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Following the recent great advance of quantum computing technology, there are growing interests in its
applications to industries, including finance. In this paper, we focus on derivative pricing based on solving the
Black-Scholes partial differential equation by finite difference method (FDM), which is a suitable approach for
some types of derivatives but suffers from the curse of dimensionality, that is, exponential growth of complexity
in the case of multiple underlying assets. We propose a quantum algorithm for FDM-based pricing of multi-
asset derivative with exponential speedup with respect to dimensionality compared with classical algorithms.
The proposed algorithm utilizes the quantum algorithm for solving differential equations, which is based on
quantum linear system algorithms. Addressing the specific issue in derivative pricing, that is, extracting the
derivative price for the present underlying asset prices from the output state of the quantum algorithm, we
present the whole of the calculation process and estimate its complexity. We believe that the proposed method
opens the new possibility of accurate and high-speed derivative pricing by quantum computers.

I. INTRODUCTION

The recent advance of quantum computing is invoking a
strong interest in its applications to industries, including fi-
nance. Since large banks perform enormous computational
tasks in their daily business, it is expected that quantum
speedup of them will make a large impact. In fact, some recent
papers have already discussed applications of quantum algo-
rithms to concrete problems in financial engineering such as
derivative pricing [2-5]. See [6, 7] as comprehensive reviews.

In this paper, we focus on the derivative pricing method
based on solving the partial differential equation (PDE) by
finite difference method (FDM). Let us describe the outline
of the problem. First of all, a financial derivatives, or sim-
ply a derivatives is a contract between two parties, in which
amounts (payoffs) determined by prices of some underlying
assets (e.g., stocks and bonds) are paid and received. One sim-
ple example is an European call (resp. put) option, the right to
buy (resp. sell) some asset at the predetermined price (strike)
K and time (maturity) T. This is equivalent to the contract that
the option buyer receives the payoff f,.y(S 7) = max{$Sr-K, 0}
(resp. max{K — S7,0}) at T, where S, is the underlying as-
set price at time 7. Since large banks hold a large number
of derivatives, pricing them is crucial for their business. We
can evaluate a derivative price by modeling the random time
evolution of underlying asset prices as some stochastic pro-
cesses and calculating the expected values of the discounted
payoff under some probability measure. Analytical formu-
las for derivative prices are available only in limited settings,
and therefore we often resort to numerical methods. Since the
expected value obeys the so-called Black-Scholes (BS) PDE,
we can obtain the derivative price by solving it [8]. More
concretely, starting from the maturity 7', at which the deriva-
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tive price is trivially determined as the payoff itself, we solve
the PDE backward to the present, and then find the present
derivative price. This PDE approach is suitable for derivatives
whose price is subject to some continuous boundary condi-
tions. One example is the barrier option. In this product, one
or multiple levels of underlying asset prices (barriers) are set,
and they determine whether the payoff is paid at the maturity
or not. For example, in a knock-out barrier option, the pay-
off is not paid if either of barriers is reached once or more
by T. This means that the price of the knock-out barrier op-
tion is O at barriers. Such a boundary condition is difficult to
be strictly taken into account in the other approach such as the
Monte Carlo method because of discretization in time, but can
be dealt with in the PDE approach.

Although the PDE approach is suitable in some cases, it is
difficult to apply it to multi-asset derivatives, where the num-
ber of underlying assets d is larger than 1, because of the curse
of dimensionality, the exponential growth of complexity with
respect to d. We can see this as follows. The BS PDE is (d+1)-
dimensional, where d and 1 correspond to asset prices and
time, respectively. In FDM, which is often adopted for solving
a PDE numerically, the discretization grid points are set in the
asset price directions, and partial derivatives are replaced with
matrices which correspond to finite difference approximation.
This converts a PDE into a linear ordinary differential equa-
tion (ODE) system, in which the dependent variables are the
derivative prices on grid points and the independent variable
is time. Then, we solve the resulting ODE system. The point
is that this calculation contains manipulations of the matrices
with exponentially large size, which scales on the desired ac-
curacy € as O((1/€)P°Y@), and so does the time complexity.
This makes the PDE approach, at least in combination with
FDM, intractable on classical computers.

Fortunately, quantum computers might change the situa-
tion. There are some quantum algorithms for solving lin-
ear ODE systems, whose time complexities depend on di-
mensionality only logarithmically[9—12]. This means that, in
combination with these algorithms, we can remove the expo-
nential dependency of time complexity of FDM-based PDE
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solving on dimensionality. Then, this paper aims to speedup
FDM-based pricing of multi-asset derivatives, using the quan-
tum algorithm. Although one might think that this is just a
straightforward application of an existing algorithm to some
problem, there is a nontrivial issue specific for derivative pric-
ing, that is, how to extract the derivative price for the present
underlying asset prices from the output of the quantum algo-
rithm. By solving the BS PDE up to the present (¢ = 0) using
the quantum algorithm, we obtain the vector ‘7(0), which con-
sists of the present derivative prices on the grid points. How-
ever, it is given not as classical data but as a quantum state
|\7(0)), in which the elements of \7(0) are encoded as ampli-
tudes of computational basis states. On the other hand, typi-
cally, we are interested in only one element V{ in \7(0), which
corresponds to the derivative price for the present underly-
ing asset prices. That is, we want only the amplitude of the
specific computational basis state in [V(0)). Since the ampli-
tude is exponentially small if there are exponentially many
grid points, reading it out requires exponentially large time
complexity, which ruins the quantum speedup.

