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Convergence of BiCRSafe Method Based on
Residual of BiCR Method

Se1 Fusinot! and Yusuke ONOUET?

In this paper we introduce BiCRSafe method whose residual is based on the residual of
BiCR method in place of that of BiCG method. Moreover we introduce also three variants
of preconditionings of BiCRSafe method due to difference of definition of auxiliary vectors
and parameters o and [Bg. The effectiveness and safety of convergence of the preconditioned
iterative method are studied for both some problems from database of sparse matrices and
realistic problems in the electromagnetic field. We reveal that safety of convergence of the
preconditioned BiCRSafe method does not depend upon choice of initial shadow residual vec-
tor r§ and accelerated parameter of ILU(0) decomposition. Our results demonstrate that
preconditioned BiCRSafe method is very effective and safety compared with the conventional

iterative methods.
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Table 1 Characteristics of test matrices in problem 1.

oo gooo | ooo oo |oooo

ooo ooo
K3plates oooo | 11,107 378,927 34.12
EX19 oooo | 12,005 259,577 21.62
LI oooo | 22,695 | 1,215,181 53.54
EX10HS oooo 2,548 57,308 22.49
Fidapm037 | 0O 9,152 765,944 83.69




58 gooooOOoooOo0ooooooooobooboOoooo

Florida 0000000000000O0000O020
0200 300 40050000 K3platesO EX190
LIDEX10HSOFidapm037 000000 ILU(0) OO
000000000000000000000000
000000 »; 00000 20007000000
Oro00 rf=r, 00000000 v 000000
000000MOD0O00 w5 0000000000
00=1.000000000000000000000
0000000000000 £5000000000
000000000000000000000000
000000 ~001.000 1.3000 0.002000
00 1510000000000000MO000000
000000000000MO00 (%)00000
00000000000 2-010000000000
00000000000 00000000000
0000000000000
02-04000000000000000000
e 00 K3platesDOOCGSOOOO0 10070 =
0000000000000000000000
0000000000000000000000
BiCGCOOOODOOOOOOOBICROODOO
0000000000000000000
e D0 EX19000BICGOOOOOOODOOOD
00000000000000000000BICR
0000000000000000000000
ooo
e 00 LIODOBICGSafe 00 OO BiCRSafe(M-
a)0 BiCRSafe(M-c) 000000000
e 0O EXIOHS OOOry = ro 000000
BiCGSafe 0 0000000000000 200
000 BiCRSafe 00000000000
e 0O Fidapm037 0 0000000000000
0r;000000000000000000O
0000000000000 000BICGSafeD
0000000000000 BiCRSafe0 00D
00O00ooO0ooo0o
53 00000 2
0000000000 2000000000000
000000000000000000000000
oooo”®'Ygoooo000000o0onooon
000000000000000000000000
00000000000000000000000O0
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000

Mar. 2008
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Table 2 Convergence of preconditioned iterative methods
for matrices K3plates and EX19.

(a) 000 K3plates

Ty 0o oo oo |oo]| oo
0|0 (%) |00| 00

ro CGS 151 100 | 723 | 4.13
CRS 151 100 | 133 | 0.88
BiCGStab 151 100 | 245 | 1.49
BiCRStab 151 100 | 156 | 1.01
GPBICG 151 100 | 211 1.34
GPBIiCR 151 100 | 128 | 0.87
BiCGSafe 151 100 | 211 | 1.33
BiCRSafe(M-a) | 151 100 | 128 | 0.86

oo | CcGs 150 99 | 584 | 3.37
CRS 151 100 | 149 | 0.97
BiCGStab 151 100 | 263 | 1.59
BiCRStab 151 100 | 157 | 1.02
GPBIiCG 151 100 | 185 | 1.19
GPBIiCR 151 100 | 139 | 0.93
BiCGSafe 151 100 | 188 1.20
BiCRSafe(M-a) | 151 100 | 139 | 0.93

000 | CGS 151 100 | 575 | 3.32
CRS 151 100 | 136 | 0.89
BiCGStab 151 100 | 186 | 1.17
BiCRStab 151 100 | 149 | 0.97
GPBIiCG 151 100 | 136 | 0.91
GPBICR 151 100 | 134 | 0.91
BiCGSafe 151 100 | 136 | 0.91
BiCRSafe(M-a) | 151 100 | 134 | 0.89

