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On Proposal of Practical Classical Error Estimation Method
and Its Application to Numerical Computations of
Abscissas of (Gauss Quadrature Rules

ToMONORI KouvaAt

Approximations obtained by numerical computations based on finite precision floating-point
arithmetic lead to errors, which are primarily composed of theoretical and round-off errors.
If we can estimate theoretical errors and round-off errors separately, the total error can be
estimated as the maximum value of all the errors. The so-called “classical error estimation”
(CEE) approach is a standard a posteriori method of estimating these errors; in this approach,
errors are estimated by comparing several approximations obtained under various conditions.
The advantage of this approach is that it is not necessary to rewrite the many existing numer-
ical computation algorithms completely. In this paper, we demonstrate that our CEE-based
error estimation method can be applied to two different algorithms in order to obtain the
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abscissas of Gauss quadrature rules with the user-required precision.
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Table 1 Coefficients of three-term recurrences, weight functions, integral

intervals and matrix types of T'.

Name p_1(x) | po(z) a; b; cj w(z) a b Type of T
Legendre 0 1 (25 —1)/5 0 G-1/5 1 -1 1 Unsymmetric
Laguerre 0 1 —1/j 2-1)/5 | G—=1)/5 | exp(—x) 0 +o0 Symmetric
Hermite 0 1 2 0 2j — 2 exp(—z2) | —oo | +oo | Unsymmetric

Standard g1o0o0oo0boooo
itimes = num_algo(ret, init_val, func,
history, rel_tol, abs_tol, max_itimes); ‘ 4.1 D D D D D
Our approach y 0000000000000 ALGOLOO0000

// ret_s, init _val, func_s, history s[]: S digits
itimes_s = num_algo(ret_s, init_val, func_s,
history_s, rel_tol, abs_tol, max_itimes); AN

Parallel
// ret 1, init val, func 1, history 1[]: L digits Execution
itimes_1 = num_algo(ret_l, init_val, func_1, /
history 1, rel_tol, abs_tol, max_itimes);

// Estimation for Round-off error in ret_s
rerr = abs(ret_l — ret_s);

01 000D0O0O00oooooo
Fig.1 Round-off error estimation and its parallelization.
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Table 2 Maximum and mimimum values of abscissas «;.
Gauss-Legendre Gauss-Laguerre Gauss-Hermite
N Maximum Minimum Maximum Minimum Maximum Minimum

128 |£9.998248879%¢ — 1|£1.222369896e — 2|4.846155439¢ + 2|1.125138826e — 2(+1.529181976e + 1|+9.798382195e — 2
256 |£9.999560500e — 1|£6.123912375e — 3|9.888402671e + 2(5.636640244e — 3|+2.199169337e + 1|+6.935239452¢ — 2
512 |£9.999889909¢ — 1|£3.064962185¢ — 3|2.003068830¢e + 3(2.821067169¢ — 3|+3.143011738e + 1|44.906344183e — 2
1024|£9.999972450e — 1|+£1.533231356e — 3|4.038778564e + 3|1.411221668e — 3|+4.474456851e + 1|£3.470155326e — 2

Gauss-Legendre : 1024 deg, 50 dec.digits
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Fig.2 Estimations for theoretical and round-off errors in Yamashita method:
1024th degree/50 decimal digits (left), 2000 digits (right), legendre (upper),

laguerre (lower).
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Fig.3 Estimations for theoretical and round-off errors in Yamashita method
(Hermite) : 256th degree/50 decimal digits (left), 2000 digits (right).
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Fig.4 Estimations for theoretical and round-off errors in
Golub & Welsch method: 1024th degree/100 deci-
mal digits.
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03 00000 py(an) =N psal 0000000 |pyel?| 00000 pu

Table 3 Maximum absolute terms |pMai\4\ and the corresponding coeffients pps

of orthogonal polynomials py (1) = Zf\/:o piat.

