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Abstract This paper presents an architecture and a synthesis method for programmable numerical function generators
(NFGs) for trigonometric, logarithmic, square root, and reciprocal functions. Our NFG partitions a given domain of the
function into non-uniform segments using an LUT cascade, and approximates the given function by a quadratic polynomial
for each segment. By using non-uniform segmentation, LUT cascade, and quadratic approximation, we can implement more
compact NFGs than the existing methods for a wide range of functions. Implementation results on an FPGA show that: 1) our
NFGs require only 4% of the memory needed by NFGs based on the linear approximation with non-uniform segmentation;
2) our NFGs require only 22% of the memory needed by NFGs based on the Sth-order approximation with uniform segmen-
tation; and 3) our high-precision NFGs can be implemented with a compact and low-cost FPGA. Our automatic synthesis
system generates such compact NFGs quickly.

Key words Non-uniform segmentation, LUT cascades, 2nd-order Chebyshev approximation, numerical function generators
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RETR, ThoDN—-EI 2 7RELEDRI<HATEIE
BRETHS. 14 Uy MEEORERAHBERIL ATUFE
@iz, & AEN (BWELFPGA ELE LT DM, FO FPGA
T, ESIEZ<DBBHRTELDSPAR>TLENEE DR
ML 2D, —F, ZREKME TSI, A €Y BROSEF KT
REEL D KEIC PR, AT HREHETE DSP & H &M
Planizo, LD INE I (REBFPGA TERTE 5, MBI,
24 ¥y PHEO _KRRHIIEEIL, &0 & < L7 FPGA
(Cyclone II) THRETES.

7. EEaAVE

ARI3, ZMRs, o ERIOEG SRR, W EIR L & oMK
EHRTHBRMHNRBOBRETOHMEIRBEREL .
LUT (Look-Up Table) /1 2 7 — KL, # BHOEBDRFRM S
BEZBETI N MCRBTES 0, SRUNKEHER
S TRIEMITE, METI /A0 Ml BEE OB SHE R
ZHEICT S, HRITED, FEHBE SROMNEEDLZVLER
MR THEMTE, ATUROPEVENHBERBEERTS
EERLI 2 By MG BOT, 2K HEIRRIL, BT
PUZE T < BAZHEERRD 4% D AT VRT, 5 KHEEUZ KT
B BIRE D 22% DA EY RTEETES. |BELI %D



Ko WBHEEIE AN IET < Bididt B FPGA RE

FPGA 7731 A: Altera Stratix (EPIS10F484CS: M % 78X 10570 84, DSP 1= M 48 &)
BERARY— I Altera Quartusit 5.0
BRF T a: MIERDT{E, 71 3 2 JH#): 200MHz
i3} :74 16 Ev bHAKE 24 ¥y b
f(z) MAETH| DSPE | hiFMs® [MH:) | RAPR T8 | DSP 5 | BhEME K (MHz)
B | K| 8| =K | B IRI®E | K| Q| X | B =
2 167] 482 2| 4] 195 185 so4| 758 2] 10| - 131
1z 204 376 2| 4| 234 186 | o36| 8s9| 2| 10| - 134
vz 210 496 2| 4| 237 9 (121 | 82| 2| 16| - 124
1/V7 186 | 475| 2| 4] 237 186 | 402{ 753| 2| 10| - 131
logy(z) 3] | 2| af 194 186 | so7| 757| 2| 10| - 131
In(z) 170] 319 2| 4| 197 18s| 416 863 2] 10| - 131
sin{az) 154 a23| 2| 4l 197 192 480 646 8| 10| - 134
cos(nz) 172 354 2| a4 23 179 s2| 67| 8| 10| - 131
tan(zz) | 234] 3820 2| a4 7 178 6ss| 604 2| 10| - 131
V-ln(z) | 308| 623] 2| 10| 215 15| ssa} 9a2] 8| 16| - 130
tan?(mx) + 1| 32| 282 2| 4| 194 as) w | 20| 2| 0| - 135
Entropy 141 403| 2| 4| 235 06[1370| 914| 2| 16| - 128
Sigmoid 167 430| 2| 4| 104 | 627| 06| 2| 10] - 131
Gaussian_ | 181 419 2| a4 23 186 | 303| 77| 2| 10] 216 129
1Yy 189 | 422 2| 4] 217 iss| o83 | 767 3| n| - 131

W @GSl 18).

ZIK: Chebyshev —:KiTfilis:.

HPD " 13 FPGA LOMAH RAM MFRRZLRETE ML LERT.

<HEHTEBIE, ZXERICE T < MU TEBL D BET
B30, BEERNAIERE FPGA RETHAHIZI, £< 0
AT EEAL KRR FPGA MY BITRRD., —F. Z KRSz
B0 < BHFHRERIL. MR TR FPGA TR FIE Bt 3t
PEAEREETESD,

]
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2]

3]

[4]

(5)

(6]

7

(8)

9

x g

R. Andraka, “A survey of CORDIC algorithms for FPGA based com-
puters,” Proc. of the 1998 ACM/SIGDA Sixth Inter. Symp. on Field
Programmable Gate Array, pp. 191-200, Monterey, CA, Feb. 1998.

