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Strongly Solving 2048 on 3 X 3 Board and Performance Evaluation of

Reinforcement Learning Agents
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Abstract: The single-player game 2048 is an interesting target for the evaluation of reinforcement learning
methods. While one usually measures the average scores to show the learning efficiency of a method, it
would be beneficial if one could additionally show the distance to an optimal policy. Toward this end, this
paper presents mini2048, a small variant of 2048 with a 3x3 board. While mini2048 inherits interesting
properties from the original 2048, we can strongly solve the game thanks to its smaller board size. We report
the statistics of the game and the score achieved by the optimal strategies, including their changes along
with a slight modification of transition dynamics. Moreover, we trained agents with a simplified version of
Stochastic MuZero in mini2048 and evaluated its effectiveness by the rate of agreement with optimal strate-
gies. Finally, we showed it is important for agents to intensively learn such a state that the difference in the
expected return between the best and worst actions is limited.
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best second distance
occurence 20000
1500 A
o 0]
o 15000 &
(9]
g 1000 1 5
S - 10000 8
500 1
r 5000
01 0
0 100 200 300 400 500
moves

B7 FHILORETFEHRETB X TREFOMIMED 2D FED
578N =T 0 NTVAYDT =LA —N— 12705 T8
DEANT T A

THIZONTRERBFZDOR AN EHZ DD L D12k
D, HMEBEL LTS — LA —N—IIR5BEVPEZ 5. %
D=7 — L BOB B8 Tlk MCTS (2 & 28R %
iU, 77— LDEAERALT I ONTRE LR E 1T
ST ENEFZLND.

AL TIdEETF O HW D L\ state IZDWT LD
FMICES 720, mEFLREFOMMEDEZIZHEEL
7z. 72D %b state s DEHFEF % of, HEFE o L LT,
d(s) = qn,(5,a%) — g, (5,d) WWHEET B ((EE DI i
state \IZDWTHIZ 2 D 4 DOFHIOEIRELH 5).
state s 1k d(s) BREWVWITY, EL‘?ZML‘ifJ‘ I-&D
LTWBEERD. HiZd(s) D0V REFLE
HEPRICREEWD L, HilH %ﬁbb‘ state £ 52 5.

X 7xZNERLEZEDOTHSB. TRTO state % EE
BT (step) TEIZHHEHL, ENTNDOFET d(s)
DE¥ETay b U72E D% distance & UTHNART Z
7TRLUTWVWS (RfHmET L IRETF D). S 5T
TRONZHIIEREFEREIT LAY (=722 TV

¥) % 100,000 [l L 1 XHT, YOFHTT —LbA—
N—=IlW 572D % LA NI T LI UTERT. ﬂ?b“:)?bi)‘
55212, F=LA—=N—ZBDIkd(s) ¥ 0I1ZEVF
D state THDB I EDE V. £727 — LD G oNnT
d(s) 13N Z K R BMEADD B H, 120 FAHE® 260 FAHE
TIEHRELEEMLTWS, ZHiE 5121024 B ED K E
WA RANENEDZ LN TED L, —INIZT — LD
GENTREZ L2 RLTWVWS.

62 fiCIMLzZNTND=2—F )2y hT—=IT
BipdyIal—Ya Ao MCTS TL0 HT—L% 7

LA &Rz T RIZENZTRTD state IZD2WT, 7
VA YD ERETFO -HREFTARNZONE 3 TH 5.

WIND T LA Y E d(s) DVNS 73 state DIEFRBENZ
ENHIrS. THons I = 2048 DFEETIE d(s) BNE
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75 state D HRRMMfEZE, EHMICHTETE L5125

EWMEELEEZOSND., TN EBE X272 LT 2048 DY
R FEAIRETEZZ L 2 5B0OHEEY L\,
7. F&&H

ARETl, £92048 % 3x 3 ITHE/NLI=Tr —LTH B I
= 2048 DEEMREFEITo 72, I = 2048 DR EEL T,
A4 x 4 #BH ETHHHONTVWS 2048 IZH H@ET 57— 4
OMEE RS IIZ Uz, X SHICHAE 2048 2 T L 195 Al
W92z B WTH 7 FETH 5 Stochastic MuZero 23N
% MCTS (BT 2ES I = 2048 2 RIT(TFo7z. ZD
R, ZEEO MCTS DY Ialb—va vz k&Ll
THIEH, BT ULEFHEEKNRITINESE LD TR
, A Ialb—yavETHEENPELZ 2 2E
BRCHH ST U7z, £ X 0B ol SR
OFLFLHEBELT, MWT LA YOERIZIIRET &
EPOMEDENKEEHECTELWHE 27X 5 X512
FUTHLIENEETHDL I ERL.

