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Abstract: Variational quantum algorithms (VQAs) are expected to become a practical application of near-
term noisy quantum computers. Although the effect of the noise crucially determines whether a VQA works
or not, the heuristic nature of VQAs makes it difficult to establish analytic theories. Analytic estimations of
the impact of the noise are urgent for searching for quantum advantages, as numerical simulations of noisy
quantum computers on classical computers are heavy and quite limited to small scale problems. In this work,
we establish an analytic estimation of the error in the cost function of VQAs due to the noise. The estimation
is applicable to any typical VQAs under the Gaussian noise, which is equivalent to a class of stochastic noise
models. Notably, the depolarizing noise is included in this model. As a result, we obtain an estimation of
the noise level to guarantee a required precision. Our formulae show how the Hessian of the cost function
affects the sensitivity to the noise. This insight implies a trade-off relation between the trainability and the
noise resilience of the cost function. As a highlight of the applications of the formula, we propose a quantum
error mitigation method which is different from the extrapolation and the probabilistic error cancellation.

Keywords: Quantum computing, NISQ, Variational quantum algorithms, Hybrid quantum-classical algo-
rithms, Quantum error mitigation, Effects of the noise
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Universal noise-precision relations in variational

1. Introduction

To make use of noisy intermediate-scale quantum (NISQ)
devices in the near future [37], we have to seek a classi-
cally intractable task that hundreds of qubits can resolve
under the lack of the error correction. A promising frame-
work to realize it is hybrid quantum-classical algorithms,
where most of the processes are done on a classical computer,
receiving the output from a quantum circuit which com-
putes some classically intractable functions. Especially, vari-
ational quantum algorithms (VQAs) have attracted much
attention, where the cost function of a variational problem
is computed by utilizing low-depth quantum circuits and
the optimization of the variational parameters is done on
a classical computer. For example, the variational quan-
tum eigensolver (VQE) [1], [20], [36] is a VQA to obtain an
approximation of the ground state of a Hamiltonian, and
beyond [5], [15], [16], [18], [26], [27], [31], [33], [35], [38], [41].
The quantum approximate optimization algorithm (QAOA)
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[8], [9], [34] is another attracting VQA for combinatorial
optimization problems. The quantum machine learning al-
gorithms [2], [3] for NISQ devices have also been proposed
in various settings [6], [13], [21], [24], [28], [44].

The noise is one of the most crucial obstacles to over-
come toward achieving quantum advantage via VQAs. The
heuristic nature of VQAs makes it difficult to establish ana-
lytic theories on the effects of the noise on the performance
of VQAs. As numerical simulations of noisy quantum com-
puters on classical computers are heavy and limited to small
scale problems, analytic estimations of the impact of the
noise are urgent for obtaining knowledge about intermedi-
ate scale problems with potential quantum advantage. In
fact, this issue has been actively studied in recent years,
and some analytic results have been obtained, for example,
on the noise resilience of the optimization results [11], [39],
noise-induced barren plateaus [42], noise-induced breaking
of symmetries [10], effects of the noise on the convergence
property of the optimizations in VQAs [12].

In this work, we establish an analytic estimation formula
on the error in the cost function of VQAs due to the noise.
Especially, we focus on the the effect of the noise on the
expectation value in order to investigate ultimately achiev-
able and unachievable precision, aside from the statistical
error due to the finiteness of the number of measurements.
The estimation is applicable to any typical VQAs under the
Gaussian noise, which is equivalent to a class of stochastic
noise models. Notably, the depolarizing noise is included in
this model. As a result, we obtain an estimation of the or-
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der of magnitude of the noise level to guarantee a required
precision. Our formula shows how the Hessian of the cost
function affects the sensitivity to the noise. This insight
implies trade-off relations between the trainability and the
noise resilience of the cost function.

The correspondence from the stochastic noise model to
the Gaussian model is given by introducing virtual paramet-
ric gates associated with the noise. Our formula essentially
comes from the expansion of the cost function with respect
to the fluctuations in the parameters due to the noise. This
fact implies that a picture of the noise based on fluctua-
tions of parameters of virtual parametric gates can serve as
a powerful tool for performance analysis of VQAs. In fact,
we propose a quantum error mitigation method based on
this expansion including the virtual parameters, which is
different from existing error mitigation methods such as the
extrapolation [23], [40] and the probabilistic error cancella-
tion [7], [40].

