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Abstract: In order to utilize renewable energy effectively, the generated surplus energy should be stored in batteries,
and transferred to distant places with high demand in a microgrid. As a scalable mechanism for such energy transfer
(energy interchange), we proposed an autonomous decentralized mechanism (ADM) based on Markov Chain Monte
Carlo (MCMC), and clarified that our ADM accomplishes the global objective to quickly supply energy appropri-
ately for energy demand all over the microgrid. In this paper, toward a resilient microgrid, we propose a method of
directional energy interchange used in our ADM. We first design a method of the directional energy interchange to
be able to quickly transfer energy in an appropriate direction on the basis of the advection-diffusion equation used in
physics. Then, we investigate the performance of the proposed method through a simulation experiment considering
energy shortage and emergency situations. Simulation results show that the proposed method (a) can quickly supply
energy from a traditional centralized grid to a microgrid under energy shortage situations, and (b) can quickly gather
distributed energy to a specific place (e.g., safe shelter) under emergency situations.
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1. Introduction

Renewable energy resources (e.g., sunlight and wind) are hope-
fully alternatives to conventional fuels (e.g., fossil fuel and nu-
clear fuel). The generation using renewable energy is well known
as low carbon emission, but its output is usually small scale and
unstable. Hence, renewable energy generators have difficulty sup-
plying the generated energy appropriately for the energy demand.
In order to promote the transition to renewable energy, it is nec-
essary to develop a mechanism to perform such an energy supply
using renewable energy as much as possible.

In Ref. [1], a microgrid is introduced as an electricity system
with a network interconnecting distributed batteries, electronic
loads, and micro-scale generators (e.g., photovoltaic array and
wind turbines). A microgrid not only works independently from
a traditional centralized grid (hereafter referred to as macrogrid)
and other microgrids, but also cooperates with them during an
emergency. In microgrids, the generated energy is stored in bat-
teries in order to absorb the time variation of energy supply and
demand. Additionally, surplus energy in a battery is transferred
to distant electric loads with high demand in order to absorb the
difference among energy demands of electric loads. In our work,
we call such energy transfer energy interchange. The energy in-
terchange in microgrids is also a key technology to improve re-
newable energy’s ease of use. Facing the energy transition, mi-
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crogrids should be able to hold enormous devices distributed in
a wide area. Hence, microgrids require a scalable mechanism of
the energy interchange so as to easily extend its area and increase
its number of composition devices.

We proposed a novel autonomous decentralized mechanism
(ADM) based on Markov Chain Monte Carlo (MCMC) for the
energy interchange in large-scale and wide-area microgrids [2].
In our proposal, a microgrid is composed of autonomous elec-
tricity subsystems (AESs), which work asynchronously for scal-
ability. An AES means a unit of microgrid. AES, for instance,
corresponds to the localized electricity system in a building (e.g.,
a home). AESs are interconnected like a mesh network shown in
Fig. 1. We assume that each AES has a battery, and can transfer
its own energy to another AES with an arbitrary amount. The
energy transmission between both AESs is controlled by them.
In our ADM, each AES autonomously stores energy in its own
battery, and performs energy interchange to another AES accord-
ing to its energy demand. The autonomous decision of AESs
was designed on the basis of the MCMC so as to accomplish the
global objective to quickly supply energy appropriately for en-
ergy demand all over the large-scale mesh network. However,
there remain important works in our research. Namely, we have
not fully discussed the necessary abilities and functions of our
ADM against inevitable crisis events (e.g., abnormal weather and
disaster).

We assume that our ADM works on the microgrid with a vir-
tual power plant (VPP) [3] that virtually aggregates the distributed
generators, batteries, and electronic loads. In the microgrid with
a VPP, each node is virtually connected by ICT technology. The
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Fig. 1 Mesh network in a microgrid.

Fig. 2 Directional energy interchange in a direction away from AESs con-
necting a macrogrid.

node in the VPP corresponds to AES in our ADM. The differ-
ence between the macrogrid and the microgrid with a VPP is the
calculation of the energy interchange amount based on informa-
tion gathered via virtual connections of nodes before transferring
energy physically. The microgrid with a VPP may take longer
to achieve the supply-demand balance than the macrogrid that
is totally physically optimized. However, VPPs realize highly
flexible energy management (e.g., demand response), and some
projects [3], [4], [5], [6], [7] put VPPs into practical use. From
these reasons, we assume the proposed mechanism works on a
microgrid with a VPP.

In this paper, we focus on the events that require resilience

to microgrids, and discuss what kind of energy interchange is
needed to have the resilience. Note that the term “resilience”
means that the ability to quickly recover from and withstand a dif-
ficult situation [8]. Abnormal weather and disaster will definitely
occur, and require the resilience to microgrids to be readily avail-
able against such inevitable crisis events. If the weather is abnor-
mal, generators using renewable energy may not supply energy to
be able to satisfy energy demand in a microgrid. For such an en-
ergy shortage situation, a macrogrid should fill the energy short-
age in a microgrid. However, connectable AESs to the macrogrid
are limited by geographical conditions. Hence, it is necessary to
quickly supply energy in a direction away from the connectable
AESs as in Fig. 2. When a disaster (e.g., earthquake) occurs, peo-
ple evacuate to a safe shelter, and energy should be preferentially
supplied there. For such an emergency situation, energy in a mi-
crogrid should be quickly gathered at the safe shelter. Hence, it is
necessary to quickly supply energy in the direction to a high pri-
ority AES from other AESs as in Fig. 3. According to the above
discussion, in order to have the resilience, a mechanism in micro-
grids should perform directional energy interchange to recover
from and withstand energy shortage and emergency situations.

