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Determining the Winner of Split-and-delete Nim

Tomoaki Abuku1,a) Ko Sakai2,b) Masato Shinoda3,c) Koki Suetsugu1,d)

Abstract: We propose a new combinatorial game named “Split-and-delete Nim” and study its winning or
losing conditions. The active player starts with n heaps. He or she selects k heaps and then splits each of
the k heaps into two heaps. There is now a total of n+k heaps. The active player then deletes k heaps to
return to the original total of n heaps. The order of the operations of deleting and splitting is the reverse of
the order in Delete Nim. In this paper, we discuss the winning condition when the number of heaps is two.
We also discuss some variants of this game for an arbitrary number of heaps.
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a, b �a, b� �a, b� �b, a�
N

G2 = { �a, b� | a, b ∈ N} �1, 1�

G2

N P
a, b �a, b� P

N [1], [11]

a a 2k

2k+1 a 2

v2(a) = k a v2(a) = 0

1 ( 1)

�a, b� ∈ G2 P a = b

v2(a)

1 G2 P = { �a, a� | a ∈ N, v2(a) }
N = G2 \ P (i) �a, a� ∈ P

P (ii)

�a, b� ∈ N P

(i) �a, a� ∈ P 2

�a, a� �a/2, a/2� v2(a)

v2(a/2) �a/2, a/2� P

(ii) �a, b� ∈ N v2(a) v2(b)

�a/2, a/2� ∈ P �b/2, b/2� ∈ P

v2(a), v2(b)

�a, b� P a �= b

a < b �a, a� ∈ P
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N0 Wythoff

G̃2 = {�A,B� |A,B ∈ N0}
P {�A,A� |A ∈ N0} Wythoff

�A,B� A ≤ B P
φ =

1 +
√
5

2
k A = �kφ�, B = �kφ2�
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Wythoff
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Grundy N0

T mex(T ) = min{s ∈ N0 | s �∈ T}
g g Grundy G(g)

G(g) =
0 g

mex{G(g�)|g� g }

G(g) = 0 g P
[3], [6], [9]

4

Grundy

a, b ∈ N0 a = i 2
iai, b = i 2

ibi 2 a

b a⊕ b a ∨ b

a⊕ b =
i

2i((ai + bi) mod 2), a ∨ b =
i

2imax{ai, bi}

�a, b�
Grundy G(�a, b�) = (a − 1) ⊕ (b − 1)

�a, b� Grundy G(�a, b�) =
v2((a− 1) ∨ (b− 1) + 1) *1 [1]

4 Grundy
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P N
G(g) 0

�1, 1�

P P
P
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Grundy 1

2 �a, b� Grundy 1

�a, b� N1, N2, N3, N4

N1 = {�22l−1 − 1, 22l−1� | l ∈ N},
N2 = {�22l, 22l + 1� | l ∈ N},
N3 = {�2(2k + 1), 2(2k + 1)� | k ∈ N},
N4 = {�2l+1(2k + 1)− 1, 2l+1(2k + 1) + 1� | k, l ∈ N}.
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5 Grundy

a\b 1 2 3 4 5 6 7 8 9

1 0 1 2 3 4 5 6 7 8

2 1 0 3 2 5 4 7 6 9

3 2 3 0 1 6 7 4 5 10

4 3 2 1 0 7 6 5 4 11

5 4 5 6 7 0 1 2 3 12

6 5 4 7 6 1 0 3 2 13

7 6 7 4 5 2 3 0 1 14

8 7 6 5 4 3 2 1 0 15

9 8 9 10 11 12 13 14 15 0

6 Wythoff Grundy

a\b 1 2 3 4 5 6 7 8 9

1 0 1 2 3 4 5 6 7 8

2 1 2 0 4 5 3 7 8 6

3 2 0 1 5 3 4 8 6 7

4 3 4 5 6 2 0 1 9 10

5 4 5 3 2 7 6 9 0 1

6 5 3 4 0 6 8 10 1 2

7 6 7 8 1 9 10 3 4 5

8 7 8 6 9 0 1 4 5 3

9 8 6 7 10 1 2 5 3 4

7 Grundy

a\b 1 2 3 4 5 6 7 8 9

1 0 1 2 3 4 5 6 7 8

2 1 2 3 4 5 6 7 8 9

3 2 3 0 5 6 7 4 9 10

4 3 4 5 0 1 8 9 10 6

5 4 5 6 1 0 2 8 11 12

6 5 6 7 8 2 1 3 12 11

7 6 7 4 9 8 3 0 1 2

8 7 8 9 10 11 12 1 2 3

9 8 9 10 6 12 11 2 3 0

8 Grundy

a\b 1 2 3 4 5 6 7 8 9

1 0 1 0 2 0 1 0 3 0

2 1 1 2 2 1 1 3 3 1

3 0 2 0 2 0 3 0 3 0

4 2 2 2 2 3 3 3 3 2

5 0 1 0 3 0 1 0 3 0

6 1 1 3 3 1 1 3 3 1

7 0 3 0 3 0 3 0 3 0

8 3 3 3 3 3 3 3 3 4

9 0 1 0 2 0 1 0 4 0
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5.1

n 2

1

n

• ABO All-but-one-delete Nim [10] n

n − 1 1

n

• 1 (Single-delete Nim [8] [10]) n

1 n−1

1 2

• Half-delete Nim n [2] n

2

• Less-than-half-delete Nim [2] n

2

n = 2 2

1

n = 4

4

4

2

• 4 2 1

2 6
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• 6 2 4

G4 = { �a, b, c, d� | a, b, c, d ∈ N}
�1, 1, 1, d� d

G4 �a, b, c, d� a ≤ b ≤ c ≤ d

2

S S = {1, 3, 4, 5, 7, 9, 11, · · · }
1 P

{�a, a�|a ∈ S} a ∈ S a

D(a)