2. Setup

2.1 Gaussian noise model of the parameterized
quantum circuit
We consider the following parameterized quantum circuit

—

M
U9) = HUi(Gi)Wi, (1)

where U;(0;) = exp[—if; A; /2] with A7 = I, and W; is a
generic non-parametric gate. Typical parameterized quan-
tum circuits such as the hardware efficient ansatz [13], [20]
satisfy the above requirements. We focus on a VQA to
minimize the cost function C(f) given by the sum of the
expectation values of the target Hermitian operators H;

(1=1,2,---,L) as

C(0) =Y (&l UO) HU®B) ) , (2)

=1

where |¢;) (I =1,2,---,L) are the input states.

We consider the Gaussian noise in the parameter, where
the cost function C’noisy(é') obtained by the noisy circuit is
given as

=

Choisy (0) = / du(A) (p|U + N)THU@ + A) |¢)

- / du(K) C(F + K), 3)

—

where the components of the noise A = (A1, Ag, -+, Ap)
are independent random variables following the Gaussian
distribution with the mean 0 and the variance o2 for the
i-th component, and g denotes the measure. The Gaussian
noise model represents not only the fluctuation in the pa-
rameter but also the stochastic noise in general as shown in
Sec. 2.2.

In this paper, we only focus on the effect of the noise
on the expectation value in order to investigate ultimately

(© 2021 Information Processing Society of Japan

Vol.2021-QS-3 No.16
2021/7/2

achievable and unachievable precision, aside from the statis-
tical error due to the finiteness of the number of measure-
ments.

2.2 Correspondence to the stochastic noise model

Here, we show the correspondence relation between the
Gaussian and stochastic noise models along the same lines
with Nielsen and Chuang’s textbook [32]. We consider the
case where M’ stochastic noise channels

Ear p, (p) = (1= pj)p + pjAjpA; (4)

with respect to operators A} (j = 1,2,---, M), A;Z =1
are inserted in the circuit, where p denotes a density oper-
ator and 0 < p; < 1/2 is the error probability. Hereafter,
the prime denotes the operator or parameter associated with
the stochastic noise to distinguish from that of the noiseless
circuit. We define a map

Unj,alp) = 5% pel 20, (5)
Using the relation

A g A A
e 1§AJ:]lcos§—iA;sin§7 (6)

we have

A .
Uar,a(p) +Uar —alp) = 2p cos’ 5t 24 p A sin®

Shile

)

From Eq. (7), we obtain the equivalence between the Gaus-
sian noise channel G Ao with respect to A; with the vari-
ance

of? = —2log(1 — 2p;) (8)

and the given stochastic noise channel £ Alp, 35 follows:

gAfj,a; (,0)

A2
T 2572

[e'e] e o;
= Usr ——dA
/_OO AJ.,A(p) \/ﬂa/.

J
A2

> A A\ e 7
=2 2pcos? = + 24" pA”; sin’ 7) dA
/0 ( P 2 3P 2 \/27r03.

=(1—pj)p + pj AjpA]
=Ear,p,;(p)- (9)

Hence, if we consider the stochastic Aj-noise (j =
1,2,---,M’"), it can be treated as the Gaussian noise with
respect to the virtually inserted parametric gate UJ’(G;) =
exp[—i0;A’ /2] at the place where the noise occurs, where
6 = 0 throughout the optimization. In the following, 6 de-
notes the abbreviation of the total parameters (6,6) = (6, 0)
when the virtual parameters for the stochastic noises are
considered. Especially, the partial derivative of the cost
function with respect to a virtual parameter 93« with 6/ =0
is denoted by %O;C(g). We remark that Eq. (8) implies that
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o7 =4p; + 0 (17) (10)

for small error probability p; from the Taylor expansion
—log(l —z) = = + O(z?).

Especially, the depolarizing noise is one of the most ba-

sic and serious error sources for noisy quantum computers.
A key feature of the Gaussian noise model is its capability
of treating the depolarizing noise via the above correspon-
dence. The depolarizing noise is described by the depolariz-
ing channel Dy, 4(p) = (1 —q)p+q(4* —1)~* Zi{l P;pP;,
where P; runs over all k-qubit Pauli operators except for the
identity I =: Py, and q is the error probability. Since we can
decompose the depolarizing channel into multiple stochastic
noise channels with respect to each single Pauli operator,
the above correspondence works.
Lemma 1. The k-qubit depolarizing channel Dy, 4 can be
decomposed as Di,q = [, GP, 0000 L0 4k — 1 Gaussian
noise channels with respect to k-qubit Pauli operators P;
with the common variance

