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Lanczos type iteration to TSVD method for solving Fredholm integral
equation of the first kind

Yuan Bian1,a) Takashi Nodera2,b)

Abstract: Recently, a method called TSVD (Truncated Singular Value Decomposition) has been attracting

some attention for solving Fredholm integral equation of the first kind. Solving a discretized this problem is a

well-known ill-conditioned problem. This paper explains why the TSVD method performs well when solving

Fredholm integral equations of the first kind, and proposes a new kind of TSVD method, which is combined

with the Lanczos method. The results of numerical experiments are shown to confirm the effectiveness of

our proposed method.
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Fredholm :∫ b

a

K(x, y)f(y)dy = g(x) (1)

2 K(x, y)

g(x) f(y)

f, g ∈ L2[a, b] K ∈ L2([a, b]× [a, b])

Ax = b, A ∈ R
n×n, b ∈ R

n (2)
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TSVD

TSVD(Truncated Singular Value Decomposition)

(2)

1

Fredholm

A A

0

0

TSVD

A

A = UΣV ∗, Σ = diag{σ1, σ2, · · · , σn} (3)

σk+1, · · · , σn 0

0 A

Ak = UΣkV
∗, Σk = diag{σ1, σ2, · · · , σk 0, · · · , 0} (4)
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Ak

xk = argmin
x

‖Akx− b‖ (5)

xk

xk = V Σ−1
k U∗b (6)

xk

TSVD

A

xk x

Fredholm TSVD
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2. Fredholm TSVD

(1)

f

Kf = g (7)

K

Kf(y) =

∫ b

a

K(x, y)f(y)dy (8)

K ∈ L2([a, b] × [a, b]) K L2[a, b]

L2[a, b]

K∗ K
[6] K∗K

σi vi

K∗Kvi = σivi, i = 1, 2, · · · (9)

{vi}∞i=1 σi

[5]

σi

2.1 σi

K∗K 1 (σ2
i , vi)

ui

ui = σ−1
i Kvi (10)

ui 〈ui, ui〉 〈ui, uj〉 ui �= uj

〈ui, ui〉 = 〈σ−1
i Kvi, σ

−1
i Kvi〉 = σ−2

i 〈vi,K∗Kvi〉
= σ−2

i 〈vi, σ2
i vi〉 = 1 (11)

〈ui, uj〉 = 〈σ−1
i Kvi, σ

−1
i Kvj〉 = σ−2

i 〈vi,K∗Kvj〉
= σ−2

i 〈vi, σ2
i vj〉 = 0 (12)

(11) (12) {ui}∞i=1

K∗ui

K∗ui = K∗〈σ−1
i Kvi〉 = σ−1

i 〈K∗Kvi〉 = σvi (13)

(10) (13)

Kvi = σiui, K∗ui = σivi (14)

(14) σi ui vi K

K(x, y)

vi K(x, y) vi

K(x, y) y

K(x, y) ∈ span{vi}∞i=1 K(x, y)

K(x, y) =

∞∑
i=1

〈K(x, y), vi(y)〉vi(y)

=

∞∑
i=1

(Kvi)vi(y)

=

∞∑
i=1

σiui(x)vi(y) (15)

(15) K(x, y)

(15) (1)

∫ b

a

K(x, y)f(y)dy =
∞∑
i=1

∫ b

a

σiui(x)vi(y)f(y)dy

=

∞∑
i=1

σiui(x)

∫ b

a

vi(y)f(y)dy

=

∞∑
i=1

σi〈f, vi〉ui(x) (16)

(16) (1) {ui}∞i=1

g

g

{ui}∞i=1 g
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g =

∞∑
i=1

〈g, ui〉ui (17)

(16) (17) (1)

∞∑
i=1

σi〈f, vi〉ui(x) =
∞∑
i=1

〈g, ui〉ui(x) (18)