1 #x
Al HEENLFREICE TS MCTS

Stochastic MuZero TR\ 547z MCTS D#EZEAKIL de-
cision / — K & chance / — N & FEIEN 3 2 F#EHD /) — F
M55, decision / — KiZ T LA ¥ AMTEIOMRE 21T S
state (25 U, chance / — RN afterstate IZ X J59 5.
decision / — K & chance / — NIZERDEI IZH > TK
HIZATED, 72/ — NIZHIZ decision / — N TH
5. 57— F s S RRFAERLITE 0 IZDWTHINT D
TyY (sa) WEIET S, ERRt DI Y Y (s,a) IOV
T [N(s,a), P(s,a),Q(s,a), R(s,a)]; £\ 5 4 DDl % {3
5., ThThT v Y (s,0) OFFMEE, HiiHER, B§
RIT & Bt OHEE M, BIRERBIC WIS 5. MCTS &2
NSZHVWTUTDADDATY TRERDIKT.

(1) BN —FroFERT Yy VEED, ERADEK
WD) — R 5, 27D 5. decision / — K s4 (324
D PUCT RAEk & 742 5178) oF %A TF chance
J — NZ#ERT 5.

a® = argmax {Q(sq4, a)

ZbN(Sd,b) 21,N(Sd7b) +co + 1

+ P(s4,a)

i

14+ N(sq4,a) c

2(A.l)
72720 c1, oo XEHETHS. PUCT Ridmx® filifE D
HeEMEA R/ — N GRS N ) — RIZR L
THEVWEZ SRS, —7 chance / — F s, & P(s,,a) IZ
HDWTHERMIZ T decision / — R Z23&IRT 5. T4
DB chance / — RS IXEBRICER T 5RO
decision / — NDMESLNITEIRI S,
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(2) [BFE  BIRTEITNAZZE ) — N5 27 —LDIL—)LIZ
BILUCET 5. s 7 decision / — K72 o 72581,
51 WX T B state 22 & B ATREZR afterstate (20 IS
% chance / — K& FIZMFIFIMA 5. s H chance / —
R7Zo 725618, s ITHIGT 5 afterstate B2 5B AT
BE7R state (253 B decision / — R % 112 decision
J—=FREMIIAS.

(3) Mt : 3£/ — R gy 2=a—F )2y b7 — 27 THHii g
5. s M decision / — R o728 EIEHEK n(|s)) &
il D HEREME vy(s;) 2135, s; D% chance / — R72-
72561 P(s,a) 3B OEBHRE UT, MiEOH
El U.(s)) DAE=a2—F NIy NT—ID 555,

(4) HUERE 04(51), Ue(s1) ZFE/ — R oBlL/ — NIZES E
TEF/IES. T2DbE/ —FroBl/ —FItES
£/ =R slZDWT, s H 5 5 X TIZHESTS 5 RIREEREN
DL () (BULIFG(8))) DH%E Gy £ F 5. ZD
L ¥, Q(s,a) = No@k Q)G N(s ) = N(s,a)+1
EHHT 5.

()5 (4) DFEEZELHTYIab—Ya VERER, ¥

Fab—YarvoiitEREL T BT ERLHEREHTHE

2D, TVAVIREOVRVWFEZBERI LN TES.

2048 DT ET DR

A2.1 RREOHRE

22048 IZBVWTENETND Y AT 1158 D DEA
FEZON, INKITAHD. koT119 @) ORHE X
T BRBERHBHH, ZThid6s vy NERT-RIZEE
THILNTES. EITIZIEAEY 32GB T7uky Hid
AMD Ryzen 5 DX > V% AWz, SEIETXTOD state,
afterstate DIEMH A T VIZINE - 72728, FRARICET
%324 EO TRIFFHI TR > TR, FEATREZR state,
afterstate DHZE I 2 2 30 TT O T T LT L=,
¥ 7-BET R/ T R T D state, afterstate OffifEFHEIZ 1X
5 el &2 2L 7=,

