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Abstract: On inexpensive GPUs for video games, double precision computation takes much longer time than
single precision computation. On the other hand, as a more accurate matrix product computation method,
Ozaki et al. proposed the Ozaki scheme to compute a matrix product by partitioning each of given matrices
into a matrix of upper bits and a matrix of lower bits. Moreover, Mukunoki et al. applied the Ozaki scheme
to compute double-precision matrix product with the mixed-precision (i.e., half and single) matrix multipli-
cation, which can be computed fast using the Tensor cores on recent GPUs. In this paper, we propose a
method to compute a matrix product in intermediate-precision between single-precision and double-precision
using matrix multiplication in single precision, which can be computed fast also on inexpensive GPUs. We
also present our implementation of the proposed method on CUDA and cuBLAS. Experimental results on
NVIDIA GeForce RTX 2080 SUPER show that the proposed method yields a matrix product in more accurate
precision than single precision and in shorter time than the computing time in double precision.
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Fig. 2 Partitioning elements of matrix B.
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Fig. 3 Summation of partitioned elements.
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Fig. 5 Improvement of precision by the proposed method.
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Fig. 6 Our implementation of atomicMax for non-negative
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Fig. 7 Computing time for each method.
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Table 2 Mean of maximum relative error for each method.

¢ 11509 4 X HURgRE 2 53 3 50 457E 5 5% 6 573l fEkG e
1,024 x 1,024 | 2.95e+0  1.05¢-2  4.93e-4  3.97e-6 3.50e-8 3.57e-10  6.92e-9
0.1 | 2,048 x 2,048 | 1.74e+1  2.45e-1  8.26e-3  2.29e-4 4.55e-6 7.54e-8  9.40e-9
4,096 x 4,096 | 2.18e+1 2.92e+0 4.8le2 6.48c4 8.64e6 2.7le7  4.88¢-8
1,024 x 1,024 | 1.69e+0  1.33e-1  4.34e-3  9.09¢-5 4.18¢7 7.87e9  3.42e9
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4,096 x 4,096 | 1.14e+1 1.83e+0  6.02e-1  7.69e-3 1.87e-d  4.5de-6  2.16e-8
1,024 x 1,024 | 1.72e-1  3.45e¢2  4.68¢-3 1.08e-4 2.38¢-6 3.65¢-8  5.69¢-10
2 | 2,048 x 2,048 | 1.75e+0  8.40e-1  1.09e-1 1.77e-2 2124 4.10e-6  9.80e-9
4,096 x 4,096 | 2.12e+1 1.68e+1 3.24e+0 6.86e-2 4.99¢-3  5.05e-5  1.69¢-8
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Fig. 17 Relation between maximum relative error and com-

puting time (matrix size 1,024 x 1,024, ¢ = 0.1).

1.00E+02 .

1.00E+01 .

1.00E-+00 t 73

[ ]

1.00E-01 i
4y 1-00E-02 J o HEE
% 1.00E-03 o 2538
E 1.00E-04 3w
£ b = 458
¥ 1.00E-05 . ° 558l

1.00E-06 ss. ° 658

1.00E-07 o fEHE

[ ]
1.00E-08 :i
1.00E-09
0.001 0.01 0.1

ETHER ()
18 B RAHAREAS & EATHERI ORISR (1754 1 X 2,048 X 2,048,
¢=0.1)
Fig. 18 Relation between maximum relative error and com-
puting time (matrix size 2,048 x 2,048, ¢ = 0.1).

BRZHFRL. ¢=01 0k EOEBFERZX 17, X 18,

19, ¢ =1 DL ZDOERFHER LR 20, 21, 22,
=20k ZTOEBEREE 23, & 24, 25 [IRT.

© 2021 Information Processing Society of Japan

EITHRE #)