5 1 4k
Udep,k = _F log 1-— ﬁq . (11)

Proof. We consider the vector space Vi consisting of the
operators acting on k-qubit. Then, the k-qubit Pauli opera-
tors {P;|i = 0,1,
to consider the matrix representation of quantum channels

-+, 4F —1} is a basis of V.. Tt is convenient

with respect to this basis. Since the Pauli channels Up, (p) =
P;pP; are mutually commutative, they are simultaneously
diagonalized in the Pauli basis {Pi]i = 0,1,---,4% — 1}.
Then, the calculation of the product Hi;l (1—p)Z+pUp,]
is reduced to the calculation of each diagonal component.
The (34, j)-component of (1 — p)Z + pUp, is 1 — 2p if P; an-
ticommutes with P;, otherwise 1 (i.e. if P; commutes with
Pj). The number of the generators of the Pauli group which
anticommute to each element P; is calculated as

2t M

(k) =okok~l — 9.4kt (12)
r<k,r:odd r

Therefore, the matrix expression of [[,[(1 — p)Z + pUp,] in
the Pauli basis is

diag(1, (1 —2p)** - (1=2p)** ). (13)

On the other hand, the matrix expression of the k-qubit
depolarizing channel is

4k 4F

Thus, [],[(1—p)Z+plp,] is equal to the depolarizing chan-
nel with the error probability g if p satisfies

1 4k
2log(1—2p):4k—_llog 1—4k_1q . (15)

Hence, the variance of the corresponding Gaussian noise (8)
reads
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2 1 4k
Jdep,k = —210g(1 — 2p) = —4k77110g 1-— mq .
(16)
O

We remark that Eq. (11) implies that
2 4 2
Odepk = g5 — 19T 0 (q ) (17)
for small error probability ¢ in the same way as Eq. (10).

3. Universal Error Estimation

Our first main result is the following estimation of the er-
ror €(0) := Choisy (0) — C(6) in the cost function due to the
noise.

Theorem 1. We have the following estimation of the de-

viation of the cost function due to the noise:
M g2

0 —
> 70007
— 00:
=1 g

2
ZlL_l(Emax I — EO l) M 2
< = , 5 2
< T; E oi | , (18)

i=1

—

€(0)

N | =

where Eg 1, Emax,1 are the minimum and the largest eigen-
values of Hj, respectively.

Proof. Let us introduce the multi-index notation for a €
N™ and § € RM as follows:

M M M
6% = H@?i, al = Hai!, || == Zai. (19)
i=1 i=1 i=1

The partial derivatives of a function f are denoted as

olel
Def = . 2
1= ozaogaogy ! (20)

We also consider the scalar multiplication ka =
(ko, ko, - -+ kaps) for B € N, a € N™. By apply-
ing the Taylor’s theorem to the integrand C(g + 5)7 the
definition of the noisy cost function (3) reads

—

C’noisy( )
. 5.1 L .
—C(@)+ Y —DC() / Adu(&)
lal=1
+ i,,/ 0@ + s(0, A)R)AY du(A)
la/|=4

_|_
—
)

[V
Q
Q
>
_l’_
VAl
=
\l_>/¢
\l_>/¢
>
N
9
Q.
=
\l->/¢
~
=

with 0 < s(0,A) < 1, where we have used the fact that
all odd moments of the Gaussian random variable vanish.
Because of A? =1 the second derivatives read

@ a1

£5C(0) = —

567 (@) - c@+ne)], (22)
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where €; denotes the vector whose i-th component is 1 and
the other components are 0. Similar relation is used in
Refs. [4], [17], [25], [29]. By recursively applying the re-
lation (22), it turns out that the derivatives D?*C/(6) have
the form

glal—1
— —

D**C(6) :% 2\01% Z (C( i1) —C(Qu)) (23)

i=1

—

with some parameters 9:-71(2). Since Zle Ep; < C(0) <
ZzL:1 Emax,i holds for any parameter 0, we obtain [22]

Zlel (Emax,l - EO,Z)

ID**C(0)] < :

(24)

(205 — 1)l of
the even moments of the Gaussian random variable, where
(2k — D! := (2k — 1)(2k — 3)---3 - 1 denotes the double
factorial, we obtain