(18) ui

σi〈f, vi〉 = 〈g, ui〉
⇒ 〈f, vi〉 = σ−1

i 〈g, ui〉 (19)

f vi σi ui vi

f

f =

∞∑
i=1

〈f, vi〉vi

⇒ f =

∞∑
i=1

σ−1
i 〈g, ui〉vi (20)

lim
i→∞

σi = 0 (20)

σ−1
i 〈g, ui〉vi

K(x, y) ∈ L2([a, b]× [a, b])

K : L2[a, b] → L2[a, b]

g ∈ R(K)(⊂ L2[a, b])

Kf = g, f ∈ L2[a, b] f f

(20) f L2[a, b]

L2 (20)

(20) k → ∞
k k + 1 0

lim
k→∞

∞∑
k+1

σ−1
i 〈g, ui〉vi = 0 (21)

(21) k

f fk

f ≈ fk =
k∑

i=1

σ−1
i 〈g, ui〉vi (22)

TSVD

f

2.2 σi

σi N ∈ N

i > N σi = 0

i = 1, 2, · · · , N ui

KK∗ σi

N i ui KK∗ 0

K∗Kvi = KK∗ui = 0, i > N (23)

〈Kvi,Kvi〉 = 〈K∗Kvi, vi〉 = 0

Kvi = 0 K∗ui = 0

i > N (14)

(19) σi〈f, vi〉 = 〈g, ui〉
(20) f

i > N i 〈f, vi〉

i > N i 〈f, vi〉 = 0 1 f

Kf = g f

f = fN =

N∑
i=1

σ−1
i 〈g, ui〉vi (24)

(24)

3. Lanczos + TSVD

Riemann

(1) Ax = b

A

x

xk =
k∑

i=1

σ−1
i (u∗

i b)vi (25)

A Lanczos 0

Lanczos

Lanczos v̂1 û1 = Av̂1/‖Av̂1‖
[3]

v̂i = A∗ûi−1 − v̂i−1αi−1,

‖v̂i‖ = βi−1, v̂i = v̂i/βi−1

ûi = Av̂i − ûi−1βi−1

‖ûi‖ = αi, ûi = ûi/αi

(26)

βm

(
A∗

A

)(
V̂m

Ûm

)
=

(
V̂m

Ûm

)(
Hm

Tm

)

Tm αi βi

Hm Tm

Tm =

⎛
⎜⎜⎜⎜⎜⎜⎝

α1 β1

α2

. . .

. . . βm−1

αm

⎞
⎟⎟⎟⎟⎟⎟⎠

, Hm = T ∗
m (27)
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m Tm SVD Tm =

UΣmV ∗ Um = ÛmU, Vm =

V̂mV A SVD

AVm = UmΣm (28)

(25)

x

Riemann

Boole Boole x0 xn

f(x) 2 n

x1, x2, · · · , xn−1

h = 1/n∫ b

a

f(x)dx ≈ 2

45
h

n∑
i=0

wif(xi)

wi =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

7 (i = 0 or n)

14 (i = 4k)

32 (i = 4k + 1 or 4k + 3)

12 (i = 4k + 2)

(29)

k ∈ N. (29)

x0 = y0 = a, xn = yn = b A

K(xi, yj)(i, j = 0, 1, · · · , n)
W

W = diag{w0, w1, · · · , wn} (30)

K AW

AWx = b

A AW

AW

K∗ (AW )∗ = WA∗

K∗

K∗g =

∫ b

a

K(x, y)g(x)dx (31)

(31)

K∗ A∗W AW

Lanczos

W

〈u,v〉W = u∗Wv, ||u||W =
√〈u,u〉, ∀u,v ∈ R

n

Lanczos

v̂1 û1 = AW v̂1/‖AW v̂1‖W

v̂i = A∗W ûi−1 − v̂i−1αi−1,

‖v̂i‖W = βi−1, v̂i = v̂i/βi−1

ûi = AW v̂i − ûi−1βi−1

‖ûi‖W = αi, ûi = ûi/αi

(32)