In this paper, toward resilient microgrids, we propose a method
to realize the directional energy interchange that enables the
MCMC-based ADM [2] to quickly transfer energy in an appropri-

Fig. 3 Directional energy interchange in a direction to a high priority AES
from other AESs.

ate direction. We first design the directional energy interchange
based on the advection-diffusion equation, and then investigate
the effectiveness of the proposed method through a simulation ex-
periment considering energy shortage and emergency situations.
In the proposed method, we assume that some AESs can be con-
nected to a macrogrid, and can supply energy to other AESs in
the microgrid. We clarify that the proposed method can quickly
supply energy from a macrogrid to a microgrid under an energy
shortage situation, and quickly gather distributed energy to a spe-
cific AES (e.g., safe shelter) under an emergency situation. In the
conference paper [9], we introduced the proposed method briefly.
This paper is the extended version of the conference paper [9],
and includes (a) the detailed explanation of the proposed method
and (b) advanced evaluation with a time-varying model also re-
ported in Ref. [10].

This paper is organized as follows: Section 2 introduces the
related works, and discusses the characteristics of our works by
comparison with other works. Section 3 explains the system
model. Section 4 describes the MCMC-based ADM for energy
interchange. Section 5 shows the method for fast directional en-
ergy supply. Experimental results are described in Section 6. Sec-
tion 7 concludes this paper, and discusses the future work.

2. Related Works

2.1 Microgrid Projects for Realizing the Energy Inter-
change

Several projects [6], [7] are gradually putting a microgrid with
an electricity network as in Fig. 1 into practical use. A nonprofit
organization [6] proposed the concept of the community micro-
grid that utilizes energy interchange in a microgrid, and is demon-
strating the community microgrids in California and New York.
An energy technology company [7] is building a peer-to-peer en-
ergy market to accomplish the energy interchange in the micro-
grid in New York. If such microgrids can cover the entire city,
they would promote the transition to renewable energy from con-
ventional fuel. However, in order to realize the full coverage of a
city with microgrids, it is necessary to develop a scalable mech-
anism so as to easily extend its area and increase its number of
composition devices. Our work aims to realize such a scalable
mechanism.

2.2 A Mechanism of the Energy Interchange
Some previous studies [11], [12] proposed a mechanism of the
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energy interchange in microgrids with an AES mesh network sim-
ilar to our work. In Ref. [11], the authors designed the internet-
like mechanism of the multi-hop energy interchange to transfer
energy between an AES pair in a mesh network. In Ref. [12], the
authors supposed a virtual market of energy interchange among
AESs. In the virtual market, each AES trades energy using the
algorithm designed by machine learning, and transfers energy to
another AES according to the trading results. Unlike the previous
works, our ADM does not depend on any complex mechanisms
(i.e., the multi-hop routing and the virtual market), and works
only using the light-weight autonomous action to be able to sup-
ply energy appropriately for energy demand all over the mesh
network. Hence, our ADM is more scalable than those of the
previous works.

2.3 The Resilience of Electricity Systems
The resilience is important for electricity systems because they

need high reliability and availability. Hence, there are many stud-
ies and projects focused on the resilience [13], [14], [15], [16],
[17], [18], [19]. These works are divided into two categories. The
works [13], [14], [15], [16], [17] in the first category improved
the resilience of existing electricity systems by utilizing micro-
grids. The Sendai microgrid [14] is built for the electricity sys-
tem of Tohoku Fukushi University. According to the report [15],
the Sendai microgrid at Tohoku Fukushi University operated for
2 days without the energy supply of the macrogrid when hitting
the 2011 Great East Japan Earthquake. In the second category,
the works [18], [19] dedicate the development of a mechanism to
improve the resilience of microgrids. This paper is one of the sec-
ond category works. We will improve the resilience of microgrids
with our ADM.

2.4 The Consensus Problem
The MCMC-based ADM is a solution to the consensus prob-

lem in a mesh network. The consensus problem is a fundamental
problem that discusses that the values of each node in a network
converge to a common value, and appears in various engineering
subjects [20], [21]. Many methods solve the consensus problem
with linear dynamics, but our method utilizes non-linear dynam-
ics for fast convergence. We have only applied our method to the
energy interchange in microgrids, but it is expected to be applica-
ble to other subjects related to the consensus problem.

3. System Model

We use the system model, which has also been used in Ref. [2].
The system model describes the energy interchange among AESs.
In the system model, each AES interconnects with other AESs
like a mesh network shown in Fig. 1. We denote the mesh net-
work by G(V, E) where V is the set of AESs, and E is the set of
links among AESs. E has the link between an AES pair (i, j) iff
an AES i can perform energy interchange to/from AES j. Table 1
shows the definition of symbols used in the system model. The
system model assumes that (a) any energy loss in energy trans-
formation and interchange of AESs can be ignored, and (b) the
rate-of-change in battery charging is not limited. These assump-
tions are not feasible, but are necessary to focus on the effect of

Table 1 Definition of symbols.

symbol definition
G mesh network of AESs in a microgrid
V set of AESs in mesh network G
E set of links between a pair of AESs in mesh network G
n number of AESs in mesh network G
αi set of adjacent AESs of AES i
vi(t) subset of adjacent AESs for which AES i should perform

directional energy interchange at time t
gi(t) energy generation rate of AES i at time t
ci(t) energy consumption rate of AES i at time t
γi battery capacity of AES i

bi(t) remaining battery amount of AES i at time t (0 ≤ bi(t) ≤ γi)
θi target remaining battery amount of AES i (0 ≤ θi ≤ γi)

di(t) sufficiency level of AES i at time t
ri→ j(t) energy interchange rate from AES i to AES j at time t
rMC

i→ j(t) energy interchange rate based on MCMC from AES i to
AES j at time t

rad
i→ j(t) energy interchange rate with the advection diffusion from

AES i to AES j at time t
κdiff diffusion coefficient of the MCMC-based ADM
κMC MCMC control parameter of the MCMC-based ADM
κad advection coefficient of the proposed method
ΔTr interval of recalculating ri→ j(t)

Fig. 4 System model.

energy interchange among AESs, and investigate the character-
istics of our energy interchange mechanism. The system model
with the energy loss and the limitation of rate-of-change will be
considered in future work.