We circumvent this issue by solving PDE up to not the
present but some future time #.,. The key observation is
that V; can be expressed as the expected value of its dis-
counted price at an arbitrary future time. Concretely, we
may take the following way. First, we generate two states:
|\7(tter)), in which the derivative prices at #,, are encoded, and
|P(ter)), in which the probability distribution of underlying as-
set prices at ., is encoded. Then, we estimate the inner prod-
uct (ﬁ(tter)|‘7(her)>, which is an approximation of V. Note
that, in this way, the amplitudes of all basis states in |\7(tter))
are used to calculate V. This is in contrast to read-out from
|\7(0)>, in which the amplitude of one specific basis state is the
sole necessary information. This leads to much smaller time
complexity in the above way than reading V} out from IV(O)).

In the following sections, we describe the entire process
of the above calculation: setting #.;, generating I‘_/)(t[er)) by
the quantum algorithm, generating |(f;)), and estimating V.
Besides, we estimate the complexity of the proposed method.
We see that, in the expression of the complexity, there are not
any factors like (1/€)P°Y@ but only some logarithmic factors
to the power of d, which means substantial speedup compared
with classical FDM.

The rest of this paper is organized as follows. Sections
IT and IIT are preliminary ones, which outline FDM-based
derivative pricing and the quantum algorithm for solving ODE
systems, respectively. Section IV discusses approximating Vj
as the expected value of the price at #e,, including its optimal
setting. Section V presents the main result, that is, the quan-
tum calculation procedure for Vj and its complexity. Section
VI summarizes this paper. All proofs are shown in [1].

Here, we explain the notations used in this paper. R, :=
{xeR|x>0}. ForneN,[n]:={1,..,n}and [n]o := {O}U[n].
For n € N, I, denotes the n X n identity matrix. || || denotes the
Euclidian norm for a vector and the spectral norm for a matrix.
We call each of them a “norm” simply. When a matrix A has
at most s nonzero entries in any row and column, we say that
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the sparsity of A is s. For ¥ = (v, ..., v)T € R?, where n is an
integer not less than 2, and i € [n], we define ¥/,; € R*"! as the
vector made by removing the i-th entry v; from V.

In this paper, we consider quantum states of systems con-
sisting of some quantum registers with some qubits. For a real
number x, |x) denotes one of the computational basis states on
some register, whose bit string corresponds to the binary rep-
resentation of x. For i € {0, 1}, we let |i) and [i) denote a state
on a multi-qubit register and a state on one qubit, respectively,
in order to distinguish them. For ¥ := (xy, ..., x7)T € RY, %)
denotes the (unnormalized) state in which the elements of ¥
are encoded in the amplitudes of computational basis states,
that is, |X) := Zlf"zl x; |i). For a (unnormalized) state |y), its
norm is defined as || |[Y) || := +/(¥ly). If a state i) satisfies
[y — ') || < €, where € is a positive real number and |i/”) is
another state, we say that [i/) is e-close to [’).

II. FDM-BASED DERIVATIVE PRICING
A. Derivative pricing problem and the Black-Scholes PDE

In this paper, we consider the following problem.

Problem 1. Let d be a positive integer and

T,U,.., Uy Ly, ... Ly be  positive real numbers
such that L; < U; for i € [d] Define D =
(L1, U)X -+ X (Lg, Ug), D = [Ly, Up] X -+ % [Ld, U4l and
D' = [Ll,Ul]X"'X[Li—l,Ui—l]X[Li+1,Ul+1] X [Lg, Ug]

for i € [d]. Assume that a function V :
satisfies the following PDE

[O,T]XD - R

2

d
iasas; $)

V(t §) + = Z oiojpijSiS |

1]1
+r ZS

on [0, T) X D and boundary conditions

V(t S-vi,$H| =0, (1)

V(T, §) = fpay(§)s

V(t,(S 1y Sict, Ui Sivts s S)T) = VUB(t, S ) for i € [d],

V({t,(S1s e Sicts Lis St S)T) = VIB(1, S ) for i € [d).
2)

Here, t € [0,T], S = S, ST eD, oy,...,04,r are posi-
tive real constants such that r < %0'12 fori€[d], pij,i,j€[d]
are real constants such that py| = --- = pgq = 1 and the matrix
0 = (Pij1<i,j<a is symmetric and positive-definite, and fpay :
D> R V™ [0,TIxD' > Rand V'8 : [0,T]xD' - Rare
given functions. Then, for a given §0 = (51,050 quo)T € D,

find Vi := V(0,8).

Here, we make some comments. (1) is the so-called
BS PDE, which corresponds to the following derivative
pricing problem. Under some probability space (Q, %, P),
we consider the d-dimensional stochastic process g (0 =
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(S1(2), ... S4(H))T, ¢t > 0 obeying the following stochastic dif-
ferential equation (SDE) system

dSi(t) = rS(t)dt + oS i(t)dW;(t),i € [d] 3)

where Wy, ..., W, are the Brownian motions on (Q, ¥, P) sat-
isfying dW;dW; = p;;dt for i, j € [d], with the initial value
S0 = So. S1,...54 correspond to prices of d underlying
assets and (3) describes the random time evolution of Y (?) un-
der the so-called risk-neutral measure, where any asset price
grows with the risk-free rate r in expectation. o is the pa-
rameter called volatility, which parameterizes how volatile the
random movement of §; is. This is the so-called BS model.
Then, the derivative price is given by the conditional expected
value of the payoft discounted by the risk-free rate. That is,
the price of the derivative in which the payoff fy (§ (T)) arises
at maturity 7 is

V(,8) = E[le™ T £, (S (1)) IngIS (1) = § 4)

at time ¢, if g (n = 3. Here, 1yp takes 1 if the condition for
the payoff to be paid (e.g., barrier condition) is satisfied and
0 otherwise. It is known that V(z, s ) satisfies (1) and appro-
priate boundary conditions, which should be set according to
the product characteristics of the derivative. For example, if
U; (resp. L;) is a knock-out barrier, V'8 = 0 (resp. VI'® = 0).