D(1) = N a ∈ S a �= 1 D(a)

• m < a m �∈ D(a)

• a ≤ m ≤ 2a− 1 m ∈ D(a)⇐⇒ m ∈ S

• m ≥ 2a m ∈ D(a) ⇐⇒ m− a �∈ D(a)

S m

D(4) = {4, 5, 7, 10, 12, 13, 15, 18, 20, 21, 23, · · · }
4

3 ( 2) 4

�a, b, c, d� ∈ G4 P
�a, b, c, d� �a�, b�, c�, d�� a� = b� = c�

a� ∈ S, d� ∈ D(a�)

5.2 3

4 �a, b, c, d� ∈ G4

�a�, b�, c�, d�� a� = b� = c� a� ∈ S, d� ∈ D(a�)

�a, b, c, d� ∈ P N = G4 \P
P P N N

N

P P

N

3 D(1) = N �1, 1, 1, d� P

4

�1, b, c, d� b < c ≤ d c

1 c− 1 d 1 d− 1 c− 1 d− 1

�1, 1, 1, b� ∈ P N
�a, b, c, d� ∈ G4 2 ≤ a ≤ b ≤ c ≤ d

(i) a �∈ S P

(ii) a ∈ S a = b = c P

(iii) a ∈ S, a = b = c d �∈ D(a) P

(iv) a ∈ S, a = b = c, d ∈ D(a) P

(i) a �∈ S a 2

a/2 ∈ S b ∈ D(a/2) a

a/2 a/2 c a/2 c − a/2 c − a/2 d

�a/2, a/2, a/2, b� ∈ P

b �∈ D(a/2) b ≥ a b − a/2 ≥ a/2

b − a/2 ∈ D(a/2) a a/2

a/2 b a/2 b − a/2 c d

�a/2, a/2, a/2, b− a/2� ∈ P

(ii) a = b < c ≤ d a ∈ S

a ∈ D(a) c d a c−a a d−a

c − a d − a �a, a, a, a� ∈ P
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a < b ≤ c ≤ d b ∈ D(a)

c d a c − a a d − a

c − a d − a �a, a, a, b� ∈ P

b �∈ D(a) b ≥ 2a

b− a ∈ D(a) b a b− a c a c− a

c−a d �a, a, a, b−a� ∈ P

b �∈ D(a) a < b < 2a

b/2 ∈ S b/2 < a < b a ∈ D(b/2)

b b/2 b/2 c b/2 c− b/2 c− b/2

d �b/2, b/2, b/2, a� ∈ P

(iii) �a, a, a, d� d �∈ D(a) d ≥ 2a

d−a ∈ D(a) 1 a

d a d−a �a, a, a, d−a� ∈ P

a < d < 2a

d �∈ S d/2 ∈ S d/2 < a < d

a ∈ D(d/2) 1 a d/2 a− d/2 d

d/2 d/2 a a − d/2

�d/2, d/2, d/2, a� ∈ P

(iv) P 3

�a, a, a, d� a ∈ S, d ∈ D(a)

3

1) �a, a, a, d− a� 2) �d/2, d/2, d/2, a− d/2�
3) �d/2, d/2, d/2, a� 4) �a/2, a/2, a/2, ∗� ∗

1) d ∈ D(a) d − a �∈ D(a)

�a, a, a, d− a� P

2) �d/2, d/2, d/2, a − d/2� ∈ P d/2 ≤
a− d/2 a ≥ d a = d

d/2 �∈ S P

3) �d/2, d/2, d/2, a� ∈ P d/2 ≤ a

a ≤ d ≤ 2a a ≤ d < 2a

d ∈ D(a) d ∈ S d/2 �∈ S

d = 2a �d/2, d/2, d/2, a� ∈ P

a ∈ D(d/2) d/2 ∈ D(a)

d ∈ D(a)

4) a ∈ S a/2 �∈ S �a/2, a/2, a/2, ∗� �∈ P ✷

5.3 1

1

n n ≥ 2

2

• n 1 1

2

n+ 1

• n+ 1 1

n

n = 2 2

n = 3

n = 3

3 1

4 1

G3 = {�a, b, c�|a, b, c ∈ N}
�1, 1, 1� P

P N N

P

�1, 1, 1�, �2, 2, 2�, �1, 3, 3�, �1, 4, 4�, �2, 3, 5�, �1, 5, 7�
1

1

4 a, b ∈ N �a, b, c� ∈ P c 1

9 a, b �a, b, c� ∈ P c

a b

c

a = b

5 �a, a, c� ∈ P a ≥ c

�a, a, c� ∈ P a < c a, c

�a, a, 1�, �a, a, 2�, �a, a, 3�, . . . , �a, a, a�
N (∗) �a, a, a� ∈ N

P
�a, a, a� �a, a, i� i < a

�a, a�, a��� a�+ a�� = a P
(∗) P �a, a, c�

P ✷

�a, b, c� ∈ P a, b

�a, b, c� ∈ P c

P N

6.