19 MRS &L TR ORIR (TH4 A X 4,096 x 4,096,
¢=0.1)
Fig. 19 Relation between maximum relative error and com-
puting time (matrix size 4,096 x 4,096, ¢ = 0.1).
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3 FEATRER & R RAHX R O fE O s
Table 3 Ratio of mean of computing time and maximum relative error.
s R4 % UG HURE HUR B YR UG
/ 2 43 / 345 / 4 5 /5 534 /6 533 Yzl 3
1094 % 1.024 FEATRFIE 4.74 1% 9.29 1% 14.6 1% 20.7 1% 27.5 1% 21.8 f%
’ ’ RMRRE | 2.81e+2 1% 5.97e+3 1%  7.43e+5 1%  8.4le+7 1% 8.25e+9 1%  4.26e+8 1%
01 | 2.048 x 2.048 FEATHEH 4.69 % 9.31 % 14.8 f% 21.2 &% 27.4 1% 28.6 i
’ ’ A | 7.09e+1 8 2.10e+3 5 7.60c+4 5 3.82e4+6 5  2.3le+8 5  1.85¢+9 1%
1,096 % 4.096 FATIEH 4.05 15 8.31 £ 13.6 fi& 20.0 27.8 f& 33.0 fif
’ ’ WM | 7.45e+0 fff  4.52e4+2 f5  3.36e+4 fff  2.52e+6 f5  8.03e+7 f  4.46e+8 1
1024 % 1.024 FEATHER 4.71 1% 9.21 % 14.5 f% 20.5 1% 27.3 & 21.7 %
’ ’ WML | 1.27e+1 1 3.89e4+2 £ 1.86e+4 fff  4.04e+6 £  2.15e+8 fff  4.94e+8 1
1| 2,048 % 2.048 FEATIREH] 4.64 1% 9.22 fi% 14.7 % 20.9 fi% 27.7 fi% 28.5 fi%
’ ’ ERMITEE | 4.91e4+0 1 4.65e+1 1%  1.14e+3 f5  5.809e+4 15 5.11e+6 {5  2.82e+8 fif
1,096  4.096 FEATHFI 4.05 fi% 8.32 f#% 13.6 i 20.0 % 27.7 1% 31.8 1%
’ ’ BAASEEE | 6.24e+0 15 1.89e+1 5  1.48e+3 1  6.10e+4 f5  2.5le+6 ff  5.27e+8 f&
1094 % 1.024 FEATHFI 4.77 % 9.37 % 14.8 fi% 20.9 % 27.8 fiF 22.1 1%
’ ’ BAASEEE | 4.98e+0 15 3.66e+1 15  1.59e+3 5 7.22e+4 f5  4.70e+6 f  3.02e+8 f
5 | 2.048 x 2.048 FEATHER 4.66 1% 9.27 1% 14.7 % 20.9 % 27.8 &% 28.7 1%
’ ’ BT | 2.09e4+0 fff  1.61e+1 15 9.89e+1fff  8.27e+3 15  4.28e+5ff  1.79e+8 1
1,096 % 4.096 FATIEIH 4.05 1% 8.26 fi% 13.5 fi% 19.9 % 28.1 f 33.1 fi%
’ ’ WAASEESE | 1.26e+0 15 6.55e4+0 f5  3.10e+2 ff  4.26e+3 £  4.20e+5 f  1.25e+9 f
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Fig. 26 A breakdown of computing time of the proposed

method (in case of two partition).
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Fig. 27 A breakdown of computing time of the proposed

method (in case of three partition).

DY AR de+5 fE~bet+6 fE R e o7z, T2, MEHEAT
FIRERTACIE, S R ERE OSEIEIZ A 2048 15~ 1e49
R oTWA,
5.2.4 REFEDOETEMBAR

REFLHOETICB T 24755 H, THIREFHE, 17
FIFIGHHR O 3 @R OEATREM OEE %2, 17TF DY A XH3
128x 128, 256 x 256, 512x512, 1,024 x 1,024, 2,048 x 2,048,
4,096 x 4,096 DAL L 7. EBFEREEZE 26, X 27,
28, 29, 30 2R,

2 5], 343, 44, 545%E], 6 0EATHIRRIE LD
WZATHIDH A4 RDSKE L 2 BIZONTHTHIRERT SIS H B
R DO EIGHBEIM L 7225, FTHIDH A XHV/NE v & E1AT
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Fig. 28 A breakdown of computing time of the proposed

method (in case of four partition).
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Fig. 29 A breakdown of computing time of the proposed

method (in case of five partition).
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Fig. 30 A breakdown of computing time of the proposed

method (in case of six partition).
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BB Hs 5 & 5 E A AN ﬁot._@ﬁﬂﬂﬁ%%LﬂT
HZEINTENL, % L0 EEITKRD D 2 EDTHE
LEFEZLND.

6. FEHESHRDEREE

Pz —3I 7 GPU ECEME LY b E#IcEH S

ATE, HRELD b EBELFEEREY SN LTI
DEEFELIREL, FHL Iz 17 72,

¢ =01THEKREINS L) REKTIE, HEELILS
FEOREABRE LD QEEIT) 2L TE 7.

L2L, ¢ =12 TEREINE L) REOKELEHRZL
INE BB L o TR ICED D B EFR K O ASATHIT
&, 2ETES T ESNT, 45558, 555E], 6%%
FTLLENH o7z, LhL, FEEECT LERHBEIC
NEH I T%éXU/F#ﬁoTLiOkaW T
BhhH. T, 20EEETIE 30, 35EFHE T 6 [
4 EFEHE IR 10 [, 5 3HIRHE T 15 [, 6 4EIFTE T
\E 21 MBI EATVIRREZ ST E T 2 LEDV D 5720, IEEF
FICEAEVHHE KL TLE)RELD 5.
LSHBOBEE LT, HOKRELEFLNSREEL
Vo PR 12D B B ER R RO ASATHINOIIL &% 2
LULEND L. £z, AATHINHATHIOY G 0F %
RBUEDND L. WREERE & o TERFER R OEL %
119 Fhe LTI, 2 BoRBREFE /N E w4
fERERE 12 WS % %314 5 double-double & I-IEN 5 F
B [15] ISR A T e LT, 2l HREF B/ NI
DT IS WEE 2 9239 5 T (double-float)
b # 2 5biLh. double-float DITHIFED GPU H &M%
HLREFLEOLE L S5HBOPETH .

#E AWFEIE JSPS BHFE 17K00171, 20K11842 D)
%2372 DT
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