(32) ûi v̂i

v̂1, v̂2, · · · , v̂i û1, û2, · · · , ûi

(32) v̂i+1

j = 1, 2, · · · , i − 2 v̂i+1 v̂j

〈v̂i+1, v̂j〉W = v̂∗
jW v̂i+1 =

1

βi
v̂∗
jW (A∗W ûi − αiv̂i)

=
1

βi
(AW v̂j)

∗W ûi =
1

βi
(αjû

∗
j + βj−1û

∗
j−1)W ûi

= 0 (33)

v̂i+1 v̂i

〈v̂i+1, v̂i〉 = v̂∗
iW v̂i+1 =

1

βi
v̂∗
iW (A∗W ûi − αiv̂i)

=
1

βi
((AW v̂i)

∗W ûi − αi)

=
1

βi
((αiû

∗
i + βi−1û

∗
i−1)W ûi − αi)

=
1

βi
(αi − αi) = 0 (34)

(33) (34) v̂i+1

v̂j(j ≤ i) ûi+1

ûj(j ≤ i) (33)

{ûi}ni=1 {v̂i}ni=1

βi

(
A∗W

AW

)(
V̂m

Ûm

)
=

(
V̂m

Ûm

)(
Hm

Tm

)

Tm Hm

Tm Tm = UΣmV ∗

Um = ÛmU, Vm = V̂mV

A∗WUm = A∗WÛmU = V̂mT ∗
mU

= V̂mV ΣmU∗U = VmΣm

AWVm = AWV̂mV = ÛmTmV

= ÛmUΣmV ∗V = UmΣm

U∗
mWUm = U∗Û∗

mWÛmU = U∗U = I

V ∗
mWVm = V ∗V̂ ∗

mWV̂mV = V ∗V = I

Um, Vm,Σm W
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A

(25)

W Lanczos

(29)

4.

OS: Windows 10 Home(64-bit)

CPU: Intel Core i7-6700HQ CPU @ 2.60GHz

Memory: 16.0GB

Program Language: MATLAB R2016a

4.1 1

∫ 1

0

exyf(y)dy =
ex+1 − 1

x+ 1

f(y) = ey

W (30)

n = 2048, h = 1/n A b

xi = yi = ih, i = 0, 1, · · · , n

A =

⎛
⎜⎜⎜⎜⎜⎝

ex0y0 ex0y1 · · · ex0yn

ex1y0 ex1y1 · · · ex1yn

...
...

. . . · · ·
exny0 exny1 · · · exnyn

⎞
⎟⎟⎟⎟⎟⎠

b = (b0, b1, · · · , bn)∗, bi =
exi+1 − 1

xi + 1
, i = 0, 1, · · · , n

Lanczos

Lanczos

1 yi

e(yi) = |fexact(yi)− fnum(yi)| 1

1 1 Lanczos f(y) =

ey

Riemann

Boole Lanczos

Lanczos 3 n

m, k 2

4.2 2

∫ 1

0

sin(xy)f(y)dy =
sinx− x cosx

x2

f(y) = y

2

Lanczs

g(x) x2 b0 = g(0)

b0 0

g(x)

b0 = lim
x→0

sinx− x cosx

x2
= lim

x→0

x sinx

2x
= lim

x→0

sinx

2
= 0

2 2 2

3 1

Lanczos 3

4.3 3

∫ 1

0

(x− y)2f(y)dy =
5x2 − 5x+ 3

15

f(y) = 16y2 − 16y + 3

2 3

3

Lanczos

Lanczos
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1: 1

m k (sec)

Lanczos 10 7 2.5300× 10−15 2.7100× 10−3 0.2331s

Lanczos 10 6 8.9763× 10−16 3.3327× 10−10 0.2030s

2: 2

m k (sec)

Lanczos 7 4 9.5246× 10−14 2.5202× 10−3 0.1953s

Lanczos 7 4 1.4434× 10−14 2.9982× 10−10 0.1667s

3: 3

m k (sec)

Lanczos 2 2 3.2057× 10−4 1.8213× 10−3 0.1175s

Lanczos 2 2 2.3977× 10−15 1.2275× 10−15 0.0766s
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2: 2 Lanczos
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