For a later convenience, we here transform the PDE (1) on
[0,T) x D into

B bx d 1,0
E_Y(T,f) ,Z O',crjp,ja % +;(r_§o-i)0_)ci Y(t, %)
~ )
on (0,T] x D, where 7 := T — t,X = (x1,....x5) =
(og S 1, ... 108 S )T, Y(1, %) := V(T -1, (e", ..., ")), D :=

(i, uy) X -+ X (lg,ug) and u; := log U;, [; :=log L; for i € [d].
The boundary conditions become
Y(0,9) = foay(®) = foay((€™, ..., ")),
Y (T, (X1, eoy Xim s Uiy Xig 15 ey X))
=Y P 20) = VAT =1, (e", e e L)),
YT, (X1, vony it Ly X150 X))
= YLB(T Xn) = VLB(T —1,(e", ..., e e ).
(6)

B. Application of FDM to the BS PDE

FDM is a method for solving a PDE by replacing partial
derivatives with finite difference approximations. In the case
of (5), the approximation is as follows. First, letting ng, be a
positive 1nteger We introduce the grid points in the directions
of @ for k = Zl ! gr “ik; + 1 with ky, ..., kg € [ngr — 1o,

-y
Ngr + 1

)

0 = 0 XGNTAD = 4 (g + Dy B
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Namely, there are ng, equally spaced grid points in one direc-
tion and the total number of the grid points in D is Ng := ngr,
except ones on the boundaries. For later convenience, we set
f D= I and x; Hereafter, we assume that ng, is a
power of 2 for snnphmty, whose detail is explained in Section
V, and define my, := log, n;.
Then, (5) is transformed into the Ng.-dimensional ODE sys-

tem

(nzr) _ h]

d = 2 N
—Y(r) = FY(7) + C(7). )
dr

with the initial value

7(0) = (Y(0, #V), ..., Y(0, V=)

= (foay (@), o, foay NN =1 g )
Here, fj (1), F and Ci (r) are as follows. f? () =
(Y1(1), ... Yy, (1)) € R and its k-th element is an approx-

imation of Y(r,x®). F is a Ng X N real matrix, which is
expressed by a sum of Kronecker products of ng X ng matri-
ces, that is,

2

d
O— .
F = _’]®l 1 ®D2nd ®I®d_’
; 2/’1[2 Mar Ngr
d-1 zd: i i
i yei- Ist j—i—1 Ist d—j
+ e D™ern " D™ e,
i=1 j=i+l 4hih,; ° B
d |
- A 2 ®i—1 lst d—i
- ; 2]’1, (r 20—1)Ingr ®D I;Zr ’ (10)
0 1 0
-1 0 1 1 -2 1
-1 0 1 1 -2 1
DISt = . . ) ’D2nd =
-1 0 1 1 -2
-1 0 1
(11)

6(7') = (C(7),...,C Ngr(‘r))T is necessary to take into account
the boundary conditions and its k-th element is

d
Cun =), 5h [6k oY PP E) + 01 ¥ P )]
<
d-1 d
Tigipij 1 LB, Ay _ LB, k)
+;§1 v |=00,0Y B (@, 20) - 61, 0 Vi (7, #)

UB
+6k "gr—ly (T

d
1 1
+ Zl o (7’ =50 )[5k " ,A—1YUB(T ) S0 Y2 (T, ﬂ(k))]

)+ O VP (@, 20|

(12)

Then, under the following assumption, we have a lemma on
the accuracy of the approximation (8).
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Assumption IL1. Y(r, X), the solution of (5) and (6), is four-
times differentiable with respect to xi, ..., xq and there exist
4, & € R such that

Vi, j,k, 1 € [d],T € (0,T),%¥€ D,

>’y (.9 < oY
Ax;0x jOxy LEY IS 0x;0x j0x;.0x

(.0 <& (13)

Lemma IL.1. Let Y(1, X) be the solution of (5) and (6), and

):;(T) be that of (8) and (9). Under Assumption II.1, if, for a
given € € Ry,

. 1 , 3¢ 1 f 3e .
hiSmln{dT‘_i 2§_T’;l ﬁ},le[d] (14)

then, for any T € (0,T), the inequality
2

I¥(r) - Y(@)l| < /Ng€ 15)

holds, where Y (1) = (Y(1, %), ..,

Lemma II.1 means that the root mean square of the differ-
ences between ¥;(r) and Y (r, ¥?) is upper bounded by e.

Y(r, #))T

III. QUANTUM ALGORITHM FOR SOLVING ORDINARY
DIFFERENTIAL EQUATION SYSTEMS

In this section, we outline the algorithm of [10]. This is the
algorithm for solving the linear ODE system

d, S
30 =AT+b, (16)

with the initial condition X¥(0) = #,. Here, X() € R, A €
R¥*V is a constant diagonalizable matrix, and 5 € RY is a
constant vector. Suppose that we want to find (7 for some
T € R.. The algorithm is based on the formal solution of (16)

HT) = T i + (T — Iy)A™'D. (17)

In order to calculate this, we consider the linear equation sys-
tem on the tensor product space V := R%*! ® RV, where the
former is the auxiliary space and the latter is the original space
on which A operates:

m—1

&y ® Xini + hz Citka)+1 ®b. (18)
i=0

m k. p(Aht)

