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Modeling Imperfect Information TANHINMIN

with Structural Oracle

HIRONORI K1val'® KATsukl OHTO®? HIROTAKA ONOL©

Abstract: TANHINMIN is a simplified and perfect information variant of DAIHINMIN game, which is major
playing card game in Japan. It is known that it can be decided in linear time which player has a winning
strategy in 2-player TANHINMIN game. This paper is concerned with how we obtain a winning strategy
for the imperfect information variant of TANHINMIN game. If any information about the opponent player’s
hand is not given at all, it is obviously difficult to find a winning strategy, though such a hard situation
does not likely happen in real game plays; players usually receive some little information about the opponent
player’s hand through a game, e.g., the number of cards. To handle the situation that a player can receive
some information about the opponent player’s hand, we introduce an oracle model in which the oracle pro-
vides partial information about the opponent’s hand. Interestingly, when players can get partial information
of the opponents’ hands via oracle, the winning player can find a winning strategy as if it is the (perfect in-
formation) TANHINMIN. Furthermore, we show various results about other relationships between the power
of oracles and the existence of a computable winning strategy.

1. Introduction

TANHINMIN, which means Single Pauper, is a card-
based combinatorial game, which was proposed by Nishino
in order to investigate the mathematical properties of DAI-
HINMIN [2]; DATHINMIN (which means Grand Pauper), or
DAIFUGO (which means Grand Millionaire), is a popular
playing-card game in Japan. The basic rule of DAIHIN-
MIN is quite simple, and many similar games are played
all over the world. For example, it is similar to the Chi-
nese game Dou Dizhu, Big Two and Zheng Shangyou, to
the Vietnamese game Tien Len, and to Western card games
like President, also known as Capitalism and Asshole, and
The Great Dalmuti [5,6]. Not only that, it has attracted
attention in the table of AI for Games. In fact, the DAI-
HINMIN programming competition is held at the University
of Electro-Communications in JAPAN every year. Although
the game Al programs are getting stronger every year [3,4],
the mathematical nature of the game itself is still mostly
unknown. DATHINMIN games contain various special rules
that make it exciting but also difficult to analyze. For this
reason, the TANHINMIN, which is one of the simplest vari-
ant of DATHINMIN, was introduced for DAIHINMIN re-
search.

DATHINMIN is a card consumption-type game. The ba-
sic rule of DAIHINMIN is as follows: at the beginning of
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the game, all cards are distributed to the players. A player
starts the game by discarding a set of cards, and each player
discards one or more cards in turn according to the strength
system of cards, or skips the turn. A player can discard
only a set of cards when it is stronger than the set of cards
that are discarded by the previous player. If no player can
discard any card, then the turn ends and the player who
last discarded a set of cards can start a new turn by dis-
carding any set of cards. After several turns, the first player
that has discarded all her cards is the winner. The basic
rule of TANHINMIN is the same as DATHINMIN, but it is
very simplified in the following two senses. (1) A player can
discard not more than one cards but a single card, and (2)
the strength system of the cards is just a total order based
on the face values. For a more detailed explanation, see
Section 2, where the formal definition and a concrete play
example of TANHINMIN game are given.

Since this variant of TANHINMIN is a 2-player perfect in-
formation game without draw, either the first or the second
player always has a winning strategy, which means that the
winner decision is possible. Although this does not immedi-
ately imply that the winner decision is easy, we can decide
the winner of a given 2-player perfect information variant of
TANHINMIN in linear time [1]. On the other hand, DAI-
HINMIN, which is the original game of TANHINMIN, is an
imperfect information game; there does not necessarily exist
a player having a winning strategy. This is a motivation to
investigate an imperfect variant of TANHINMIN.

In this paper, we model TANHINMIN with structural or-
acles to identify the essential information to construct a
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winning strategy. As will be described later in section 2,
in TANHINMIN without any information, no player has a
winning strategy like many imperfect information games.
We think that the setting “no information” is quite rare in
real game playing situations; players can get some informa-
tion of their opponents’ hands, e.g., how many cards she has,
whether she has a specific card, and so on. The oracle model
that we propose in this paper can qualify and quantify the
information that each player can receive during plays.

Under the proposed oracle models, we obtain several re-
sults. Interestingly, when players can get partial information
of the opponents’ hands via oracle, the winning player can
find a winning strategy as if it is the (perfect information)
TANHINMIN. The idea of the proof is based on a detailed
analysis of the winner decision algorithm of the perfect in-
formation TANHINMIN [1]. Furthermore, we show various
results about other relationships between the power of or-
acles and the existence of a computable winning strategy,
which is shown in Fig. 2.