(b) 00O EX19

o oo oo 0o oo oo
0|0 )| oo| oo

70 CGS 0 0 - -
CRS 56 37 (3,181 | 14.89
BiCGStab 81 54| 951 | 4.73
BiCRStab 81 541,002 | 5.42
GPBIiCG 94 62| 765| 3.96
GPBIiCR 95 63| 847| 4.39
BiCGSafe 96 64| 741 3.79
BiCRSafe(M-c) | 98 65| 778 | 3.95

oo | CGS 76 50 | 3,528 | 16.23
CRS 94 62| 778 | 3.87
BiCGStab 66 44 | 4,262 | 19.74
BiCRStab 83 55| 1,116 | 5.52
GPBIiCG 91 60| 922 4.75
GPBIiCR 96 64| 818 | 4.21
BiCGSafe 92 61| 814| 4.16
BiCRSafe(M-a) | 98 65| 755| 3.84

000 | CGS 35 236,415 | 29.33
CRS 96 64| 937| 4.56
BiCGStab 69 46 | 3,932 | 18.21
BiCRStab 84 56 | 1,025 | 5.10
GPBIiCG 88 58| 987| 5.06
GPBIiCR 96 64| 795| 4.06
BiCGSafe 94 62| 898 4.55
BiCRSafe(M-a) | 98 65| 730| 3.73
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Table 3 Convergence of preconditioned iterative methods
for matrices LI and EX10HS.

(a) 0D OLI

Ty oo oo oo | oo oo
0|0 (%)| 0O oo

ro CGS 0 0 - -
CRS 8 508,103 | 236.16
BiCGStab 56 37 | 4,517 | 130.79
BiCRStab 58 38 (1,886 | 59.45
GPBIiCG 56 37 (3,610 | 108.68
GPBICR 58 38| 1,487 | 50.31
BiCGSafe 58 383,318 | 99.69
BiCRSafe(M-a) | 58 38 1,509 | 48.67

0o | CGS 49 326,691 | 193.78
CRS 58 38 (1,633 | 52.67
BiCGStab 58 381,915 | 60.46
BiCRStab 58 38 | 1,408 | 47.92
GPBIiCG 58 38 (1,874 | 60.62
GPBICR 58 38| 1,417 | 48.76
BiCGSafe 58 38 (1,883 | 60.46
BiCRSafe(M-c) | 58 38| 1,445 | 47.17
ooo | cas 37 25| 7,581 | 216.78
CRS 58 381,745 | 54.38
BiCGStab 58 381,934 | 60.01
BiCRStab 58 38| 1,465 | 48.49
GPBIiCG 58 38 (1,859 | 58.58
GPBIiCR 58 381,312 | 45.57
BiCGSafe 58 381,872 59.11
BiCRSafe(M-a) | 58 38 (1,316 | 44.40

(b) 000 EX10HS

e 00 0o oo oo oo
0|0 %)| oo| 00

o CGS 5 319,671 8.90
CRS 72 48 [ 1,857 | 1.76
BiCGStab 29 19 | 5,853 | 5.46
BiCRStab 21 14| 7,504 | 7.01
GPBIiCG 83 55| 1,232 | 1.24
GPBICR 83 55| 1,418 | 1.42
BiCGSafe 87 58 | 1,114 | 1.11
BiCRSafe(M-c) | 85 56 | 1,240 | 1.22

oo | CGs 64 42 {6,541 | 6.02
CRS 68 451,882 | 1.82
BiCGStab 6 49,512 | 8.81
BiCRStab 20 137,743 | 7.25
GPBIiCG 82 54 1,819 | 1.78
GPBICR 84 56 | 1,182 | 1.21
BiCGSafe 85 56 [ 1,591 | 1.55
BiCRSafe(M-a) | 85 56 | 1,066 | 1.06

000 | CGS 51 348,040 | 7.41
CRS 81 54| 1,404 | 1.35
BiCGStab 6 49,354 | 8.71
BiCRStab 46 30 | 4,598 | 4.32
GPBIiCG 83 55| 1,621 | 1.61
GPBIiCR 84 56 | 1,108 | 1.13
BiCGSafe 86 57 | 1,427 | 1.41
BiCRSafe(M-b) | 85 56 | 1,068 | 1.07

