
do

€=¢xa (a <1 is given somehow)
do i=0,m

Xk = {Zi) e, Tmin(itwm) }»

Ao = diag(XT AXo), and

if(i + w < m)then

Py = {pi,...,0}
else

b = {pi, s }
endif

do k=0, ... until convergence
A means symbolicaly A — Afco)l s
Wi = T(Ax)(AXx — AxXy)
V = (I = VOT) W, X, Bi]
Sa=VTAV, Sp=VTV
Solve Spv = uSgpv,
and set the v as {v, ...} = (4, B,C)7.
Xk+1 = Normal(Wi A + XxB + I5kC)
Pk+1 = WkA + 13kC
Apt1 = diag(X{\ 1 AXk11)
if AL, < ¢, exit this loop.
enddo
{.’Ei, ...,zmin(i+w,m)} = X—k,
{Piy ooy Prain(itwm) } == P,
V=[V,z}
enddo

enddo
3 proposed-LOBPCG 7A=Y X5 (DWRS-LOBPCG)
window-LOBPCG & B#kIC, Wi 0 3BV B8R EH K
XFRFIET 2y 7Sl () ~7 ML eisT.

tel Fortran Compiler 10.1(20080112 fR) TH 5. (£
FS#E{LA 7Y 3 »i3-03 ~axP ~fp-model fast=2
ThD.

HEEMBPETOY vy Y~y M EHETEIHNE
N—F & LT, LAPACK+ATLAS O dsyevd BIK
RERALE.

3.2 MHRMAE

RRFIEOBRILIFITIIR Fw—ric LIELIE
FIH S5 Florida Matrix Collection'? % Matrix

* SEOHERHEROZRIC LoTA L SHEREEHET S

ZLBRMTIRRLS, REFEOBRETTLOTHIHIT.
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Market'® 235, ko> 8 % BIR Uiz,

e H20 (67024, 1141880)

o GadlAs41HT72 (268096, 9378286)

o Gal9As19HA2 (133123, 4508981)

o Si02 (155331, 5719417)

o Lin (256000, 1011200)

o cfd2 (123440, 1605669)

o mhd4800b (4800, 16160)

e besstk28 (4410, 111717)

RIR LTy aNOEFIIZNFh, KT LT
OEFuBEBRHETRLTNS. FAHD 4 7503
DFT(Density Functional Theory) 23 < EF K
HEEt#E = — N PARSEC' bR SNELOTH
o (BB OGH CIIELERFHEICL D7 TRENHY,
EHEFEORF -2 [LE LD THS. #
< 2 2% Matrix Collection 25, Y @ 2 -2i% Ma-
trixMarket 7> H3ER Lz, Bx OITFIORBESTIC
DVTRENENOEFRGEDHP XHHDT, 22
TIFEMIIET 5.

33 #FERR

BRUZATINCH LT, RADAEFE»S 24 A0OFH
BFE— RERMRICEHET 2ORE LEHERMZ LV
I, 751~ MAEOEREBIE L. —RICEHITS
BEEEHBEOHE X MITFIRZ FAEOEE T
BSHD 2 EBBVTDERBETHLRROT— % 28
ELTW3. £ 113 window DIE% 155 24 ¥ TLF
LSz boMz, £+ “Normal” CRLTWS @
& LOBPCG) DRIENSATHI TOFHERER & 1751
Ay MEOEEEER Lz, AL, ATAEOEVC &
DREOBVE YRR 2010, BEICI#ER Y 7
NEREHZIT OB AL, —Y I CORTLEL EH
LTwWa., £, BRRE (K3 CBiT2E K e) i
0.0625=1/16 %:ER L 7.

W ORRITHITH, Normal 72 LOBPCG 7
Y XA LY DWRS-LOBPCG D M3 ERRIT
B RoTWA, L Lads, SHEMBICEETS
EEZLNTWD, T3 MREORITRRIISH
LHBREDOT VT Y X (FRil72 window OFRE) T
B/ 2o TV B b Tidew . il window 4
R w i, H20, Gad1As41H72, Gal9As19H42, Si02,
Lin iZ2WTit w = 4 CHEREZRE/MLL TS,
F 72, cfd2 Tt w = 12, mhd4800b < besstk28 Tid
TNEN L2 BRIV RETIERDOE & R0 T
Y r—va O o TEDERB RPN DREE
gtz

FaEDBIT, 30%0 5 40%, Kb EELS L ENE
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mhd4800b TiE 50% Sl EDWREREN 2 SN TN A,
YR AT & 5B Ae PERE S & XTIV DR
YO0, SEOFOKRICEEEST— N2 RET5/H
BTIENEINAET AT Y AATRARVNE ORI
TED. INOENETAHICHIEREIOOERDK
FE, 132 L DHB AR K EER LR TUIR 62, ¥
7o, SENIEE Lic X 2 oBfFRE, & 01gEme
BoOREL &0 THEICKEE 5 2 5 OO MER
bUETHA.

WFRIZE JREBHBERN S/ LN D REFRTEIC

DNTEEE VBN EFED TNV ZENESEOBET
»H5.

4. & #® I

BATHIRTEAET V=Y XA LOBPCG DFEEIC

BT, EHED SWoPP2007 DREKRIZB| X EEETS
AREICRBT 528 TFEH - FORMBRRE» DL %
LB/ F = — = V% #%H LT, LOBPCG O
WLIZ-2V T deflation+window-+relaxzation+shift
D 4 EFREHAHEHE T DWRS-LOBPCG 22\ T
EREPLE. EREAENRE OB T IV —va v
bRONDBDODOEEELE L CRIF ML TR U,
SRITREFONAT A Z FIHCERRA T2 E bR
FRANDOEERORELCHEF LTV E .

# 33
AHRO—FRLIEHFE R0, IST CREST

DFRBEZITTNET.
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