The rest of this paper is organized as follows: In Sec-
tion 2, we introduce the rules of TANHINMIN, and also a
graph model for analysis. In Section 3, we introduce our ora-
cle models and summarize the main contribution, where the
proofs are omitted. Finally, Section 4 concludes the paper
with some further remarks.

2. TANHINMIN Rules and Notations

2.1 The rule of TANHINMIN

We first model a game of TANHINMIN. Let [n] =
{1,2,...,n} be the set of card faces, where the number rep-
resents its strength. Card 1 is the weakest, and 2 is stronger
than 1 but weaker than 3, and so on. TANHINMIN use cards
with the strength relationship. As we see later, a player can
discard a stronger card than the card at the table. In the
game of TANHINMIN, the faces of some cards can be same,
but in the following, to simplify the explanation, we assume
that no two cards have a same face; a set of cards is not
a multiset but just a set. Note that this assumption does
not change the nature of TANHINMIN. We just distinguish
two cards of “3”, as “31” and “32”, for example. This as-
sumption does not change the nature of TANHINMIN. In
fact, even if we have two or more cards of a number (“3”,
for example) , all the proofs in this paper work by ordering
The rule of basic TANHINMIN
game that we consider in this paper is as follows: All the

these cards as 31, 32, ....

cards are distributed to players. At the beginning of the
game, there is no card on the table (empty). Each player in
her turn discards a card in hand onto the table. The player
to discard a card is called active, and the other is called
non-active. Once the active player discards a card, the turn
ends. Then the active player becomes non-active, and the
non-active player becomes active, and the next turn starts.
A card to discard must be stronger than the lastly discarded
card on the table, which we call a table card. If the table
is empty, then any card can be discarded. If the player of
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the turn does not have a card to discard or does not want
to discard any card, she selects “pass”. Then let the table
be empty and go to the next turn. The player that first
discards all the cards in her hand is the winner.

This is the basic rule of TANHINMIN. To investigate a
winning strategy of 2-player TANHINMIN, we impose the
following additional rule: if a player selects pass, then the
next player cannot select pass. This is because two or more
consecutive passes are useless, though we omit a formal proof
of this in this paper.
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Fig. 1 A play example of 2-player TANHINMIN

In Figure 1, we show a play example of 2-player TANHIN-
MIN game. Here we explain the detail as follows: At first,
cards 1,3,4,5,8 are distributed to player A (blue player),
2,6,7 are distributed to player B (orange player) (Fig. 1
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(a)). We suppose that player A is the first player, and the
table is empty; any card can be discarded. Thus player A
has five options: discarding card 1, 3, 4, 5 or 8. In this ex-
ample, player A discards card 1 (Fig. 1 (b)), and the turn
moves to player B. Next, player B can discard stronger cards
than 1 at the table; player B has four options: discarding
card 2, 6, 7 or passing the turn. In this example, player B
discards card 6 (Fig. 1 (c)), and the turn moves to player
A. Then player A has two options: discarding card 8, or
passing the turn. In this example, player A discards card 8
(Fig. 1 (d)). Then player B has only one option: passing
the turn (Fig. 1 (e)). Since player B here selects “pass”,
the cards on the table are cleared (Fig. 1 (f)), and player A
plays next. In this setting, player A selects to discard card
3 (Fig. 1 (g)), and so on. The game continues to Fig. 1 (k),
where player B discards the last card 2; since player B first
finishes discarding all her card, player B is the winner (Fig.

1(1).

2.2 Graph Model of TANHINMIN

We assume basic knowledge of graph theory. Let G =
(V, E) be a graph, where V is the set of vertices and E is
the set of edges.

All the graphs that we consider in this paper are bipar-
tite, that is, there is a bipartition (Vp, V1) of V such that
E C{(p,q) | p € Vb,q € V1}. To specify the bipartition, we
denote G = (Vo, V1, E) instead of G = (V, E). For graph G
and a vertex v of G, Ng(v) denotes the set of neighboring
vertices to v in G, that is, Ng(v) = {u € V | {u,v} € E}.
We sometimes use notation N(v) instead of Ng(v) if the
graph that we consider is clear. For S C V, N(S) similarly
denotes the set of vertices neighboring to any vertex in S,
that is, N(S) = U,eg N(v). For graph G = (V, E) and
v € V, let G\ v denote a graph obtained by deleting v and
its incident edges. For a graph G = (V| E), a subset M of E
is called matching if no two edges in M share an end. For
a graph G, we denote the size of a maximum matching by

WG).

