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Abstract: Term rewriting systems (TRSs) are a computational model based on equational logic. Some
properties that guarantee the uniqueness of normal forms for computations of TRSs are known: confluence
(CR), uniqueness of normal forms with respect to conversions (UNC), uniqueness of normal forms with
respect to reductions (UNR), and the normal form property (NFP). These four properties are mutually in-
equivalent, and the following relation holds: CR=NFP=UNC=-UNR. Various results are known about the
(un)decidability of the properties of TRSs. In particular, it is known that these four properties are decidable
for left-linear and right-ground TRSs. TRSs in which the height of each rewriting rule is at most 1 are called
flat TRSs. For flat TRSs, it is already known that CR is undecidable (Mitsuhashi et al., 2006), UNC is
decidable (Radcliffe et al., 2017) and UNR is undecidable (Godoy et al., 2009); however, it is not known
whether NFP is decidable or undecidable. In this paper, we show that NFP is undecidable for flat TRSs.
To be exact, we extend the proof of the undecidability of CR by Mitsuhashi et al. (2006), and prove the
undecidability of NFP for flat TRSs by reducing the PCP (Post Correspondence Problem) to it. Similarly,
we give a new proof of the undecidability of UNR for flat TRSs by extending the proof of undecidability of
CR by Mitsuhashi et al. (2006).

Keywords: term rewriting system, uniqueness of normal forms, decidability
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Fig. 1 Differences of CR, NFP, UNC and UNR.
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Fig. 3 Roles of each argument of f and g.
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