In a situation without energy transformation and transmission
loss, the evolution of remaining battery amount bi(t) in AES i

(0 ≤ bi(t) ≤ γi) is simply given by

dbi(t)
dt
= gi(t) − ci(t) +

∑
j∈αi

(
r j→i(t) − ri→ j(t)

)
, (1)

where gi(t) and ci(t) are the energy generation and consumption
rates of AES i at time t, respectively. Note that ci(t) represents
instantaneous energy demand of AES i. In Eq. (1), αi is the set
of adjacent AESs of AES i in mesh network G, and ri→ j(t) is the
energy interchange rate from AES i to an adjacent AES j ∈ αi.
AES i recalculates energy interchange rate ri→ j(t) every ΔTr. In
Fig. 4, we illustrate the system model. In this figure, remaining
battery amount bi(t), b j(t), and bk(t) are changing with not only
its energy generation and consumption, but also the energy inter-
change among AESs. We denote the battery capacity of AES i

by γi.
In general, each AES has different energy demand than other

AESs. To represent achievement of energy supply appropriately
for energy demand in an AES, we introduce sufficiency level di(t)
of AES i by

di(t) := bi(t) − θi, (2)
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where θi is the target remaining battery amount of AES i. If
bi(t) ≥ θi, the energy demand of AES i is satisfied. θi is set by the
administrator of AES i. In the system model, we assume that θi
is time-invariant in order to investigate the characteristics of our
energy interchange mechanism.

AES i can know whether its an adjacent AES j ∈ αi needs
more energy by the observation of d j(t). If di(t) = d j(t) for all
AES pairs (i, j), the energy supply would be achieved appropri-
ately for the energy demand of AESs at time t. The MCMC-based
ADM performs energy interchanges to equalize sufficiency levels
of all AESs.

4. MCMC-based Autonomous Decentralized
Mechanism of Energy Interchange

4.1 Autonomous Decision
To equalize sufficiency levels of all AESs with the MCMC-

based ADM [2], AES i calculates energy interchange rate rMC
i→ j(t)

to an adjacent AES j ∈ αi using

rMC
i→ j(t) = κdiff

[
1 − κMC fi→ j

(
di(t), d j(t)

)]
di(t), (3)

where κdiff and κMC are positive parameters that determine equal-
izing speed of sufficiency levels *1. In Eq. (3), fi→ j(di(t), d j(t)) is
given by

fi→ j

(
di(t), d j(t)

)
=

∣∣∣∣d j(t) − di(t)
∣∣∣∣[sgn

(
di(t)

)(
d j(t) − di(t)

)]+
,

(4)

where sgn(x) is the sign of x, and [x]+ = max(0, x). Ac-
cording to Ref. [21], κdiff ΔTr should be set in 0 < κdiff ΔTr <

1/max(|αi|) for all i for the stability because rMC
i→ j(t) is updated

every ΔTr. If κdiff is too large, the MCMC-based ADM becomes
unstable. Since Eqs. (3) and (4) only depend on the information of
AES i and an adjacent AES j ∈ αi, each AES can autonomously
calculate energy interchange rate rMC

i→ j(t) by gathering the infor-
mation of adjacent AESs.

In Ref. [2], we proved that the sufficiency levels of all AESs
are equalized by repeating the energy interchange among AESs
with the above autonomous decision. Equations (3) and (4) are
derived on the basis of MCMC [22], which is a method to control
the probability distribution of a variable in statistical mechan-
ics model (e.g., Ising spin model [23]). In Ref. [2], we applied
MCMC to control the probability distribution of the variance of
sufficiency levels. If the variance is 0, sufficiency levels are equal-
ized. Using Eqs. (3) and (4), the probability distribution of the
variance can be controlled to the Dirac’s delta function, which
has a very sharp peak at 0. Hence, the autonomous decision can
always equalize the sufficiency levels of all AESs with the energy
interchange, and so accomplishes the global objective to quickly
supply energy appropriately for energy demand all over the large-
scale mesh network. The advantage of using MCMC is to be able
to design the autonomous decision depending on the variance of
sufficiency levels. By designing it with MCMC, the strong force

*1 In Ref. [2], we describe the old version of Eqs. (3) and (4) for only
di(t) ≥ 0, so they do not have sgn

(
di(t)

)
. The description in Ref. [2]

has a typo. Equations (3) and (4) in this paper are correct.

works for equalizing sufficiency levels if the variance of suffi-
ciency levels is large, and the equalizing speed becomes fast.

The autonomous decision with Eq. (3) does not consider the
limitation of batteries. Hence, overrun (i.e., bi(t) > γi) and un-
derrun (i.e., bi(t) < 0) of batteries may occur. In Ref. [2], we
proposed the modified expression of rMC

i→ j(t) to avoid the overrun
and underrun by the energy interchange. The detail explanation
is given in the section 3.3 of Ref. [2].