-~ -
J
~ —

A.2

A2.2 IZ2048ICBFBI =Ty I A MEDEE
EHE afterstate D> 5IR D state DB ITHERNIZITH
Nd. ZOEBIPEIZTLAYO/REER/MET B LS
TONIEEEEZ L. TbbgResmAbLzwT L
I¥ e, BEE2B/MELE WEREORE Ty — LD & 5t

)H@%%iétwﬁ:a@%é.:@%é,%éﬁﬁwm@

7-

Iy 7 RAFICE O RDBZZENTES, 528 T
B U 7zl 5 OBRRIC 31T B fifEFHE & DFHE L, afterstate
DEEMIE 05 (sq) DERIESGIEDAT, X A2ITRT LD
BRI RE TR IR DIRFE 8160 O BB fHIAIE D Bt/ M & 72 5

min

A2
Snext €T (54) ( )

’U7cr* (Sa) = ’U;ir* (Snext)

Algorithm 2 & [FBRIZAffif8 % G5 U 728558 77— 2 D HAREE
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X3 BETULEETOMMBDEL TV A VYDEER
FLAY 0<d(s) <=500 500 < d(s) <=1000 1000 < d(s) <= 1500 1500 < d(s)
agent(10, 10) 0.54 0.47 0.72 0.71
agent(10, 100) 0.49 0.57 0.62 0.67
agent(10, 1000) 0.50 0.65 0.70 0.77
agent(20, 10) 0.47 0.61 0.73 0.73
agent(20, 100) 0.49 0.61 0.68 0.77
agent(20, 1000) 0.47 0.56 0.59 0.75
agent(50, 10) 0.53 0.60 0.67 0.79
agent(50, 100) 0.54 0.64 0.73 0.80
agent(50, 1000) 0.52 0.70 0.72 0.83
agent(100, 10) 0.50 0.62 0.77 0.76
agent (100, 100) 0.50 0.62 0.76 0.76
agent (100, 1000) 0.50 0.62 0.77 0.81

X 178.4 &, EE OMERN L ERBE TOAlifE & bk T 5 &k
EL B LHNE S NI, afterstate D> HIRD state DB
BRIV EBRKBIZGITE2L—LEE, TL1 70
WRDBFEZEATEHERRIIDRONIVWED LB,
DY I ARIZE O RO REMIEE D & IZIROF %
BRTVAVEIZIYIRAT VAV EIRRIZ LIZT S L,
SRV IATUAVIIEIZEBERN T LI YOUIF 45
FOMEBBETS ZLEMELCTEZERTS. 203
SRV IATUAVIREEDRIEIZEWCHEETE 5195
DOHIFHE CIRREAifE) 2 2 T RO GIETHREL -
A, F—LDUIRHEIX 136343 o7z, EETES
T DIIARKERTELEBELRRELTCLE>T VDB LR
WTEB7255. 2048 1IF—MRizid 1 AHTHEZNS 77— L
R, BREHESH L WEFEZ A VOREBEZNDO T L1 Y
MITD Z & THMBLY — LITHRE T2 Z 8N TES, I =
RYZATLA YD LD ITHEEIZFER SEHSHEIEY,
MFEOIAHFL TRERARZHES KR EBE R 5N,
TVA YA LOEEOMAE LI L > THizir — Ltk
PEEFNEZENFTEE7255.

A3 Za—JI)xy NT—0DKEE

6.2 i D selfplay (2 & 2 55K & AlifE O 7 O LR E %
BRD, 3x3DEHEIFI XS, 11 F¥rRILDTFTVYILIZ
IVaA—F 4L TZa—5)Vxy NT—2ZIZAHIN
5. ZOB, nBHOF ¥ XV TOBIE T 2" BWFEHET
HNED L, TNLMI 0L HBE L5295, 7L 0EK
HOF ¥ 321320 =1 TIEBRL mOBMTEADMEIT 1
Nz, ABEHI—FNVT A X3x3, ’"F1 271, 128
F ¥ 2 )LD Residual 70 v 2 [11]10 J& D [l g TRE X
N5, FEEOHEIIE 2 2P NE. TNETNEARAA
J& (Residual 7'\ v 27 L [F UNEE) DRIZ 4456 E % 8
LT, AELMiEZHNTE. -0 THUOEARLAAREIC
% Batch Normalization ZJE L 7z. F#&3* (X 0.0003 £ U,
Adam ZFWTHEEE2TR - 7-.
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