Suppose that the two players of our TANHINMIN are Py
and Pp, where Py is the active player and P; is the non-
active player. We first fix a turn to consider. At the turn,
we respectively denote by Xo and X7 the cards belonging
to Py and Pp, and by {r} the top card on the table. These
provide sufficient information to describe the situation of the
turn; triplet (Xo, X1, ) define the configuration of the turn.

Note that in a play of TANHINMIN cards on table are
sometimes cleared, and then {r} is empty. In such a case, we
virtually consider that 0 is at the top of the cards on table.
For example, in Figure 1, Xo = {1, 3,4,5,8}, X1 = {2,6,7}
and r = 0 at (a), and Xo = {2,6,7}, X1 = {3,4,5,8} and
r = 1 right after (b).

We then give a graph model of TANHINMIN; for a con-
figuration, we construct several graphs.

The vertices correspond to cards in Xo U X1 U {r}, and
use the same symbols to represent them. For configuration

(© 2020 Information Processing Society of Japan

Vol.2020-MPS-131 No.2
2020/12/17

(X0, X1,r), we then construct graphs Go and Go(r) as fol-
lows:

Go = (X0, X1, Eo),
where Eo = {(4,7) |+ € Xo,j € X1,i> j},
Go(r) = (Xo, X1 U {r}, Eo),
where Eo = {(i,7) | i € Xo,7 € X1 U{r},i > j}.

Similarly, we define

Gl == (Xl’X07E1)7
where F1 = {(i,5) | i € Xo,7 € X1,j > i}.

Here, graph Go(r) represents which cards Py can discard for
cards in X1 U{r}. Graph G represents which cards P; can
discard for cards in Xo. If Xo =0 or X1 =0, Py or Py is
obviously the winning player, respectively. Thus we assume
that both Xo and X are nonempty in the following.

As we see below in Proposition 1, the winner of TAN-
HINMIN is determined by the maximum matching sizes of
two graphs obtained from Go(r) and G1, that is, uo €ef
#(Go(r)\min X1) and p1 ef #(G1\'min Xo), where min Xo
(resp., min X1) denotes the weakest card of Xg (resp., X1).
Since these graphs play important roles in the winner deci-
sion, we name Go(r) \ min X; and G1 \ min Xo the configu-
ration graph of active player Py and the configuration graph
of active player of non-active player Pi, respectively.

Proposition 1. ([1]) Given a configuration (Xo, X1,r) of
2-player TANHINMIN with n cards, Py has a winning strat-
egy when po > pi1 holds, and P; has a winning strategy
otherwise.

Based on this proposition, the winner of a given perfect
information TANHINMIN can be computed in linear time,
and it also gives an insight that the winning strategy is
strongly related to the maximum matching structures of the
configuration graphs. In the following, we call Py (resp.,
Py) a player satisfying the winning inequality if po > u1
(resp., po < p1). By these, our oracle-based analyses of
imperfect information variants of TANHINMIN also utilize
the configuration graphs and their maximum matching.

3. Imperfect Information TANHINMIN
with structural oracles

As we see in the previous section, the winner of 2-player
perfect information variant can be computed efficiently, but
of course, the perfect information setting is not always re-
alistic, as DATHINMIN is an imperfect information game in
fact. Thus we consider to extend the analyses for the perfect
variant to imperfect variants. If “imperfect” means no infor-
mation, what we can do seems to be nothing, On the other
hand, the setting “no information” is quite rare in real game
playing situations; players can get some information of their
opponents’ hands, e.g., how many cards she has, whether
she has a specific card, and so on. For example, suppose
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that we use standard playing cards for DATHINMIN, which
is played in the hidden manner. In spite that it is played
in the hidden manner, if a player has four Q cards in the
hand, she knows that the other players have no Q. Alterna-
tively, if a player has three QQ cards, she knows that there is
a player having one @ card. In other words, the DATHIN-
MIN is rather a partial information game than a game with
no information.

Here, it is important to precisely model or control the par-
tial information that the players can receive. In this paper,
we introduce a structural oracle (or simply call oracle) that
gives such information.