2

Wythoff

1 4
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9 a, b �a, b, c� ∈ P c

a\b 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 1 3 4 7 5 10 9 14 13 11 15 16 18 17 20

2 2 5 3 6 7 13 11 10 9 17 19 15 23 16 25

3 3 5 1 2 9 8 6 12 17 10 18 19 11 13 14 26

4 4 1 10 8 7 12 6 18 9 17 20 13 11 22 14

5 7 3 2 11 1 14 16 6 12 15 9 13 10 21 20 19

6 6 9 10 11 2 3 4 5 19 21 20 22 13 17

7 5 7 8 1 2 4 14 16 22 10 23 11 21 29 28 30

8 8 7 4 3 17 18 15 16 21 12 13 9 10 23 31

9 10 13 6 12 14 3 17 1 4 2 5 8 24 32

10 9 11 12 6 16 4 14 18 1 2 3 7 5 22 8 24 33

11 14 10 17 18 6 5 16 2 1 7 3 4 21

12 10 9 12 15 4 3 5 8 20 27 29 16

13 13 9 18 17 15 19 22 16 2 1 5 8 4 3 6

14 11 19 20 9 10 21 5 7 1 25 23 30 3 4

15 15 17 13 21 23 12 8 5 25 1 2

16 16 19 10 11 13 5 7 20 8 23 1 2 12

17 18 15 11 13 20 21 9 8 22 3 4 2 1 6

18 17 23 13 11 21 22 29 10 24 8 4 27 3 30 1

19 16 14 22 20 13 28 23 24 21 29 6 3 2 5

20 20 25 26 14 19 17 30 31 32 33 16 4 12 6 5 1
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A.1 2

P = {�a, a� | v2(a) },
N1 = {�22l−1 − 1, 22l−1� | l ∈ N},
N2 = {�22l, 22l + 1� | l ∈ N},
N3 = {�2(2k + 1), 2(2k + 1)� | k ∈ N},
N4 = {�2l+1(2k + 1)− 1, 2l+1(2k + 1) + 1� | k, l ∈ N}

1 P Grundy

0 N1 = N1 ∪N2 ∪N3 ∪N4 N1

Grundy 1

i �= j Ni ∩Nj = ∅ k, l ∈ N
2l+1(2k+1) 3 4

4 22l, 22l+1, 2l+1(2k+1)

1

2 k, l

�a, b� a ≤ b P N1

N1

�a, a� v2(a) = 2l+1 a = 22l+1

�22l+1−1, 22l+1� ∈ N1 a = 22l+1(2k+1)

�22l(2k + 1) − 1, 22l(2k + 1) + 1� ∈ N4

a < b �a, b� a
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(i) v2(a) ≥ 3 a = 22l+1 �22l+1−1, 22l+1� ∈
N1 a = 22l+2 b > a+1 �22l+2, 22l+2+

1� ∈ N2 a b > a+ 1

�a/2− 1, a/2 + 1� ∈ N4

(ii) v2(a) = 2 a = 4 b > 5 �4, 5� ∈ N2

a �= 4 �a/2, a/2� ∈ N3

(iii) v2(a) = 1 a = 2 �1, 2� ∈ N1

a �= 2 �a, a� ∈ N3

(iv) v2(a) = 0 a−1 4 a = 1

b > 2 �1, 2� ∈ N1 a = 22l + 1

�22l, 22l + 1� ∈ N2 a = 22l+1 + 1

�22l, 22l + 1� ∈ N2 a

�a− 2, a� ∈ N4

(v) v2(a) = 0 a + 1 4

a = 22l − 1 �22l−1 − 1, 22l−1� ∈ N1

a = 22l+1−1 b > a+1 �22l+1−1, 22l+1� ∈ N1

a b > a + 2

�a, a+2� ∈ N4 b = a+1 a+1

8 �(a− 1)/2, (a+3)/2� ∈ N4

a+1 8 �(a+1)/2, (a+ 1)/2� ∈ N3

N1 N1

N1

22l−1 − 1, 22l−1, 22l, 22l + 1, 2(2k + 1),

2l+1(2k + 1)− 1, 2l+1(2k + 1) + 1
(A.1)

k, l ∈ N
1 2

=

N1 N1

1

N1, N2, N3, N4

(22l−1 − 1) + 22l−1 = 22l − 1,

22l + (22l + 1) = 22l+1 + 1,

2(2k + 1) + 2(2k + 1) = 4(2k + 1),

(2l+1(2k + 1)− 1) + (2l+1(2k + 1) + 1) = 2l+2(2k + 1)

(A.1)

N1

✷
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