BiCROOOOOODOOOOOO BiCRSafeJOOOOOOOO 59

04 00 Fidapm037 0000000000000 DODOO
Table 4 Convergence of preconditioned iterative methods
for matrix FidapmO037.

re oo oo oo oo o0
0|0 (%)| oo| 00

o CGS 49 326,748 | 69.22
CRS 22 15 | 8,124 | 83.68
BiCGStab 24 16 | 7,565 | 78.30
BiCRStab 17 11| 8,022 | 82.43
GPBIiCG 68 45| 3,458 | 36.88
GPBIiCR 65 433,641 | 38.63
BiCGSafe 73 483,276 | 34.94
BiCRSafe(M-b) | 70 46 | 3,350 | 35.17

oo |cas 76 50 | 3,768 | 40.45
CRS 67 44| 3,210 | 33.87
BiCGStab 68 453,638 | 38.38
BiCRStab 57 38 | 4,437 | 46.32
GPBIiCG 84 56 | 2,943 | 32.20
GPBICR 79 52 | 3,072 | 32.96
BiCGSafe 88 58 | 2,851 | 30.72
BiCRSafe(M-a) | 84 56 | 2,975 | 31.67

0oo | CGS 76 50 | 3,839 | 40.00
CRS 68 45| 3,208 | 34.09
BiCGStab 73 483,519 | 38.11
BiCRStab 64 423,973 | 41.38
GPBIiCG 84 56 | 2,911 | 32.37
GPBIiCR 80 53 | 3,050 | 33.20
BiCGSafe 88 58 | 2,773 | 29.65
BiCRSafe(M-a) | 83 55 | 2,953 | 31.46
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0A
w=—0 (E + grad ¢) , (58)
rot (v rot A) = Jo + w, (59)
div(w) = 0. (60)
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rotational direction
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Fig.1 Eddy current analytic model (1/8 region).
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Table 5 Characteristics of test matrices in problem2.

oo ooo 00 |[ooo [ooooo

00 |000 |00 (mm)
SAGAO033 | 27,720 | 1,665,372 | 60.08 0.33
SAGAO005 | 27,720 | 1,665,372 | 60.08 0.05
SAGAO001 | 27,720 | 1,664,326 | 60.04 0.01
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06 00O SAGAO33ODOOOOOOOODOOOOOOO
Table 6 Convergence of preconditioned iterative methods
for matrix SAGA033.

rh oo 00 oo oo oo
0|0 %)| 00 oo

ro CGS 0 0 - -
CRS 0 0 - -
BiCGStab 44 29 | 7,497 | 315.50
BiCRStab 39 26 | 8,230 | 340.01
GPBiCG 108 72 | 3,865 | 165.80
GPBICR 101 67 | 4,462 | 189.60
BiCGSafe 117 77| 3,115 | 134.49
BiCRSafe(M-a) | 115 76 | 3,479 | 146.13
BiCRSafe(M-b) | 112 74| 3,618 | 152.21
BiCRSafe(M-c) | 113 75 | 3,542 | 148.14

0o | CGS 0 0 - -
CRS 86 57 | 4,290 | 181.78
BiCGStab 26 178,759 | 367.14
BiCRStab 8 59,660 | 405.64
GPBiCG 108 72| 3,630 | 160.20
GPBICR 116 77 | 3,258 | 144.13
BiCGSafe 124 82 | 2,826 | 114.15
BiCRSafe(M-a) | 124 82 | 2,787 | 117.29
BiCRSafe(M-b) | 122 812,890 | 122.23
BiCRSafe(M-c) | 124 82 | 2,785 | 116.69

000 | CGS 0 0 - -
CRS 89 59 | 4,100 | 166.13
BiCGStab 24 16 | 8,773 | 355.64
BiCRStab 11 719,458 | 381.02
GPBIiCG 0 0 - -
GPBICR 120 79| 2,801 | 117.36
BiCGSafe 123 81]2,689 | 114.15
BiCRSafe(M-a) | 124 82 | 2,543 | 106.71
BiCRSafe(M-b) | 123 81 |2,580 | 109.40
BiCRSafe(M-c) | 124 82 | 2,529 | 105.48
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Table 7 Convergence of preconditioned iterative methods

for matrix SAGA005.