Here, m, p, k are positive integers set large enough (see the
statement of Theorem III.1), g := m(k + 1) + p, hy = T/m,
X € RV@*D and {&}i,1.. 4 is an orthonormal basis of R7*!.
For B € RV*N the N(g + 1) x N(g + 1) matrix Cyx ,(B) is
defined as

q m—-1 k 1
Cpp(B) = Z gngT ®Iy - Z _)t(k+l)+jg§k+1)+j—1 ®-B
j=0 i=0 j=1 J
m—-1 k q
ST T
Zg(i+1)(k+1)ei(k+l)+j ®Iy - Z €i;_1®1. (19)
i=0 j=0 jemka )41
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Ck,p is designed based on the Taylor expansion of (17). The
solution of (18) can be written as

m—-1 k

}Z Z Z Cilk+1)+j ® -xlj + Z Em(k+1)+j ® xma (20)

i=0 j=1

for some vectors ¥; ;, X,, € RV, and %, becomes close to X(7T),
which we want to find. Note that X, is repeated p times in the
solution X, which enhances the probability of obtaining the
desired vector in the output quantum state of the algorithm.
Although the C,, 1 ,(Ah;) is an extremely large matrix, the
quantum algorithms for solving linear equation systems (QLS
algorithms)[13-15] can output the solution of (18) only with
complexity of O(log N), where N is the number of rows (or
columns) in C,, x, ,(Ah;). The quantum algorithm in [10] lever-
ages the algorithm in [15]. In order to use it, [10] assumes that
the following oracles (i.e. unitary operators) are available:

® Oy, : this returns the column index of the /-th nonzero
entry in the j-th row of the matrix A

Oar = [P =17 Iv(i D) 21
e Oy : this returns the (j, k) entry of the matrix A

Oaz 1Dk 12) = 1) k) 1z @ A ji) (22)

0;. - |(:)> |O> = m |(_)> |)?ini> (23)
"D ) = (1) ) for any )
10) lw) |0> lyy for any |)

% {|1>|0> - M ) (24)

for b # 0. When b = 0, this is an identity operator.

Then, we present the theorem (Theorem 9 in [10]), which
states the query complexity of the algorithm.

Theorem IIl.1. (Theorem 9 in [10], slightly modified) Sup-
pose A = VDV~!is an N x N diagonalizable matrix, where
D = diag(dg, Ay, ..., Ay-1) satisfies Re(1;) < 0 for any j €
0,1,...,N — 1. In addition, suppose A has at most s nonzero
entries in any row and column, and we have oracles O4.1, O 2
as above. Suppose X and b are N-dimensional vectors with
known norms and we have oracles Oy, and Oy as above.
Let X evolve according to the differential equation (16) with
the initial condition ¥0) = ®y. Let T > 0 and g =
max,epo.7] [XOI/NIXT). Then there exists a quantum algo-
rithm that produces a state [P, which is e-close to

1 p(k+2)
%) := We) + > 1) |f<T>>]
\/ (Pgarl Pear) + (p + DIXTD)I J=p(k+1)
(25)
making
0 (KVSTIIAII X poly (log (%”M))) (26)
4
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queries to Oa1, Oan, O and Op. Here, ky = ||V -
\V-Y is the condition number of V, p = [TI|All, k =
[21og Q/ log(log Q)], Q@ = 70gxy p* *(1%nill + TlIbI)/ell D),
and |Wear) is an unnormalized state which takes the form

of Wear) = Z;,’LIB“)’I |7 ;) with some unnormalized states

o), 1), |¢’p(k+1)—1> and satisfies <Tgar|lpgar> = O(gz(p +
DIRT)IP).

The modifications from Theorem 9 in [10] are as follows.
First, in [10], it is assumed that we perform post-selection to
obtain |¥(T)) /|| |X(T)) || (strictly speaking, a state close to it).
On the other hand, in Theorem III.1, the output state is not
purely |X(T)) /|||¥(T)) || but contains |¥(T)) as a part in addi-
tion to the unnecessary state [¥g,). This is because, in this
paper, we use the algorithm of [10] as a subroutine in the
quantum amplitude estimation (QAE)[16, 17], as explained
in Section V, and the iterated subroutine in QAE must be an
unitary operation. This means that we cannot perform post-
selection, since it is a non-unitary operation. Note also that,
we do not perform amplitude amplification for |¥';), which is
done before post-selection in [10], and thus a factor g, which
exists in the expression of the complexity (112) in [10], has
dropped from (26) in this paper. Moreover, the meaning of
the closeness € is different between Theorem III.1 in this pa-
per and Theorem 9 in [10]. In the former, € is the closeness
between |¥) and |¥), which corresponds to ¢ in [10]. On the
other hand, Theorem 9 in [10] refers to the closeness of the
state after post-selection to [X(T)) /|| |&(T))||. This difference
also makes (26) different from (112) in [10].

IV. APPROXIMATING THE PRESENT DERIVATIVE
PRICE AS THE EXPECTED VALUE OF THE PRICE AT A
FUTURE TIME

As we explained in the introduction, we aim to calculate Vj
as the expected value of the discounted price at some future
time. Concretely, we set t,, € (0, T) and calculate

Vo = et f dS ¢(tier, ) png (tier, HV(ter, §), (27
R

where ¢(z, s ) is the probability density function of g (1), and
pns(2, §') is the conditional probability that the no event which
leads to extinction of the payoff happens by ¢ given S =75.
Although (27) holds for any t,, for the effective numerical
calculation, #,, should be set carefully. Recalling our motiva-
tion to evade exponential complexity to read out Vj, which is
explained in Section I, we want to set f,., as large as possible.
On the other hand, there are some reasons to set #,, small be-
cause of existence of boundaries. First, note that it is difficult
to find png(fiers Y ) explicitly in the multi-asset case. However,
for sufficiently small #;, png (fers Ky ) is nearly equal to 1, since
the payoff is paid at least if S(t) does not reach any bound-
aries and the probability that S () reaches any boundaries can
be neglected for time close to 0. Besides, note that we ob-
tain the derivative prices only on the points in boundaries by
solving PDE. For small #.;, we can approximately calculate
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Vo using only the information in boundaries, since the proba-
bility distribution of S (ter) over the boundaries is negligible.
In summary, we should set #,, as large as possible in the range
of the value for which the probability distribution of Y (ter) 18
almost confined within the boundaries. For such #.,, we can
approximate

