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An Adaptive Restart of GMRES(m) Method by Using Ritz Values

LINJIE ZHANG' and TAKASHI NODERA 't

GMRES(m) method is one of the Krylov subspace methods for solving large sparse and non-
symmetric linear systems. Ritz values and Harmonic Ritz values can be computed cheaply
within the GMRES iterations. Also, we can use the difference between the Ritz values and
the Harmonic Ritz values to evaluate the convergence of the GMRES method. In this paper,
we propose an adaptive method of restarting GMRES(m) process by using Ritz values and
harmonic Ritz values. Numerical experiments are given for showing better performance of
the proposed method in comparision to the classical GMRES(m) method.
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m=1,2,...,n. (2)
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Fig.1 Arnoldi method.
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Fig.2 RITZ-GMRES method.
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Table 1 Example 1: Numerical results (T: time (sec), I: iterations).

Dh 273 24 2% 276 277
Method I T I T I T i T i T
GMRES(10) (—5.19) | 2039 | (—5.35) | 2035 | (—5.51) | 2042 | (—5.44) | 2041 | (—4.85) | 2037
GMRES(20) (—6.35) | 3090 | (—6.66) | 3084 | (—7.60) | 3091 | (—7.68) | 3081 | (—6.50) | 3083
GMRES(30) (—8.66) | 4138 | (—9.63) | 4133 | (—9.08) | 4135 | (—10.11) | 4126 | (—8.47) | 4131
GMRES(40) (—10.52) | 5189 | (—11.49) | 5190 18235 | 4741 | (—11.30) | 5189 | (—11.09) | 5185
GMRES(50) (—11.98) | 6252 | (—10.06) | 6243 11911 3711 14709 4592 19340 6030
RITZ-GMRES 18422 1976 12063 1505 | 12688 | 1621 13072 1832 9380 1307
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02 000 10ORITZ-GMRESOOOOOOOOO m
Table 2 Example 1: Restart cycle m of RITZ-GMRES

method.
Dh 273 | 274 | 275 | 276 | 977
m 0000 | 477 | 492 | 5.02 | 5.85 | 5.65
m 0000 25 27 29 31 28

30

25

20

Cycle
&

10

500 1000 1500 2000
Restart
08 000 10RITZ-GMRES UOOOOOOOO
0ODh =240

Fig.3 Example 1: Restart cycle of RITZ-GMRES
method (Dh = 27%).
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Fig.4 Example 1: Residual norm vs. iterations
(Dh = 27%).
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Fig.5 Example 1: Residual norm vs. computation time
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Fig.6 Example 1: Distribution of |tmax — fEmax| of
RITZ-GMRES method (Dh = 274).
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Table 3 Example 1: Numerical results by using the right
hand side of inequality (15), (T: time (sec), I: it-

erations).

Dh i T
273 (—3.47) 1735
24 (—3.42) 1741
275 (—3.36) 1680
2-6 (—3.32) 1689
2~ 7 (—3.30) 1674
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a1 = 2 + sin(27x) cos(27y) cos(27z),
az = 2 4 cos(2mz) sin(2my) cos(27z),
as = 2 4 cos(2mx) cos(2my) sin(27z),

as = sin(4nzx), as = sin(4wy), as = sin(4wz),
) y) sin(27z)
000000 g(=,y,2) 0000000000
u(x,y, z) = sin(27x) cos(2my) sin(27z)
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Table 5 Example 2: Restart cycle m of RITZ-GMRES
method.

R 2! 22 23 24 25
mO000 | 3.28 | 4.12 | 3.94 | 2.82 | 3.86
m 0000 18 21 19 17 14

04 0DO020000TOOOOOOOOIOOOOO0O
Table 4 Example 2: Numerical results, (T: computation time (sec), I: iterations).

R 21 22 23 24 25
Method I T I T I T I T I T
GMRES(10) 1747 | 220 | 1755 | 215 | 1750 | 220 | 1723 | 213 | 1128 | 142
GMRES(20) 1041 | 182 | 1038 | 178 | 1018 | 177 | 928 | 157 | 969 | 169
GMRES(30) 787 | 177 | 761 | 175 | 712 | 159 | 679 | 148 | 808 | 181
GMRES(40) 636 | 176 | 656 | 177 | 650 | 179 | 626 | 166 | 763 | 209
GMRES(50) 632 | 205 | 632 | 201 | 591 | 192 | 619 | 198 | 768 | 251
RITZ-GMRES | 671 90 642 88 734 99 705 88 | 952 | 123
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Fig.7 Example 2: Restart cycle of RITZ-GMRES
method (R = 2%).
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Fig.8 Example 2: Residual norm vs. iterations (R = 23).
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O000RitzOOODODOOODOOOGMRESOOO
uoooobooooooobobooobocoboooooba
g1oo00290000000 2740000000
OOORITZ-GMRESOODOOODO RitzOOOOO
ORitzOOOOOOOOOOOOODOOOOOODO
OOO0ORITZ-GMRESOOOOOOOOOOOOO
gooboobobDsboOobobDOoooooD2r40
O000O00000ORITZ-GMRESOOOOOOOO
oooobooO0o-6.0400 —6.180000000O00O
ooo0O0O033000000000000Ritz00
O0RitzOOOOOOGMRESOOOOOOOOO
oooooooboboooboooooo

53 OO0 3

000 DOMatrix Market ? 00000000000
oooo0O0 MEMPLUSOOOOOMEMPLUSOO
0 177580126150 0 000000000 OOOOO



Vol. 45 No. SIG 11(ACS 7)

06 U000 30000TOO0OOOOO0OMIDOOOOO
Table 6 Example 3: Numerical results, (T: computation

time (sec), I: iterations).

Method I T
GMRES(10) — —
GMRES(20) | 7868 | 84
GMRES(30) | 7588 | 102
GMRES(40) | 5614 | 92
GMRES(50) | 3187 | 61
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011 000 30RITZ-GMRES O0ODOOOOOOO
Fig.11 Example 3: Restart cycle of RITZ-GMRES
method.
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Fig.12 Example 3: Residual norm vs. iterations.
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Fig.13 Example 3: Residual norm vs. computation time.
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Fig.14 Example 3: Distribution of |ftmax — fmax| of
RITZ-GMRES method.
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