4.2 Diffusion Effect
The evolution of sufficiency level di(t) with the above au-

tonomous decision of each AES can be described with a diffu-
sion equation. The equalizing di(t) with the MCMC-based ADM
comes from the diffusion effect of the diffusion equation.

In order to focus on the diffusion effect of the MCMC-based
ADM, we discuss the evolution of sufficiency level di(t) when
generation rate gi(t) is equal to consumption rate ci(t) i (1 ≤ i ≤ n)
for all time t. In this condition, the evolution of sufficiency level
di(t) is given by

ddi(t)
dt
=

dbi(t)
dt
=

∑
j∈αi

(
rMC

j→i(t) − rMC
i→ j(t)

)
. (5)

By substituting Eqs. (3) and (4) into Eq. (5), the evolution of
sufficiency level di(t) is derived as

ddi(t)
dt
=

∑
j∈αi

hi→ j
(
di(t), d j(t)

)(
d j(t) − di(t)

)
, (6)

where

hi→ j
(
di(t), d j(t)

)

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
κdiff

[
1 + κMC

∣∣∣∣d j(t) − di(t)
∣∣∣∣ min

(
|di(t)|, |d j(t)|

)]
if sgn

(
di(t)

)
= sgn

(
d j(t)

)
κdiff otherwise

(7)

Equation (6) is the discrete diffusion equation of di(t) with
non-linear coefficient hi→ j

(
di(t), d j(t)

)
on mesh network G. Note

that Eq. (6) becomes the linear diffusion equation if κMC is set to
0. The term with κMC generates the non-linear diffusion effect
to alleviate the energy interchange for the opposite direction to
equalize sufficiency levels. According to Eq. (7), if the difference
|d j(t)−di(t)| is small, non-linear coefficient hi→ j(di(t), d j(t)) is ap-
proximately equal to κdiff . As the difference |d j(t)−di(t)| increases,
hi→ j(di(t), d j(t)) increases. Hence, the non-linear effect can auto-
matically adjust the coefficient of Eq. (6) to fast decrease the dif-
ference among sufficiency levels. Because of this non-linear ef-
fect, the MCMC-based ADM can fast equalize sufficiency levels
of all AESs. From Eqs. (6) and (7), it turns out that the equal-
ized state (i.e., di(t) = d j(t) for all AES pairs (i, j)) is the only
steady state of the discrete diffusion equation. In the linear dif-
fusion equation (i.e., Eq. (6) with κMC = 0), the variance always
converges to 0. According to Ref. [2], the variance of sufficiency
levels if κMC > 0 is always smaller than that if κMC = 0. Hence, in
the non-linear diffusion equation (i.e., Eq. (6) with κMC > 0), the
variance also always converges to 0. Hence, we also prove that
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Fig. 5 Diffusion vs. diffusion and advection for x.

the MCMC-based ADM can always equalize di(t) on the basis of
the diffusion effect.

The diffusion effect of the MCMC-based ADM given by
Eqs. (6) and (7) does not have strong directionality. In the
MCMC-based ADM, the surplus energy is diffused uniformly to
the whole of mesh network G. If G is approximated by a two-
dimensional plane with continuous variables (x, y), the equaliz-
ing sufficiency level di(t) is essentially illustrated by Fig. 5 (a),
which shows the diffusion of the surplus energy from a AES at
the center position on the (x, y) plane. Hence, the MCMC-based
ADM would not help the diverse situations (e.g., energy shortage
and emergency situations) requiring the directional energy supply
shown in Figs. 2 and 3.

5. Method for Fast Directional Energy Inter-
change Based on Advection Diffusion

5.1 Basic Idea
The advection-diffusion equation is used to describe the direc-

tional diffusion phenomenon of particles shown in Fig. 5 (b). By
the comparison with the diffusion phenomenon, the advection-
diffusion phenomenon has an additional effect to quickly dif-
fuse particles for a specific direction. In the example shown in
Fig. 5 (b), the particles are quickly diffused for x-axis direction
on the (x, y)-plane. Hence, the advection-diffusion equation is
useful to design a method that enables the MCMC-based ADM
to perform the directional energy interchange.

5.2 Design
In order to design the method for the directional energy inter-

change on mesh network G, we obtain the advection-diffusion
equation for G. On the basis of the obtained equation, we de-
rive the autonomous decision to perform the directional energy
interchange.

The advection diffusion in the two-dimensional lattice network
with discrete variable (xi, yi) is easier to understand than that in
mesh network G. Hence, we first discuss the two-dimensional lat-
tice network, which is obtained by the discretization of the (x, y)-
plane. Figure 6 shows the part of the two-dimensional lattice
network. In the lattice network, each node has 4 adjacent nodes
equally. Hence, it is easy to understand the advection-diffusion
phenomenon in the lattice network unlike general mesh networks.

With the advection for the direction of xi in the lattice network
like Fig. 5 (b), the linear advection-diffusion equation of qi(t) is
given by

dqi(t)
dt
=

∑
j∈αi

κ′diff

(
q j(t) − qi(t)

)
− κ′ad

(
q jR (t) − q jL (t)

)

Fig. 6 Interaction for the diffusion and the advection in the (xi, yi)-lattice
network.