Vo = e e f d§¢(tlers LS_‘))V(Z‘ler’ §) =" \fj df&(tter’ DY (Ter, %),
D b (28)
where Ty 1= T — t, and @(t, ¥) is the probability density of
X(f) under the BS model (3) and will be explicitly given later.
Considering the above points, we obtain the lemma, which
shows a criterion to set t,,. First, we make an assumption,
which is necessary to upper bound the contribution from the
outside of the boundaries to the integral (27).
Assumption IV.1. There exist positive constants Ay, Ay, ..., Ay
such that, for any SeD, Jpay in Problem 1 satisfies

d
Foy @) < DT AS i+ Ao, (29)
i=1

That is, we assume that the payoff is upper bounded by some
linear function, which is the case for many cases such as cal-
1/put options on linear combinations of S, ..., S (i.e. basket
options). Then, the following lemma holds.

Lemma IV.1. Consider Problem 1. Under Assumption IV.1,
for any € € R, satisfying

(Ad(d+ 1))
log| ———

€

> max{% (1 - %]log(%), % (1 - %]log(%)} ,ie[d],
(30)
where A = max{A; \JUS 1,0, ... Ay \JUaS 4.0, Ao}, and
€ <2d(d+ 1) x max{Ap,A1S 10, ... AaS a0}, (31)

the inequality

VOS¢ [ bt DY D| <26 32
b
holds, where
] 2(ee(E)) 2 10g ()"
ter 1= Min > z

[\®)
()]

S

L3S
—_

o

(=]

—
2
X

™
T

N
[\o)
(9}

S

Uw
—

o

]