o oo oo oo oo oo
0|0 (%)| 00 oo

0 CGS 0 0 - -
CRS 45 30 7,244 | 306.20
BiCGStab 38 25 8,703 | 353.20
BiCRStab 38 25 8,702 | 357.19
GPBiCG 109 72 5,475 | 229.88
GPBiCR 112 74 5,797 | 245.97
BiCGSafe 112 74 4,679 | 201.77
BiCRSafe(M-a) | 114 75 4,964 | 206.28
BiCRSafe(M-b) | 113 75 4,954 | 206.19
BiCRSafe(M-c) | 114 | 75 | 4,777 | 199.64

oo CGS 0 0 - -
CRS 59 39 6,551 | 260.31
BiCGStab 18 12 9,493 | 381.83
BiCRStab 5 3 9,911 | 386.25
GPBiCG 25 17 8,149 | 357.80
GPBiCR 111 74 4,827 | 208.64
BiCGSafe 122 81 3,571 | 148.49
BiCRSafe(M-a) | 122 81 4,314 | 185.67
BiCRSafe(M-b) | 120 79 4,201 | 176.51
BiCRSafe(M-c) | 123 81 4,164 | 174.91

ooo | CGS 0 0 - -
CRS 66 44 6,080 | 247.97
BiCGStab 25 17 9,086 | 374.54
BiCRStab 6 4 9,782 | 403.12
GPBiCG 0 0 - -
GPBiCR 119 79 3,641 | 153.04
BiCGSafe 121 80 3,606 | 152.41
BiCRSafe(M-a) | 122 81 3,331 | 139.90
BiCRSafe(M-b) | 123 81 3,304 | 139.07
BiCRSafe(M-c) | 124 82 3,280 | 137.89
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Table 8 Convergence of preconditioned iterative methods
for matrix SAGAO001.

A oo oo oo oo oo
0|0 %)| 00 oo

0 CGS 0 0 - -
CRS 0 0 - -
BiCGStab 14 9 9,669 | 389.85
BiCRStab 12 8 9,876 | 402.50
GPBiCG 86 57 7,310 | 302.20
GPBiCR 64 42 7,838 | 331.73
BiCGSafe 115 76 5,844 | 237.01

BiCRSafe(M-a) | 95| 63 |6,755| 261.41
BiCRSafe(M-b) | 95| 63 |6,764 | 276.51
BiCRSafe(M-c) | 104 | 69 |6,456 | 271.84

oo CGS 0 0 - -
CRS 37 25 8,485 | 347.81
BiCGStab 0 0 - -
BiCRStab 1 1 9,984 | 409.57
GPBiCG 82 54 6,726 | 276.96
GPBIiCR 101 67 6,332 | 263.35
BiCGSafe 117 77 5,533 | 227.34

BiCRSafe(M-a) | 120 79 5,489 | 232.91
BiCRSafe(M-b) | 121 80 5,667 | 232.52
BiCRSafe(M-c) | 123 81 5,397 | 228.36

ooo | CGS 0 0 - -
CRS 34 23 8,503 | 343.38
BiCGStab 2 1 9,961 | 403.78
BiCRStab 2 1 9,977 | 403.14
GPBiCG 0 0 - -
GPBiCR 110 73 5,384 | 224.76
BiCGSafe 121 80 5,382 | 217.49

BiCRSafe(M-a) | 118 78 4,904 | 201.58
BiCRSafe(M-b) | 122 81 4,780 | 202.58
BiCRSafe(M-c) | 123 81 4,764 | 201.02
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Table 9 Relationship between convergence of six precondi-

H tioned iterative methods and accelerated parame-
J ter v for matrices EX19 and EX10HS.