=
∑
j∈αi

κ′diff

(
q j(t) − qi(t)

)
− κ′ad

[(
q jR (t) − qi(t)

)
+

(
qi(t) − q jL (t)

)]
, (8)

where κ′diff and κ′ad are the diffusion coefficient and advection co-
efficient in the lattice network. Adjacent node set αi of node i is
given by { jL, jR, jU, jD}. The term with κ′diff in Eq. (8) describes
the two-way interaction between nodes i and j for generating the
diffusion. In Fig. 6 (a), we illustrate two-way interactions by al-
lows. Ignoring the difference between κ′diff and h(di(t), d j(t)), the
term with κ′diff corresponds to the right hand side of Eq. (6) that
describes the diffusion effect of the MCMC-based ADM. On the
contrary, Eq. (6) does not have a term corresponding to that with
κ′ad in Eq. (8). The term with κ′ad describes the one-way interac-
tion between nodes i and j for generating the advection for xi.
The one-way interactions related to node i are divided into two
types: incoming interaction from node jL to node i, and outgoing
interaction from node i to node jR. Different combination of in-
coming and outgoing interactions generates different advection.
In order to describe various types of the advection in mesh net-
work G, we should generalize the advection-diffusion equation
given by Eq. (8).

To generalize the advection-diffusion equation, we first intro-
duce vi(t) and ui(t), which vi(t) and ui(t) are the subsets of adja-
cent nodes of node i to perform the incoming and outgoing in-
teractions at t, respectively. Since these interactions are one way,
vi(t) ∩ ui(t) = ∅. The type of the advection is determined by the
combination of vi(t) and ui(t). The relation between ui(t) and v j(t)
is given by ui(t) = { j|i ∈ v j(t)}. vi(t) and ui(t) must be vi(t) ⊆ αi

and ui(t) ⊆ αi. In the example shown in Fig. 6 (b), vi(t) and ui(t)
are given by { jR} and { jL}, respectively.

Using vi(t) and ui(t), the advection-diffusion equation of suffi-
ciency level di(t) in mesh network G can be derived as

ddi(t)
dt
=

∑
j∈αi

hi→ j
(
d j(t), di(t)

) (
d j(t) − di(t)

)

− κad

⎡⎢⎢⎢⎢⎢⎢⎣ ∑
j∈vi(t)

(
d j(t) − di(t)

)
+

∑
j∈ui(t)

(
di(t) − d j(t)

)⎤⎥⎥⎥⎥⎥⎥⎦ .
(9)

To obtain the above equation, we generalize the advection in
Eq. (8) using vi(t) and ui(t), and substitute hi→ j

(
d j(t), di(t)

)
and

κad for κ′diff and κ′ad, respectively. Equation (9) without the term
with κad is the same as Eq. (6).

On the basis of the generalized advection-diffusion equation
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given by Eq. (9), we design the autonomous decision of AES i for
directional energy interchange. In Eq. (9), AES i performs and re-
ceives directional energy interchange for adjacent AES j in vi(t)
and ui(t), respectively. To perform such the directional energy in-
terchange in the MCMC-based ADM, we should add a part of the
term with κad in the expression of rMC

i→ j(t). As the added expres-
sion of rMC

i→ j(t), we derive the following expression of rad
i→ j(t) that

is given by

rad
i→ j(t) = κdiff

[
1 − κMC fi→ j

(
di(t), d j(t)

)]
di(t)

− I j∈vi(t) κad

(
d j(t) − di(t)

)
,

(10)

where

I j∈vi(t) =

⎧⎪⎪⎨⎪⎪⎩ 1 if j ∈ vi(t)
0 otherwise

. (11)

Note that the term with κdiff in Eq. (10) is the same as the right side
of Eq. (3). The proposed method uses the expression of rad

i→ j(t)
given by Eq. (10).
vi(t) should be set to be able to perform energy interchange in

appropriate directions. Considering energy supply appropriately
for energy demand, each AES should perform energy interchange
in the direction for adjacent AESs with small sufficiency levels.
Namely, vi(t) is set by

vi(t) =
{
j | d j(t) < di(t), j ∈ αi

}
. (12)

The setting of vi(t) with Eq. (12) is simple, but the proposed
method with the setting helps diverse situations (e.g., energy
shortage and emergency situations) discussed in Section 1. When
supplying energy from a macrogrid under energy shortage situ-
ations, sufficiency levels of the connected AESs are always 0,
and their sufficiency levels are larger than those of other AESs.
The sufficiency level of an AES decreases with distance from the
connected AESs. When gathering energy to a high priority AES
h from other AESs under emergency situations, we set energy
demand θh to high value, and the sufficiency level of AES h be-
comes smaller than those of other AESs. The sufficiency level
of an AES increases with distance from the high priority AES h.
Hence, using Eq. (12), each AES can perform energy interchange
in the appropriate direction under such situations.

6. Evaluation

6.1 Overview
In this section, we conduct a simulation experiment in order to

evaluate the performance of the proposed method. We first clarify
the effectiveness of the directional energy interchange in the pro-
posed method under energy shortage situations and emergency
situations. Then, we investigate the performance of the proposed
method against the time-varying in energy generation of renew-
able energy.

In the simulation experiment, we use the nk-th nearest neighbor
network as mesh network G. The nk-th nearest neighbor network
is generated by the following procedures. Initially, each AES
is randomly placed on the two-dimensional plane. Then, each
AES selects nk nearest AESs as its adjacent AESs. Note that an
AES has adjacent AESs greater than or equal to nk. nk-th nearest

Fig. 7 Examples of nk-th nearest neighbor network with nk = 4 and n = 100
and external suppliers s1, s2, s3, and s4.