Here, we formally define a structural oracle. Player 0
(resp., 1) knows her own hand Xg (resp., 1) and can ac-
cess an oracle f, which is a function from (Xo, X1,7) to a
certain range. In this paper, we consider two types of or-
acles. One is called a cardinality oracle, which returns the
size of | X;| (¢ = 0,1), the other is a matching size oracle,
which returns po and/or p1. Since these values are regarded
as functions, they also refer to oracles. For example, |Xo]
refers to the oracle that returns | Xg|. Note that the number
of cards which the opponent player has is a typical informa-
tion that can be easily obtained during a play of DATHIN-
MIN, and the cardinality oracles model this. Remind that
1o is p(Go(r) \ min X1) and g1 is p(G1 \ min Xo). Also re-
call that in the 2-players perfect information TANHINMIN,
the winner can be determined by computing o and pq [1].

We can show the following theorems. All the theorems
are about the 2-players TANHINMIN played in the hidden
manner, but each player can access some oracles.

Theorem 2. Assume that Py and P can access | X1| and
| Xo| oracles. When |X1| < 2 and po > p1 (resp., | Xo| <2
and po < p1), Po (resp., P1) has the winning strategy.

Theorem 2 implies that there are situations that only the
cardinality oracle is strong enough to get information for the
winning player. At the same time, the power of the cardi-
nality oracle is very limited to the situation; the size itself
is crucial as seen in the next theorem.

Theorem 3. Assume that Py and P can access | X1| and
| Xo| oracles. Even when po > p1 (resp., po < p1), there is
a game with |X1| > 3 (resp., | Xo| > 3) where Py (resp., P1)
cannot take her winning strategy.

It is interesting that Theorems 2 and 3 may give a guide-
line to play in real game playing situations, that is, each
player can know the number of cards of the other, if the
number of cards of the opponent player is 1 or 2, then the
player can play as if she knows the opponent’s hand; other-
wise, some uncertainty remains.

Theorem 4. Assume that Py and P; can access either po
or pi oracles at a certain timing. Player Py (resp., Pi) has
the winning strategy when po > p1 (uo < p1) at the timing.

Theorems 3 and 4 contrast well. Theorem 5 implies that
once a player satisfying the winning inequality can access
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either po or p1 at some moment, she can perform the best
move as if she plays perfect information game. Note that in
the setting, a player satisfying the winning inequality cannot
identify that she herself is a player satisfying the winning in-
equality. Thus under the matching oracle, what each player
can do is to play as she is a player satisfying the winning
inequality. The following theorem shows that the winning
scenario is also essential.

Theorem 5. Assume that Py and P; can access all the or-
acles of po, 1, |Xo| and | X1| at some timing ¢. Even when
o > p1 (resp., po < p1) of timing ¢ changes po < p1 (resp.,
to > p1) at some later timing of the game, there is a case
with where Pi (resp., Pp) cannot take her winning strategy.

Corollary 6. Assume that player Py (resp., Pi) can ac-
cess oracle either po or i every turn. If there is a timing
that Py (resp., P1) becomes a player satisfying the winning
inequality, Py (resp., P1) wins.

Theorem 5 and Corollary 6 may contrast. Theorem 5 im-
plies that even if a player becomes a player satisfying the
winning inequality, the player may not be able to win if the
timing is later than the oracle access. Corollary 6 implies
that if a player can access the matching size oracle every
time, she can adjust her strategy to the winning one.

Figure 2 summarizes the results.

{X,}(Perfect information game)
[ Solvable as perfect information |

Winning player can find
winning player.

=" @ (No oracle) No winning strategy

—

Fig. 2 Relationship between accessible oracles and solvability of
the winner decision

In Figure 2, braces show the set of oracles that Py can
access. For example, {po(1), 41(1),|X1|} represents that Po
can access po, 1 and | X1| at the beginning of the game,
where fi9(1y’s (1) represents once, as explained below. The
top one {X1} represents that the case when Py can access
X itself, which is equivalent to the perfect information vari-
ant. For matching size oracles, how often Py can access uo
or 1 is important. Here, p, (1) represents the case in which
Py can access p. once, and ji,(n) represents the game in
which Py can access p« anytime.

4. Concluding remarks

In this paper, we modeled TANHINMIN with structural
oracles to identify the essential information to construct a
winning strategy. The oracle model that we propose in this
paper can qualify and quantify the information that each
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player can receive during plays. The obtained results show
that in order to play the winning strategy the full informa-
tion of the game is not necessarily needed. Figure 2 sum-
marizes the power of oracles and solvability of the imperfect
variant of TANHINMIN.

It should be noticed that this oracle-based analysis frame-
work proposed in this paper has several benefits. Applying
the framework to some other games would be interesting
future work.
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