J. Cao, B. W. Y. Wei, and J. Cheng, “High-performance architectures
for elementary function generation,” Proc. of the 15th IEEE Symp. on
Computer Arithmetic (ARITH'01), Vail, Co, pp. 136-144, Junc 2001.
D. Defour, F. de Dinechin, and J.-M. Muller, “A new scheme
for table-based evaluation of functions,” 36th Asilomar Conference
on Signals, Systems, and Computers,, Pacific Grove, California,
pp- 1608-1613, Nov. 2002.

J. Detrey and F. de Dincchin, “Second order function approximation
using a single multiplication on FPGAS,” Proc. Inter. Conf. on Field
Programmable Logic ard Applications (FPL'04}, pp. 221-230, 2004.
N. Doi, T. Horiyama, M. Nakanishi, and S. Kimura, “Minimization
of fractional wordlength on fixed-point conversion for high-level syn-
thesis,” Proc. of Asia and South Pacific Design Automation Confer-
ence (ASPDAC '04), pp. 80-85, 2004.

H. Hassler and N. Takagi, “Function cvaluation by table look-up and
addition,” Proc. of the 12th IEEE Symp. on Computer Arithmetic
(ARITH'95), Bath, England, pp. 10-16, July 1995.

T. Tbaraki and M. Fukushima, FORTRAN 77 Optimization Program-
ming, 1 i, 1991 (in Jap )

Y. lguchi, T. Saszo, and M. Matsuura, “Realization of multiple-
output functions by reconfigurable cascades,” Jnternational Con-
ference an Computer Design: VLSI in Computers and Processors
(ICCD'01), Austin, TX, pp. 388-393, Sept. 23-26, 2001.

D.-U. Lee, W. Luk, J. Villasenor, and P. Y.K. Cheung, “Non-uniform
segmentation for hardware function evaluation,” Proc. Inter. Conf. on

(1]

(1}

(12)
1"

114)

113}

(16]

(17]

(18]

19}

[20]

[21]

Field Programmable Logic and Applications, pp. 196-807, Lisbon,
Partugal, Sept. 2003.

D.-U. Lee, W. Luk, J. Villasenor, and P. YK. Cheung, “A hardware
Gaussian noise generator for channel code evaluation.” Proc. of the
11th Annual IEEE Symp. on Field-Prog ble Custom Comput
ing Machines (FCCM'03), Napa, CA, pp. 69-78, April 2003.

J. H. Mathews, Numerical Methods for Computer Science, Engi-
neering and Methematics, Prentice-Hall, Inc., Englewood Cliffs, NJ,
1987,

1.-M. Muller, Elementary Function: Algorithms and Implementation,
Birkh B , Inc., S NI, 1997,

S. Muroga, VLS! system design: when and how 10 use very-large-
scale integrated circuits, John Wiley & Sons, New York, 1982,

S. Nagayama and T. Sasao, “Compact representations of logic func-
tions using heterogencous MDDs,” IEICE Trans. on fundamenials.,
Vol. E86-A, No. 12, pp. 3168-3175, Dec. 2003.

S. Nagayama, T. Sasao, and J. T. Butler, “Ermor analysis for pro-
grammable numerical function generators based on quadratic ap-
proximation,” hitp/iwww.lsi-cad.com/Emror-QNFG/.

T. Sasao, M. Matsuura, and Y. Iguchi, “A cascade realization of
multiple-cutput function for reconfigurable hardware,” Inter. Work-
shop on Logic Synthesis (IWLS"01), Lake Tahoe, CA, pp. 225-230,
June 12-15, 2001.

T. Sasao, §. T. Butler, and M. D. Riedel, “Application of LUT cas-
cades to numerical function generators,” Proc. the 12th workshop on
Synthesis And System Integration of Mixed Information technologies
(SASIMI°04), Kanazawa, Japan, pp. 422-429, Oct. 2004,

T. Sasao, S. Nagayama, and J. T. Butler, “Programmable numerical
function generators: architectures and synihesis method.” Proc. in-
ter. Conf. on Field Programmable Logic and Applications (FPL'05),
Tampare, Finland, pp. 118-123, Aug. 2005.

Scilab 3.0, INRIA-ENPC, France, hup//scilabsoft.inria. fr/

M. J. Schulte and J. E. Stine, “Approximating clementary functions
with symmetric bipartite tables.” /EEE Trans. on Comp.. Vol. 48,
No. 8, pp. 842-847, Aug. 1999.

). E. Stine and M. J. Schulte, *The symmetric table addition method
for accurate function approximation,” Jour. of VLS Signal Process-
ing, Vol. 21, No. 2. pp. 167-177, June 1999.

). E. Volder, “The CORDIC trigonometric computing tcchnique.”
IRE Trans. Electronic Comput., Vol. EC-820, No. 3, pp. 330-334,
Sept. 1959.