Table 2 Parameter configuration.

parameter symbol configuration
mesh network G nk-nearest neighbor

network
number of nearest AESs nk 4
number of AESs n 100
battery capacity of a AES γi 100
target remaining battery amount of a AES θi 50
diffusion coefficient κdiff 0.0001
control parameter of MCMC κMC 1,000
advection coefficient κad 0.1
interval of recalculating ri→ j ΔTr 1
time period of daylight hours T 1,000
coefficient in Eq. (14) κA 1.5
ratio in Eq. (15) λGC 2.0

neighbor networks consider geographical dispersion of AESs and
wiring cost between AESs. Figure 7 shows an example of 4-th
nearest neighbor network for n = 100, and an example of AESs
(hereafter referred to as external suppliers) to be able to connect
a macrogrid. In this figure, we denote AESs at the most upper
left/right locations and the most lower left/right locations in a nk-
th nearest neighbor network by s1, s2, s3, and s4, respectively.

During simulation, each AES transfers own energy according
to the MCMC-based ADM using rMC

i→ j(t) (hereafter referred to as
previous mechanism) or using rad

i→ j(t) (hereafter referred to as pro-

posed mechanism). The previous mechanism corresponds to the
proposed mechanism with κad = 0.

We use the parameter configuration shown in Table 2 as a de-
fault parameter configuration. In this paper, we use the same con-
figuration of κdiff and κMC also used in Ref. [2]. According to the
result shown in Ref. [2], as κdiff and κMC increase, the convergence
speed to the equalized state becomes fast. This effect is the same
in the previous mechanism and the proposed mechanism. Hence,
the configuration of κdiff and κMC does not affect the conclusion
of this paper. If the time period T of daylight hours is 12 hours,
the unit time of the simulation is 43.2 seconds when T = 1,000.
This value is calculated by 12 · 3,600/T .

6.2 Fundamental Evaluation
In order to focus on the effect of the energy interchange on the

performance of ADM, we use a static environment model also
used in Ref. [2]. In the static environment model, energy gen-
eration rate gi(t) of AES i is always equal to energy consump-
tion rate ci(t) of AES i during simulation, and remaining battery
amount bi(t) changes with only energy interchange of adjacent
AESs j ∈ αi. Hence, we can focus on the difference between the
energy interchanges of the previous mechanism and the proposed
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Fig. 9 Geographical distribution of sufficiency levels di(t) when using the previous mechanism.

Fig. 10 Geographical distributions of sufficiency levels di(t) when using the proposed mechanism.

Fig. 8 Color map corresponding to a value for Figs. 9 and 10.

mechanism.
6.2.1 Result for Energy Shortage Situation

In this experiment, we choose external suppliers s2 and s3,
which can be only connected to the macrogrid. During the simu-
lation, sufficiency levels ds2 (t) and ds3 (t) of external suppliers s2

and s3 are always 0. For convenience, we show the results when
setting initial remaining battery amounts bi(0) of other AESs to
30 for 1 ≤ i ≤ n and i � x (x = s2 and s3). Their initial AES suffi-
ciency levels di(0) are −20 since target remaining battery amount
θi of all AESs are set to 50. Of course, we also conducted exper-
iment with other initial setting (e.g., randomly setting of bi(0)),
but we obtained the same conclusion for the results shown in this
subsection.

First, we visually confirm the effectiveness of the proposed
method. Figure 8 illustrates the color map corresponding to a
value for visualized results. Figures 9 and 10 show the geo-
graphical distributions of AES sufficiency levels at t = 0, 300,
and 600 when using the previous mechanism and the proposed
mechanism, respectively. Figure 11 shows time series for statis-
tics (i.e., average and minimum) of AES sufficiency levels when
using the previous mechanism and the proposed mechanism. Ac-
cording to these figures, we confirm that the proposed method can
quickly energy supply from the external power grid.

The proposed mechanism has control parameter κad, so we in-
vestigate its effect on the speed of the energy supply. As metric
for the speed, we use time constant, which is the time required
for increasing the minimum of di(t) to e−1 di(0) ≈ −7.4. The time
constant is a parameter characterizing the convergence speed of a
control mechanism. Figure 12 shows time constants for different
values of parameter κad. From this figure, the time constant de-

Fig. 11 Time series for statistics of sufficiency levels.

Fig. 12 Time constant for different values of parameter κad.

creases as κad increases except for κad = 1. Note that if κad = 1, the
minimum of di(t) becomes unstable, so the time constant makes
no sense. This is caused by the similar reason for the instability of
the MCMC-based ADM [2] with too large κdiff . According to the
result, if κad is sufficiency small, the proposed mechanism works
with stability, and it can improve the speed of the previous mech-
anism. In future work, we should clarify the stability condition
for κad.

We investigate the performance of the proposed mechanism
for different levels of energy shortage situation. In this exper-
iment, we obtain the results for different initial AES sufficiency
levels of all AESs, and measure times taken to supply energy until
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Fig. 13 Time taken to supply energy from the external power grid.

Fig. 14 Time series for the remaining battery amount of AES h with high
priority.

di(t) = ±5% for all AESs. Figure 13 shows the measured times
for different initial AES sufficiency levels of all AESs. Accord-
ing to this result, the improving amount of the proposed method
increases as the initial sufficiency level decreases. Hence, the
proposed mechanism has high effectiveness for a severe energy
shortage situation.
6.2.2 Result for an Emergency Situation

Disaster occurs suddenly, and stops equalizing sufficiency lev-
els of AESs halfway. Hence, when disaster occurs, each AES has
a different sufficiency level. According to this circumstance, at
the start of simulation, we give initial sufficiency level di(0) of
AES i by normal distribution N(μst

s , σ
st
s ) where σst

s = 0.3 μst
s . We

give high target remaining battery amount (i.e., θh = 90) to a ran-
domly selected AES h as the high priority AES that means a safe
shelter under emergency situation. In this experiment, there are
no external suppliers.