Then, applying the formula [ AZ*'du = o7

Zlel(Emax,l - EO,Z) (20& — 1)” _2a
< 5 > g

ZLzl(Emax,l_EO,l) M 2 ’
_ = (Z(;) ) (25)

i=1

where 2a — 1 = (201 — 1,20 — 1, -+

G:= (01,02, ,0M). O

,2ap — 1) and

—

Theorem 1 implies that the error €(f) is approximated as

(O~ L o (26)
T 244062 '
if the variances o? (i = 1,2,---, M) are small enough

L Mo 2\% ..
so that >, (Emax,; — Eou) (D21 07 is sufficiently
small. For typical problems, Zle(EmaxJ — Ep;) <
2 Zlel ||H;|| is in polynomial order of the number of qubit

n, i e., Zlel(Emax,l —FEp;) =0(n
ber r (e. g. » = 1 for locally interacting spin systems,

") with a positive num-

= 4 for the Jordan-Wigner transformed full configura-
tion interaction Hamiltonian of molecules [14], [19], [36]).
Then, if all the variances are in the same order o2 =
O(c?) (i = 1,2,--- , M), this approximation is valid when
o? = o(n‘%M‘l) in the sense that Zszl(EmaXJ -
Bo) (22, 02)" = o(1).

Applying Theorem 1 to the stochastic noise through the
correspondence to the Gaussian model shown in Sec. 2.2
with the relations (9) and (10), we obtain the following corol-
lary:

Corollary 1. If the stochastic noise channels €47 p; (p) =
(1—pj)p+pA5pA%L (7 =1,2,--- , M) with the error prob-
ability 0 < p; < 1/2 are inserted in the circuit, we have
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the following approximation of the error:
1L 52 M 92
- . -
(0) 5 @C( )oi +QZWC( )P;
=1 ? Jj=1 J
L M 2 M’ 2
Z(Emax,l - EO,Z) ( 03) + ij
=1 i=1 j=1
(27)

where 9;- 18 the virtual parameter associated with & A in-
troduced in Sec. 2.2 to give the correspondence between the
stochastic noise and the Gaussian noise models.

Especially, as a typical model, we consider a model such
that the depolarizing noise Dy 4, is inserted after each k-
qubit gate, where we set g = (4°71 —471)¢pq with g being
the scaling of the error probability, and cg being the con-
stant factor characterizing the difference in the error rates
between different number-qubit gates. Then, we can apply
Corollary 1 to this model in combination with Lemma 1 as
follows:

M’ L
Z 89’2 )Ck g+ O <Z(Emax,l - Eo,l)M2q2> ,
=1
(28)

where 0 denotes the virtual parameter associated with each
stochastic Pauli noise channel in the decomposition of the
ki-qubit depolarizing channels, and the total number of the
stochastic Pauli noise channels M’ satisfies M’ = O(M).
5= C(0)| <
— FEy,)/2 from Eq. (24), the estimation

=0 (M Z(Emax,l - EO,l)) = O(MTLT)
=1

(29)

Since the second derivatives are bounded as ‘

L
lel(Emax,l

Z o0 ¢

holds, where 6 denotes the virtual parameter associated
with each stochastic Pauli noise channel in the decomposi-

tion of the kj-qubit depolarizing channels.  Hence, when

the error probability has the scaling
-0 ( € ) (30)
q - nTM )
we can achieve the precision ~ € as
L1 2
@33 sgpcnia s ()
=0(e). (31)

For example, when r = 1, to achieve 6(5) ~ 1073 with
n ~ 100 qubits and the number of gates M ~ 100, the error
probability ¢ ~ 1077 is sufficient, according to this order
estimation. As we will show in Sec. 4, a simple error miti-
gation method utilizing Theorem 1 can relax this stringent
error estimation. We also remark that this order estimation
does not mean that Eq. (30) is required to achieve the preci-
sion €, but it only shows that Eq. (30) is sufficient for that.
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Hence, larger error probability than this estimation might
be acceptable in practice.

From another point of view, the coefficients 66—;?0(5) in
Eq. (26) give the sensitivity to the noise. Thus, low sensi-
tivity to the noise requires small diagonal components of the
Hessian of the cost function. Especially for a minimal point
5*7 this means that the trace norm of the Hessian should be
small for the low sensitivity to the noise since the Hessian is
positive, which implies the flat landscape of the cost func-
tion around the minima. However, the optimization in a flat
landscape tends to be hard, e. g. due to the required preci-
sion of the gradient in gradient descent methods, which in-
creases the required measurement number. Hence, Eq. (26)
implies a trade-off relation between the sensitivity to the
noise and the trainability of the cost function.