—
2
=3

R e
T

N

S————
~~~
[98]
(98]
N

and
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Note that, in (32), the region of the integral is slightly different
from D, the interior of the boundary in the ¥ domain. This is
just for interpreting the finite-sum approximation of the inte-
gral as the midpoint rule (see the proof of Lemma V.1 in [1]
for the detail).

V. QUANTUM METHOD FOR DERIVATIVE PRICING BY
FDM

In this section, we finally present the quantum method for
derivative pricing by FDM. Our idea is calculating the present
derivative price Vj as (27), the expected value of the price at
the future time #.,. As explained in Section IV, we approxi-
mate (27) as (28). In fact, we have to approximate (28) further,
since we obtain the derivative prices only on the grid points by
solving PDE using FDM. Therefore, we approximate (28) as

Nt
Vo = e’ Z kak(Tter) = e_rTﬁ' Y(Tter)s (35)

k=1
where g := (py, ..., pNg,)T, and py is the existence probability

of X(te;) on the k-th grid point and explicitly defined soon.
Hereafter, we discuss how to estimate this inner product.

A. Generating the probability vector

Firstly, let us discuss how to generate j, a vector which
represents (¢, %), the probability distribution of ¥(t..), as
a quantum state. As we will see below, although we aim to
generate a quantum state in which the amplitudes of basis
states are proportional to @(fe,, X), we can apply the method
to generate a state in which amplitudes are square roots of
probabilities[4, 18], since ¢(ter,¥) can be regarded as the
square roots of the probability densities under another distri-
bution.

Concretely speaking, we aim to generate the vector

d
= (Prses i) i i= Bt D | |1 (36)
i=1

where ¢(t, %), the probability density of #(), is given as

~ o 1 _l 2 ANTy-1l/2_

PR = @nty/2 (TTL, o) /detp eXp( ZAL ﬁ))
37

with @ = ((r—% z)t,...,(r—%(rfl)t)T and ¥ =

(0i0 jpij)i<i j<d- that is, the density of the d-dimensional nor-
mal distribution with the mean & and the covariance matrix
X. Actually, we generate this vector as a normalized quantum
state, that is,

Ng Nor
Pk . 2
— '= = .
é P k), P := ||pll ;:1 Py (33)
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Here, note that (é(¢, ¥))* is ¢(X) times a constant independent
of ¥, where

o 1 1 > NT (1 )_1 = - J
X) = exp|—=(xX— =2 X - s
@(X) (ﬂf)d/z(l_lfil a,-) =T p[ 5 A) > (¥ -
(39)
is the probability density for another d-dimensional normal
distribution. Therefore, |p) is approximately the state

N,

1 &
=" Varky, 40
o) A gk k) (40)

where ¢(¥) is encoded into the square roots of the amplitudes.
Here, for k = Z?:] ngr"k,- + 1 with ki, ..., kg € [ng — 1]o,

(K +1) (kg +1)
X, Xa
qi = v dxp--- ) dxqp(ter, X), 41)
(kp) (kq)
x Xa
. . d
which is close to ¢(ter, ¥9) [T, h;, and
x(l,,gr) Xi{/xgr)
Q = d)C] dxd‘p(tters f)a (42)

which is close to 1.

Then, the task is boiled down to generating |). This is done
by Algorithm 1, the multivariate extension of the method of
[18].

Algorithm 1 Generate |p)

1: Prepare d mg-qubit registers and initialize all qubits to |0), which
means the initial state is [0)®.

:fori=1toddo

for j = 11to my do

4: Using &y, ..., k;—; indicated by the first, ..., (i—1)-th registers,
respectively, and kf”, s k[['i_ll, the bits on the first, ..., (j —
1)-th qubits of the i-th register, respectively, rotate the j-th
qubit in the i-th register as

N

10 = £ty e ki K, KT (0)

A1 = fiihs ki

This transforms the entire state into

\/_ MZ Z \/q,,(kl,... kioys kU, kYT

[
€[ngr—1]p

e KT T

co.1]
X[y - [kiogy [y 0y

where k is an integer whose my,-bit representation is

[ [l

KUkl o0,

mgr—j
5: end for
6: end for

Here, note that |k) can be decomposed as

k) = lkyy- - ka) » (43)
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where each |k;) is a state on a mg-qubit register (recall that
ng = 2™), and |k;) can be further decomposed as
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1} as ..l with N, e {0, 1),
Algorithm 1 requires us to compute

Besides, note that

[i-1]
. — a IR (ST TRy L ()
k) = "‘5’]> ). ) itk i k] = ST
ql] l(kl"" l 1’k 7"'7ki )
(45)
where we write the n-bit representation of i € {0, 1,...,2" — fori € [d] and j € [mg], where
J
X _/(b """" nél’) (ngr) .
xLl (b,j..., lf«» f«» dxd‘»p(f %) pi=1
x(ivm) x(k, 1+ JCR( . L) L) .
i j(k1s s kit by, b)) = fx(;]) dx; - f(;‘ ‘1) dxl 1fL(,, 5 D dx; f(og' dxipr - fm) dxgp(t,%) ;2<i<d-1, (46)
)]((kl+l) de 1+ xd (b1,
S doxree [l dxdlf J b)dxdtp(tf) i=d
X Xg-y o AT
[
and where
0 0 j=0 o ui—lio
Xibry b)) = Xk = by 000 5 € g A= o tler’le[d]‘ Gb
i,j 4 J i 1 J : B er
Mgr—j Besides, we make an additional assumption.
Ngr 5 j= 0 . .
N k) . o Assumption V.1. For Y(x, %), the solution of (5) and (6), and
xfj(bl’ ) 1= X7 kR 1= 0 by "'bju+1 2 J € lmgl @(t, %), the probability density function of ¥(t) under the BS
M=) model (3), there exists n € R such that
47)

fori € [d], j = 0,1,...,mg and by,...,b; € {0,1} (note that
q10 = Q). Such a f;; can be actually computed as follows.
Neglecting the contribution from the outside of the boundary,
we see that

1 -1
FZR(CTOY SV LN )
L (1 4R (b1 .nb))
fz(); lb. ’ . dxi o (xis ks s kio1)
Bl 48)
fxfj(bl ..... b)d mr sk D) s
ij(bl ,,,,, ; 190 is K1y eees Rj—1
where
G (s ks s kioy) =
+00 +00 . .
f dxiny - f g, ot 25 it xa)T)
(49)

is the marginal density given by integrating out x;, 1, ..., X; and
fixing xp, ..., x;_1. We can regard this as an univariate normal
distribution density function of x; (times a constant indepen-
dent of x;), and therefore compute (48) by the method pre-
sented in [4].

At the end of this subsection, let us evaluate the error of (35)
as an approximation for (28). As preparation, we evaluate the
normalization factor P as follows:

) Ner " d 2 Hl.jzl A,‘
p oot [Tn] - ot

(50)

k=1 i=1
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Vi, jeldl,7e(0,T),%eD,

. 6 ———(@(T - T)?)Y(T)?))‘<T]

(52)

Then, we obtain the following lemma, which guarantees us
that we can approximate the integral by the finite sum over
the grid points.

Lemma V.1. Consider Problem 1. Under Assumptions Il.1,
IV.1 and V.1, for a given € € R, satisfying (30) and (31), if we
set

- | (4m)?B(det p)'/® (4r)¥/8(det )8