Figure 14 shows the time series for the remaining battery
amount of AES h with high priority when using the previous
mechanism and the proposed mechanism during the simulation.
In this simulation, we use μst

s = 30, so the average of initial suf-
ficiency levels di(0) is about −20. Note that the average of suf-
ficiency levels is defined by 1/n

∑n
i=1 di(t). From this result, the

proposed mechanism can fast gather energy to AES h. In spite of
target remaining battery amount θh = 90 of AES h, bh(t) is only
about 70. Note that bh(t) = 70 corresponds to dh(t) = −20 since
we used θh = 90 in this simulation. Since the both mechanisms
equalize sufficiency levels of all AES, sufficiency level dh(t) of
AES h converges to the average of sufficiency levels. Hence, at
the end of the simulation, AES h has only bh(t) = 70. In order
to converge bh(t) to θh, it is necessary to supply the the shortage
energy from the macrogrid to the microgrid.

We then investigate the effect of the location of AES h on the

Fig. 15 Average of times taken to supply energy.

Fig. 16 Standard deviation (SD) of times taken to supply energy.

effectiveness of the proposed mechanism since the speed of the
directional energy supply may be affected by the location of AES
h. Figures 15 and 16 show the average and the standard devia-
tion (SD) of times taken to supply energy for different average of
initial sufficiency levels, μst

s , respectively. According to Fig. 15,
the proposed mechanism can very fast gather the distributed en-
ergy to the high priority AES. From Fig. 16, the SD for the pro-
posed mechanism is always smaller than the previous mechanism.
Hence, the proposed mechanism keeps the performance against
differences in the location of the high priority AES, compared
with the previous mechanism.

Therefore, we can conclude that the proposed mechanism is
effective under emergency situations.

6.3 Advanced Evaluation
We conduct the simulation experiment with the time-varying

characteristic in energy generation of renewable energy. Through
the experiment, we investigate the effect of the time-varying char-
acteristic on the performance of the MCMC-based ADM. Of
course, we should investigate the effect of other important char-
acteristics (e.g., loss characteristics in energy transformation and
transfer), but these investigations will be discussed in the future
work due to the space limitation.

In order to clarify on the effect of the time-varying character-
istic, we use the simulation model which is made by adding a
time-varying model of energy generation to the simulation model
used in Section 6.2. We should select the time-varying model
carefully. In this paper, we use a minimal time-varying model
that has only a few parameters, but can characterize the time vari-
ation roughly. With such a minimal time-varying model, we will
clarify general properties that can be applied to many situations.
If we use a complex time-varying model with many parameters,
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Fig. 17 Time series for the measured amount of energy generation with a
PV panel placed in Shiga, Japan.

Fig. 18 Geographical distribution of maximum generation rates Ai(xi, yi).

the behavior of the energy generation can be accurate using the
parameter fitting with actual data. However, the findings using
such a complex model is limited in some situations correspond-
ing to the actual data.
6.3.1 Time-varying Model

We introduce the minimal time-varying model of the energy
generation used in this paper. Figure 17 shows the time series of
the measured amount of the energy generation with a PV panel
placed in Shiga, Japan. Note that the generation data is measured
on July 15, 2011. According to the figure, the amount of the en-
ergy generation is approximately given by a sine curve. Hence,
as a basic model representing the time-varying characteristic of
PV panels, the energy generation rate gi(t) of AES i is changing
with

gi(t; xi, yi) =
[
Ai(xi, yi) sin

(
π

T
(t − τi)

)]+
, (13)

where Ai(xi, yi) is the maximum generation rate of AES i located
at (xi, yi) for 0 ≤ xi, yi ≤ 1, T is the time period of daylight hours,
and τi is the starting time of the energy generation of AES i. In
the experiment, τi is randomly set to a value ∈ [0, 1]. Note that
Ai(xi, yi) represents the strength of sunlight at AES i. In general,
sunlight strength depends on geographical condition and weather,
so maximum generation rates Ai(xi, yi) of AESs are usually differ-
ent values. To investigate the effectiveness of energy interchange,
we set Ai(xi, yi) depending on the geographical location of AES
i. Namely, we use

Ai(xi, yi) = κA

√
x2

i + y
2
i

2
, (14)

where κA is the coefficient to adjust the time and spatial average of
energy generation rates. In Fig. 18, the color of AES i represents
the value of Ai(xi, yi). As Ai(xi, yi) decreases, the color becomes
dark. With this setting of Ai, energy shortage situation will occur

Fig. 19 Time series of the generation rate gi(t) and the consumption rate
ci(t) of AES i in the time-varying model with T = 1,000 and
Ai = 0.1.

at AESs near the origin (0, 0). This setting of Ai supposes that lo-
cal heavy rain is caused around (0, 0). Our ADM should transfer
surplus energy to the AESs with energy shortage from AESs near
the point (1, 1).

To focus on the effect of the time variation in energy genera-
tion, energy consumption rate ci(t) is given by the constant func-
tion

ci(t) =
A
λGC
, (15)

where λGC is the ratio of the consumption rate by A, which is
the time and spatial average of generation rates gi(t; xi, yi) for
1 ≤ i ≤ n. Figure 19 shows the time series of the generation
rate gi(t) for T = 1,000 and Ai = 0.1 and the consumption rate
ci(t) for λGC = 2.0 and 4.0.