The above argument can also be extended to stochastic
noise models where the coefficients includes the derivatives
with respect to the virtual parameters as follows. To do so,
we have to separate the derivatives with respect to the vir-
tual parameters from those with respect to the real parame-
ters since the virtual parameters have nothing to do with the
optimization landscape. We define the noiseless precision ¢
of the minimization as § := C(§*) — Eo which attributes to
poor expression power of the parameterized quantum circuit
U() and to the non-globality of the minimization (i. e. 0*
may be a local minimum). We assume that the parame-
ters giving the minima of the noisy cost function does not

significantly deviate from the noiseless ones [39].  To es-

timate the second derivatives of C(g) with respect to the
virtual parameters, let us consider a single variable function
C;(05) == C((6%, 0;€;)) of one virtual parameter 0, where
€; is the M’-dimensional vector whose j-th component is 1
and the others are 0. Since C;(0;) = aj cos(6 + b;) + ¢;
holds [30], where a; > 0 and b; and ¢; are real numbers,
we have 6%20(5*) = %CE‘(O) = —ajcos(bj). Because
the virtual Lparameters afe fixed to 0 and not optimized,
6%;0(5*) may be negative. In this case, a;cos(b;) > 0
holds. Since C((6,6")) > Eo for any value of the parame-
ters, we have C;(0}) > C;(0) — &, which implies

aj cos(0; +b;) > ajcos(b;) — 6 > —6. (32)
Thus, we obtain a; < §, and hence

2
867220(5*) = —aj cos(bj) > —a; > —4. (33)
We consider the case where all A; are Pauli operators, and
the depolarizing noise Dy, 4, acting on the same qubit num-
ber k as A; is inserted after each U;(6;).
Qe = (4k—1
factor ¢ depending on k. In this case, one of the stochas-

We again set
— 47Y)epq with the scale ¢ and the constant

tic Pauli noise channels composing the depolarizing noise
is the stochastic Aj-channel, and hence the derivative with
respect to the virtual parameter associated with this chan-
nel is equivalent to the derivative with respect to the real
parameter ;. Such virtual parameters are not included in
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0" = (07,05, ,0),), where the total number M’ of the
virtual parameter is again in the order O(M). Let k; be the
number of qubits A; acting on. For convenience, we rescale
the parameter as ¢; = | /ck, 0;. We also define k/ in the same
way as in Eq. (28). Then, Egs. (28) and (33) yield

-

e(0")
M 2 M’ 2
1 0* 0*
=52 720(9”2@0(6 Jew: | q
i=1 v i=1 %

M= g

+0 ( (Emax,l - EO,Z)M2q2>
=1

1 M 82 L
> {Z 852@(9*) —-M's|q+0 <Z<Emax,l — Bou)M?*q°
i=1 9V =1
(34)
and hence

since the Hessian of the cost function is positive at 6.
For a successful minimization, & should be small, and
hence O(MJ) term is negligible for not so large scale M.
0] (ZZLZI(EmaX,l — Eo,l)MQq) term is also negligible for
sufficiently small error probability g. Then, Eq. (35) im-
plies that the trace norm of the Hessian of the cost function
should be small if the error probability ¢ is not sufficiently
small compared to the required level of the error €(6*) < ¢
due to the noise. This fact implies the hardness of the op-
timization due to the flat landscape of the vicinity of the
minima. Moreover, in this case, optimization algorithms
utilizing the Hessian become hard since high precision of
the estimation of the Hessian is required if the Hessian is
small. Oppositely, at least we need ¢ = O(e) to achieve
¢ > ¢(F*) avoiding such hardness.

As another remark, recent result [43] has shown that the
trace of the Hessian of the loss function of the overparame-
terized networks decreases on average during the optimiza-
tion steps of the stochastic gradient descent (SGD). If this
result is extended to VQA, it implies that SGD may de-
crease the effect of the noise during the optimization steps,
which may hint on when and to what extent we should use
the error mitigation techniques in optimizations.