h; < b := min{ ———~ (am)™"(detp) ™
doi([Te, A 2€T ([T, A ng
1 24
- (53)

2\ 1,
(ML i = 1)~ N 4
for each i € [d], the following holds
2
|75 V) = Vi| < 4e. (54)

where p is defined as (36), I:/) is the solution of (8).

B. Generating the derivative price vector

Next, let us consider how to generate V(tter), the vector
which encodes the grid derivative prices at f,. Precisely
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speaking, since we solve (8), we actually obtain the vector

?(Tter), which encodes the approximations of Y(, X) on the
grid points. Furthermore, by the algorithm presented in Sec-

tion III, we obtain not Y itself but some quantum state like

(25), which contains a state corresponding to ¥ along with a
garbage state.

For the precise discussion, let us firstly make some assump-
tions in order to satisfy preconditions to use the quantum al-
gorithm. The first one is as follows:

Assumption V.2. C(r) in (8) is independent of 7.

Then, hereafter, we simply write ol (1) as C. We make this
assumption in order to fit the current setting to [10], which
considered solving (16) for constant A and b (note that F'in (8)
is constant). Although C (7) is not generally time-independent,
the assumption is satisfied in some cases. For example, if a
boundary corresponds to a knock-out barrier, V (¢, s ) =0onit.
Of course, there are many cases where C (1) is time-dependent,
and it is desirable to expend our method to such cases. We
leave this as a future work.
The second assumption is as follows:

Assumption V.3. For F in (10), the following oracles Op;
and O are available:

Oy = I = 1R Ive(5 D), (55)

where j € [Ny, | € [s¢], sp is the sparsity of F, and v(j, 1) is
the column index of the I-th nonzero entry in the j-th row,

Ora 1D k) 12) = 1) k) [z @ Fje) (56)

where j, k € [Ny] and z € R. Besides, for f;ay in (9) and Cin

(12), we know their norms and the following oracles O 7 and
pay

Og are available:

— 1A 4
10)10) = o 10) 1 fpay? ’ 57)

fpny ' |i>|l//> - |I>|¢/> for any Il!/>

On: {|0> ) > 10) ) for any | (58)

- IS i
ID10) = & ID1C)

for C +0and Opg is an identity operator for c=o.

Since F is explicitly given as (10), the sum of the Kronecker
products of tridiagonal matrices, construction of O and O

2 2
is straightforward. On the other hand, f,,y and C are highly

problem-dependent, and so are O > and Ogx. Therefore, we
pay
just assume their availability in this paper, referring to some

specific cases. Although the gate complexity for preparing a
state in which a general vector is amplitude-encoded is ex-
ponential in the qubit number [19], it can be efficiently per-
formed in the following cases.

(© 2022 Information Processing Society of Japan
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e By the analogy with preparation of |p), we see that
Vo)

fpusl

the integral of the square of fpay(f). For example, it

is possible if f;ay(f) depends on only one of xi, ..., x4

(say x;) and has a simple form such as call-option-like

Foay(®) = max{e™ — K, O}.

we can prepare if we can analytically calculate

e If all boundaries correspond to knock-out barriers, C=
0, and therefore O is just an identity operator.

Then, we obtain the following lemma.

Lemma V.2. Consider the ODE system (8). Assume that As-
sumptions IL.1, IV.1, V.1, V.2 and V.3 are satisfied. Let € be
any positive real number satisfying (30) and (31), and € be
any positive real number. Then, there exists a quantum algo-
rithm that produces a state [¥) €’-close to

1 p(k+2) S
¥y = = [|t11gm>+ DL D)),
V¥ + (p + DI el e

(59)
where ):’)(T[er) is a vector satisfying (54), making

(O —

queries to Op, Op», Of? , and Og. Here,
pay

C := max

\lngzlAidZEU'?nather p d / kyd*a?, T
) i — L) X—,
(@myddetpyit g(“ ) p

(61)

ky = |IVIl - |V~ is the condition number of V which di-

agonalizes F (i.e. VF V-lisa diagonal matrix), omax =

MaXe[q) O3, = = max{&, {/d}, Tier := T — tier, ter is defined

as (33), p = TtellFI & = [2log Q/log(log )], Q =

70gKVp3/2(”fpay” + TICID/ellY (Teen)ll, and H’gar) is an unnor-

malized state which takes the form of |V gar) = Z’?(kﬂ)_] [ i)

j=0
with some unnormalized states |)o) , 1), ... Wpa+1)-1) and
satisfies
2
(WgarWgar) = O (p + DIV (Tie)II”) (62)

with g := MaXre(o,r1 IV ON/I1Y (Teen)Il

C. Proposed algorithm

Finally, based on the above discussions, we present the
quantum method to calculate the present derivative price Vj.
Our strategy is calculating this as (35). More concretely, we

aim to subtract the information of j - f? (Tter) from [¥) in (59),
the output state of the algorithm of [10].
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In order to do this, we first modify the algorithm slightly.
That is, we aim to solve not (18) but the following one by the
QLS algorithm:

m—1 p+l

Cm,k,p(th)}Z = 20® fray+h Z Citks1)+1 ®C+Z Enics 1)+ p+i®Y-

i=0 i=1
(63)
Here, m, p, k are integers defined in the statement of Lemma
V2, q := mik+ 1) +2p+1, hy = Tier/m, X € RN=@*D (2} o,
is an orthonormal basis of R7*!, and 7 := (y, ..., y)" € R for
some y € R,. Hereafter, we make the following assumption
ony:

Assumption V.4. We are given v € R, satisfying

1 -
5 ¥ (Ter) <y < 2¥ (Tier), (64)

with ¥(r) = [ T (Y (e, #0))

This means that y is comparable with the root mean square of
Y (Ter, )?2 on the grid points. Besides, the Ny(q+1) X Ngr(q+1)
matrix C,,x ,(Fh;) is now defined as

m,k,p(th) =
q m-1 k
Z €€ ®]Ngr ZZ l(k+1)+Jez(k+1)+j 1 ® th
Jj=0 i=0 j=
m—1 k m(k+1)+p
- ST 4 AT
- Z i Dkt D) Ciihr 1)1 © TNy — Z _1 ® Iy, (65)
i=0 j=0 Jj=mk+1)+1

The solution of (63) is

m—1 k > p+l
)? = Z gi(k+1)+j®?i,j+z em(k+1)+]®Y(Tter)+Z em(k+1)+ﬂ+1®7’
i=0 j=1 j=0 j=1
(66)
2 2

Ner

2
for some vectors Y; s Y(Tte,) € R%, and Y (1) becomes close

to Y(Tter) Note that, in X Y(Tter) and ¥ are repeated (p + 1)-
times. Then, applying the quantum algorithm, we can gener-
ate the quantum state [¥,0q4) €-close to

p(k+2) p(k+3)+1

D@+ > I

J=pk+1) J=p(k+2)+1

1
[¥mod) = z {|\Pgar> +

Z = \/<‘Pgar|‘}’gar> + (P + 1)||§(Tter)”2 + (p + I)Ngfyz‘ (67)

Note that the query complexity for generating [P noq) is (60),
similarly to [P). This is because the complexity of the QLS