Since the location (xi, yi) of AES i follows the uniform distri-
bution in the nk-th nearest neighbor network, A is estimated by

A =
1
n

n∑
i=1

(∫ 2 T

0
gi(t; xi, yi) dt

)

�
∫ 1

0

∫ 1

0

(∫ 2 T

0
gi(t; x, y) U(x, y) dt

)
dx dy

=
1
3
κA

⎛⎜⎜⎜⎜⎜⎜⎝1 + log
(
1 +
√

2
)

√
2

⎞⎟⎟⎟⎟⎟⎟⎠ ≈ 0.54 κA, (16)

where U(x, y) is the two-dimensional uniform distribution for
0 ≤ x, y ≤ 1. By substituting the above approximated A into
Eq. (15), we obtain

ci(t) = C ≈ 0.54 κA
λGC

, (17)

where C is the time and spatial average of ci(t) for 1 ≤ i ≤ n. Ac-
cording to Eqs. (16) and (17), A and C are approximately propor-
tional to κA, and the difference between them is determined with
λGC. If λGC is a small value, the consumption rates are relatively
large compared with the generation rates, and the microgrid will
face a severe energy shortage situation without the energy supply
from an external power grid. In this experiment, we investigate
the performance of our ADM for different values of λGC in order
to clarify the effectiveness of our ADM for several situations with
different levels of energy shortage situation.

At the start of simulation, we give initial remaining battery
amount bi(0) of AES i by normal distribution N(30, 10). We ter-
minate the simulation at time t = 2 T .
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Fig. 20 Blackout times for different ratio λGC.

In the experiment, we measure blackout times of each AES.
The blackout time of AES i is defined as the time period during re-
maining battery amount bi(t) = 0. We discuss how our ADM can
reduce blackout times using energy interchange among AESs.
6.3.2 Result for the Previous Mechanism

We have not evaluated the performance of the previous mech-
anism with any time-varying model. Hence, we first investigate
the effect of the time-varying in energy generation on the previous
mechanism. In this experiment, we compare results for κMC = 0
and κMC > 0 to clarify the effectiveness of the non-linear dif-
fusion effect of the MCMC term (i.e., the term with κMC in the
right-hand side of Eq. (3)).

Figures 20 (a) through (c) show the minimum, the average, and
the maximum of blackout times for different ratio λGC, respec-
tively. In these figures, we also show the results without energy
interchange (no interchange) and the proposed mechanism as ref-
erence. According to these figures, our ADM with κMC = 1,000
can reduce the average and the maximum of blackout times, but
increase the minimum of blackout times. This is because the pre-
vious mechanism performs energy interchange so that the vari-
ance of remaining energies is fast decreased.

We assume that the proposed mechanism is used in an energy

Fig. 21 Maximum of blackout times for different external suppliers.

shortage situation and a normal situation. Hence, we need to in-
vestigate the performance of the proposed mechanism in normal
situations. In the evaluation of this section, the energy is not sup-
plied from the macrogrid. The result shown in Fig. 20 helps to
know the performance in a normal situation. According to the
result, the proposed mechanism has the same effect in the previ-
ous mechanism with κMC = 1,000 and κad = 0. Therefore, the
proposed mechanism seems to also work well in the normal situ-
ation.
6.3.3 Result for the Proposed Mechanism

We then investigate the effect of the generation time-varying
on the proposed mechanism by comparing the results with the
previous mechanism (κad = 0) and the proposed mechanism
(κad = 0.1). In this experiment, we select an external supplier
from s1, s2, s3, or s4 shown in Fig. 7.

Figure 21 shows the maximum of blackout times for different
external suppliers. At the start of the simulation, the energy gen-
eration amount for each AES is smaller than the energy consump-
tion amount for each AES. Hence, most of the blackout occurs
at the start of the simulation. The time to supply energy with the
proposed mechanism cannot be 0. Hence, there is a limitation for
the speed of the energy supply with the proposed mechanism. Ac-
cording to this figure, (a) the location of external supplier s3 is the
best to fill the shortage energy in the microgrid because external
supplier s3 is nearest to the energy shortage area where maximum
generation rates Ai of AESs are low, and (b) the proposed mecha-
nism with ΔTr = 1 can prevent blackout in the microgrid. Hence,
the proposed mechanism with sufficiently small ΔTr is effective
against the time variation in energy generation. Moreover, in or-
der to avoid the blackout, ΔTr should be sufficiently small value,
and the external supplier should be placed near AESs that severe
energy shortage is expected.

7. Conclusion and Future Work

In this paper, toward resilient microgrids, we proposed a
method of directional energy interchange used in the MCMC-
based ADM. We first designed a method of the directional en-
ergy interchange to be able to quickly transfer energy in an ap-
propriate direction on the basis of the advection-diffusion phe-
nomenon observed in physics. Then, we investigated the perfor-
mance of the proposed method through a simulation experiment
considering energy shortage and emergency situations. We clar-
ified that the proposed method performs fast directional energy
interchange under these situations. Hence, we conclude that the
MCMC-based ADM with the proposed method helps diverse sit-
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uations. Moreover, we evaluated the effectiveness of our ADM
against the fluctuation of energy generation with PV panels. The
simulation results also showed the effectiveness of the proposed
method under the generation fluctuation.

To realize the proposed method in a practical electricity sys-
tem, we should further investigate the performance of the pro-
posed method. The division into AESs improves the reliability
and scalability of microgrids, but generates energy loss by energy
interchange among AESs. In this paper, we ignored such energy
loss in the evaluation. We should clarify the effect of the en-
ergy loss on the effectiveness of the proposed method. Moreover,
we should investigate the performance with considering realis-
tic characteristics (e.g., the limitation of rate-of-change in battery
charging).
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