4. An error mitigation method

We can apply Theorem 1 to derive a error mitigation
method. We can cancel the error by subtracting the leading
term of the error % Zf\il %C(g)af given that we know the
error model, and o? is smali enough so that the sub-leading

L M _2)?
order terms of O | > ;2 (Fmax,t — Fo,1) (Zi:l U,-) are
negligible. An advantage of this method is that we only
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use the noisy estimation of the derivatives of the cost func-
tion to mitigate the error, and we do not need to change
the noise strength as in the extrapolation method [23], [40],
nor to sample various circuits as in the probabilistic error
cancellation [7], [40]. Using the shift rule (22), we can cal-
culate the second derivatives from noisy evaluations of the
cost function. The effect of the noise in this noisy estima-
tion D?Choisy () of the second derivative is estimated by
applying Theorem 1 again, which reads

L

92 -
2
Di Cnoisy(e) = 379220( ) + 0] (Z(Emax,l

=1

(36)
Therefore, we have
1 M
nomy § Z D12 C'nolsy g;
=1
1 M L M
2 2
+§ZO (Z max,l _EO,Z)ZUZ’> g;
i=1 =1 1=1
L M 2
+ 0] Z(Emax,l - EO,l) ( 022>
=1 i=1
L M 2
=C(0) + O | > (Emax — Eoy) (Z of) .67
=1 i=1

In this way, we can mitigate the error up to the sub-leading

order O (ZlL:l(Emax,l — Eo,) (Zf\il 012)2)

This method is also applicable to the stochastic noise in-
cluding the depolarizing noise by applying Corollary 1. The
overhead of this protocol is the evaluations of the noisy cost
function at the m-shift of every parameter including the vir-
tual parameters. In that case, the Pauli rotation gate of
each virtual parameter is inserted to calculate the deriva-
tive with respect to the virtual parameter, and the noise is
also added along with this gate. However, the order esti-
mation is not affected, since at most a single gate is added
for each evaluation. We again consider the same depolar-
izing noise model with the scaling of the error probabil-
ity ¢ as the one to obtain Eq. (28). We also assume that
SF (Busasd — o) = On

given precision e, it is sufficient to have

q—o<niw> (38)

by applying this error mitigation. In comparison to Eq. (30),

™). Then, in order to achieve a

the order estimation of the sufficient noise level is relaxed
by \/€/n” via this error mitigation.
r =1, to achieve the precision ~ 1072 with n ~ 100 qubits

For example, when

and the number of gates M ~ 100, the error probability
g ~ 3x 1077 is sufficient, which is about 102 times larger in
comparison with the one without the error mitigation shown
below Eq. (31), although it is still stringent. However, we
again remark that this estimation is only the sufficient or-

der of the error probability to achieve a given precision, but
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not necessary. Moreover, we can take into account the next-
leading order in expansion (21) to improve the error mit-
igation if the overhead is acceptable. Further analysis on
the practical effectiveness of this error mitigation method
including the finiteness of the sampling and the comparison
with different error mitigation techniques will be done in a
successive work.

5. Conclusion

We have established an analytic formula for estimating
the error in the cost function of VQAs due to the Gaussian
noise. We can also apply our formula to a wide class of
stochastic noise including the depolarizing noise model via
their equivalence with the Gaussian noise. The first main
result Theorem 1 gives the leading-order approximation of
the error €(d) in the cost function due to the noise. The
Hessian of the cost function as the coefficients of the noise
effect implies a trade-off relation between the hardness of
the optimization of the parameters and the noise resilience
of the cost function. We have derived an order estimation of
the sufficient error probability to achieve a given precision
based on this formula. This estimation offers stringently
small error probability if no error mitigation is taken into
account. This is partially because, the estimation is nothing
but a sufficient condition to achieve the given precision.

A highlight of the applications of our formula is the pro-
posal of a quantum error mitigation method shown in Sec. 4.
The essence of this error mitigation method is the cancella-
tion of the error based on the expansion of the error with
respect to the fluctuations of the parameters including the
virtual parameters. An advantage of this method is that
we only use the noisy estimation of the derivatives of the
cost function to mitigate the error, and we do not need to
change the noise strength as in the extrapolation method
[23], [40], nor to sample various circuits as in the probabilis-
tic error cancellation [7], [40]. Although the effectiveness of
this method is still inconclusive since we have only an es-
timation of the sufficient order of the error probability for
this method to work, there is a possibility of this method
to be efficient in some situations. It may also possible to
improve this method by taking into account higher order
expansions. In a future work, further analysis will be done
on this error mitigation method including the finiteness of
the sampling and the comparison with other error mitiga-
tion methods. To take into account the statistical error due
to the finiteness of the sampling, the effect of the noise on
the variance of the cost function should also be considered
in future works.
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