algorithm depends only on the condition number and sparsity
of the matrix and the tolerance[15], and the condition number
and sparsity of C'm,k,,,(Fh,) is same as C,x ,(F'h;).

Using [¥ o), We can estimate P Y(ter). The outline is as
follows. First, we estimate the inner product

p+1

5P V(). (68)

<H|leod> =
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where
p(k+2)
= e >, (69)
J pk+1)
by estimating the amplitude of |0} |0) in Ui; Ug, ,10)|0) using

QAE. Here, Uy and Uy are the unitary operators such that
Uty 10)10) = [rnoa) . (70)

and
Uni10710) = [IT), (71)

respectively. Note that, if we can generate [p), we can
also generate |[T), since this is just a tensor product of

./_ ZPU;EQU [/ and |p). Next, by QAE, we estimate the
probability that we obtain j € {p(k +~2) +1,...,ptk+3)+1}in

the first register when we measure [Wy,0q4), and then obtain an

estimation of y /(p + 1)Ng/Z. Finally, using E| and E3, the
outputs of the first and second estimations, respectively, we
calculate

e Ty [Ny PE
Y al £ (72)

E,

as an estimation of e/ - f? (Ter). We present the detailed
procedure is described as Algorithm 2.

Algorithm 2 Calculate ™7 - ¥ (ter)

Require:
v € R, satisfying (64).
€ € R, satisfying (30) and (31).
€1, & € R, satisfying (73). &, € R, satisfying (75).
Accesses to the oracle Uy, such that (70) and (74) and its in-
verse.
Accesses to the oracle Uy such that (71) and its inverse.
1: Estimate the amplitude of |0)|0) in the state U;IU@ |0) 10y by
QAE with tolerance €. Let the output be E|.
2: Estimate the square root of the probability that we obtain either
of p(k+2)+1,..., p(k+3) + 1 when we measure the first register
of [¥04) by QAE with tolerance e,. Let the output be E,.
Ngr PE)

mod

3: Output e~ =: w, where P is given by (50).

Here, taking some € € R,, we require the tolerances €, and
6 in calculating £ and E; be

d2
.- 0[@70_ WJ _ O(L) 73

g(ML, &)V Vo

= D (Vi SO)? s

the root mean square of the denvatlve prices on the

respectively, where V(te;)

grid points at time fg, and S® = (S w8 (k))T =
(exp(x), ..., exp(xf)T for k = zjflnd ik, + 1 with
ki, ....kq € [ng — 1]o. Besides, we require that

| |‘"Pm0d> = [Pmot) Il < €y, (74)
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where
ey = O (max{e;, &}). (75)

These requirements guarantee the overall error to be smaller
than e. We formally state these points along with the com-
plexity of the procedure in Theorem V.1.

Theorem V.1. Consider Problem 1. Assume that Assump-
tions IL1, IV.1, V.1, V.2, V.3 and V.4 are satisfied. Then, for
any € € R, satisfying (30) and (31), Algorithm 2 outputs the
real number w such that |w — Vy| = O(e) with a probability
higher than a specified value (say, 0.99). In this procedure,
O (D x poly (log D)) queries to O, Opy, Of;.y’ and Oz are

[d 2= 2
¢ NdEo ) T, d
i=1 B max ! ter
,d7]| |(Mi—li)
i=1

(dm)(det p)'/4

made, where

D := max

12, 8) 7 -
] TE 2V | swvdiodyre oo

(2m)d/2 \/M’ 0 €2
MmaXjeq 05, = = max{§ {/d), T =
T — ter, ter is defined as (33), A; is defined as
(51, g = maXeanITOUIFEl Vi) =
Vi S (Ve SO and ky = IVIL- IV s the
condition number of V, which diagonalizes F.

O max =

Note that the upper bound of the complexity does not
have any factor like (1/€)P°Y@, which means the tremendous
speedup with respect to € and d compared with the classi-
cal FDM. On the other hand, the exponential dependence on
d has not completely disappeared. In fact, there are factors
in the form of the d-times product of some numbers such as
1%, — ;) and [TZ, A;. Recall that u; — I; = log(Ui/L;) is
the width between boundaries in the direction of x;, the loga-
rithm of the i-th underlying asset price, and A; is that divided
by o Viwer, Which roughly measures the extent of the proba-
bility distribution of x; at time #,.,. Therefore, these factors are
just logarithmic factors to the power of d. Also note that there
is a factor of O(d®), which is polynomial but rather strongly
dependent on d.
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VI. SUMMARY

In this paper, we studied how to apply the quantum algo-
rithm of [10] for solving linear differential equations to pric-
ing multi-asset derivatives by FDM. FDM is an appropriate
method for pricing some types of derivatives such as barrier
options, but suffers from the so-called curse of dimensionality,
which makes FDM infeasible for large d, the number of under-
lying assets, since the dimension of the corresponding ODE
system grows as (1/€)P°Y@ for the tolerance €, and so does
the complexity. We saw that the quantum algorithm for solv-
ing ODE systems, which provides the exponential speedup
with respect to the dimensionality compared with classical
methods, is beneficial also for derivative pricing. In order to
address the specific issue for derivative pricing, that is, ex-
tracting the present price from the output state of the quan-
tum algorithm, we adopted the strategy that we calculate the
present price as the expected value of the price at some appro-
priate future time #.,. Then, we constructed the concrete cal-
culation procedure, which is combination of the algorithm of
[10] and QAE. We also estimated the query complexity of our
method, which does not have any dependence like (1/€)P°Y(
and shows tremendous speedup with respect to € and d.

We believe that this paper is the first step for the research in
this direction, but there remains many points to be improved.
For example, we should consider whether the assumptions we
made can be mitigated. For instance, although we assume
that é(T) is time-independent (Assumption V.2), some prod-
ucts do not fit to this condition: e.g., when we consider the
upper boundary condition in the case of the European-call-
like payoff fpay(S) = max{S — K, 0} with some constant K,
V(t,8)~ S — e T DK and therefore Y(, ®) = ¢"TV(z,S) can-
not be regarded as constant for large S. In order to omit this
assumption, we might be able to extend the algorithm of [10]
so that it can be applied to time-dependent 6(7'). As a future
work, we will investigate the possibility of the quantum FDM
for the wider range of derivatives.
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