Legendre Laguerre
N M lpar] lpar oy’ | M lon| lparay’|
128 90 5.338360895e + 46 5.254880126e + 46 105 1.275544277e — 143 1.181452417e + 139
256 182 2.661968627e + 95 2.640760284e + 95 211 1.438311788e — 350 1.347315383e + 282
512 362 | 1.306096846e + 193 | 1.300902035e + 193 | 423 2.679397474e — 828 1.110174846e + 569
1024 | 724 | 6.257580545e + 388 | 6.245111719e + 388 | 847 | 2.106987733e — 1911 | 6.568225915e + 1143
Hermite
N | M lparl lparal’|
128 106 6.837431482¢ + 69 2.440984822¢ + 195
256 210 | 5.159612513e + 149 3.863119523e 4 431
512 422 1.502008296e + 311 1.139424666e + 943
1024 846 1.522478264e 4 647 5.115234205e 4 2043
04 000DO0000O0DOO0O0ODOOOlogz(lpn(er))MmOOnoOO
Table 4 Verification by evaluating orthogonal polynomials at zeros
(log1o(lpn (1)])): Yamashita method.
Legendre Laguerre Hermite
N U =50 100 1000 2000 50 100 1000 2000 50 100 1000 2000
128 —47.2 —96.7 | —996.9 | —1996.8 55.1 4.7 —895.3 | —1894.5 | 127.2 78.5 —821.3 | —1821.3
256 —47.3 —96.5 | —996.7 | —1996.5 | 164.7 | 113.9 | —784.9 | —1785.3 | 347.9 | 298.2 | —601.9 | —1602.2
512 —46.2 —95.9 | —996.0 | —1995.6 | 385.4 | 335.2 | —567.0 | —1564.8
1024 —45.8 —96.1 | —995.0 | —1995.1 | 827.0 | 777.3 | —122.6 | —1122.7
05 000D0000000000000O0logyg(lpw (1)) Golub 0000
Table 5 Verification by evaluating orthogonal polynomials at zeros
(logqo(lpn (1)])): Golub & Welsch method.
Legendre Laguerre Hermite
N U =50 100 1000 2000 50 100 1000 2000 50 100 1000 2000
128 | —47.2 | —97.8 | —996.9 | —1996.8 | 55.1 4.7 —895.3 | —1894.5 | 127.2 78.5 —821.3 | —1821.3
256 | —47.3 | —96.5 | —996.7 | —1996.5 | 164.7 | 113.9 | —784.9 | —1785.3 | 347.9 298.2 | —601.9 | —1602.2
512 | —46.2 | —95.9 | —996.0 | —1995.6 | 384.9 | 335.2 | —567.0 | —1564.8 | 825.7 775.6 | —124.2 | —1123.9
1024 | —45.9 | —96.1 | —995.0 | —1995.1 | 827.0 | 777.3 | —122.6 | —1122.7 | 1859.3 | 1810.0 910.5 —89.5
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Table 6 Verification of Gauss quadrature rule by definite integrals
(log;o(Relative Error)): Yamashita method.
Gauss-Legendre (A) Gauss-Laguerre (B) Gauss-Hermite (C)
N [(U=50 100 1000 2000 50 100 1000 2000 50 100 1000 2000
128 | —50.4 | —99.8 | —610.6 | —610.6 | —51.1 | —101.6 | —1000.8 | —2001.1 | —52.2 | —100.9 | —329.9 | —329.9
256 | —50.8 | —100.4 | —1001.5 | —1374.1 | —51.1 | —102.0 | —1000.6 | —2001.5 | —50.8 | —101.4 | —736.7 | —736.7
512 | —50.7 | —100.8 | —1002.6 | —1999.9 | —51.2 | —101.5 | —1001.8 | —2001.6
1024 | —50.7 | —100.6 | —1000.1 | —2000.3 | —51.6 | —102.3 | —1001.1 | —2001.4
07 00000000 Gauss 0000000 0O0log,,(0000)0 GolubO0O0ODO
Table 7 Verification of Gauss quadrature rule by definite integrals
(log;o(Relative Error)): Golub & Welsch method.
Gauss-Legendre (A) Gauss-Laguerre (B) Gauss-Hermite (C)
N |U =50 100 1000 2000 50 100 1000 2000 50 100 1000 2000
128 | —52.0 | —102.5 | —610.6 | —610.6 | —50.6 | —101.2 | —1001.0 | —2001.3 | —50.4 | —101.3 | —329.9 | —329.9
256 | —52.0 | —101.4 | —1001.2 | —1374.1 | —51.1 | —101.5 | —1001.1 | —2000.6 | —50.7 | —100.8 | —736.7 | —736.7
512 | —51.7 | —101.7 | —1002.2 | —2002.0 | —51.5 | —101.8 | —1000.7 | —2001.3 | —50.5 | —101.1 | —1000.6 | —1627.4
1024 | —51.9 | —101.7 | —1002.0 | —2001.8 | —51.0 | —101.2 | —1001.1 | —2001.6 | —50.3 | —101.3 | —1000.5 | —2000.6
Legendre, 128 deg, Yamashita Legendre, 1024 deg, Yamashita
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Fig.5 Computational times and parallel efficiencies for 128th (left) and 1024th
(right) degree Legendre orthogonal polynomials: Yamashita method (upp-
per), Golub & Welsch method (lower).
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