(a) 00 O0EX19

©
o
o
o

6000

Iterations

g oo oooo ool oo| oo

~ 0000 0O| oo| oo
4000 1 00 |GPBiCG 600000 | 89| 177| 0.96
oooo 25,855 | 28.04
2000 1 GPBiCR 600000 | 89| 162| 0.89
oooo 712,003 9.73
o7 105 1.1 115 1.2 1.25 1.3 BiCGSafe 6ooooo| 89| 148 0.80
Ganma oooo 312,635 12.47
02 00000 BiCGStab0OOO0O0O0O000O00O BiCRSafe(M-a) |6 00000 | 89| 146| 0.79
SAGA033 0000 oooo 912,057| 9.82
Fig.2 Variation of iterations of preconditioned BiCGStab BiCRSafe(M-b) |6 00000 ]9 145| 0.79
method for matrix SAGA033. oooo 612,356 | 11.20
BiCRSafe(M-c) [6 00000 | 89| 148 0.80
12000 ‘ ‘ ‘ ‘ ‘ oooo 812,103| 9.94
000 | GPBIiCG 600000 | 8| 170| 0.92
10000 0ooo 303,431 16.53
GPBiCR 600000 | 85| 136| 0.74
g 8000 | ; oooo 112,165 | 10.48
e BiCGSafe 600000 8] 129 0.70
g 0001 0oooo 712,702 | 12.79
- ; BiCRSafe(M-a) [6 00000 | 85| 133 0.74
4000 | ‘._. oooo 131,616 | 7.75
| I i BiCRSafe(M-b) [6 00000 | 85| 134 0.74
2000 o AT A ¥ oooo 811,337| 6.43
BiCRSafe(M-c) [6 00000 | 85| 131 0.72
O1 1105 1.‘1 1115 l.‘2 1.‘25 1.3 nooo 11 1’413 6.79

Gamma
03 00000 GPBiICGOOOOOOOOOOOO (b) 0O 0EX10HS

SAGA033 0000 e oo oooo oo| ool oo

Fig.3 Variation of iterations of preconditioned GPBiCG 0000 ] oo o0
method for matrix SAGA033. oo GPBICG 600000 | 81| 424 0.42
oooo 12,636 | 2.56

12000 GPBiCR 600000 | 81| 201]0.21
oooo 301,370 1.39

10000 BiCGSafe 600000 | 81| 351 0.35
oooo 42,157 2.09

2 8000 BiCRSafe(M-a) |6 00000 | 81| 182]0.19
i oooo 411,334 1.32
£ 6000 BiCRSafe(M-b) [6 00000 | 81| 174]0.19
a oooo 3(1,238| 1.24
4000 BiCRSafe(M-c) |6 00000 | 81| 186 0.20
oooo 3| 863 0.86

2000 000 | GPBIiCG 600000 | 82| 354 0.36
oooo 14,328 | 4.14

0 1 1205 1.‘1 l.‘15 14‘2 1.‘25 1.3 GPBICR 6oooon 82 178 0.19
Gamma oooo 214,142 | 4.01

04 00000 BiCRSafe(M-a) 000000000000 BiCGSafe 600000 | 82| 288] 0.29
SAGA033 0000 oooo 44,552 4.35

Fig.4 Variation of iterations of preconditioned BiCRSafe(M-a) |6 00000 82| 170|0.18
BiCRSafe(M-a) method for matrix SAGA033. oooo 31(3,920| 3.68
BiCRSafe(M-b) [6 00OODODO | 82| 166|0.18

oooo 35,889 5.51

0 GPBiCGUOGPBICROBICGSafeOBiCGSafe(M-a)0l BiCRSafe(M-c) |6 00000 | 82| 176]0.18
BiCGSafe(M-b)0 BiCGSafe(M-c) 00000000 nooo 2]2,794| 2.62

000 00000000000 EX190EX10HS
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Table 10 Relationship between convergence of six precon-
ditioned iterative methods and accelerated pa-
rameter v for matrix SAGA033.

o oo oooo oo oo oo
yOODOO O oo oo

oa GPBiCG 600o0a0no 98| 2,406 | 106.34
oooo 102,609 | 115.63

GPBiCR 600000 98 (2,314 | 102.84
oooo 182,371 | 105.69

BiCGSafe 600000 982,114 93.81
oooo 262,272 100.55

BiCRSafe(M-a) |6 00000 982,093 | 88.19
oooo 26 12,176 | 91.71

BiCRSafe(M-b) |6 000D0OD 982,136 | 90.81
oooo 2412,219| 93.51

BiCRSafe(M-c) |6 00000 982,092 87.48
oooo 262,173 | 91.77

0ooo |GPBICG 600000 0 - -
oooo 0 - -

GPBiCR 600000 | 1182,012| 84.51
oooo 212,251 94.58

BiCGSafe 600000 | 118|1,969| 83.71
oooo 512,698 | 114.77

BiCRSafe(M-a) (6 00000 | 118|1,867| 78.44
oooo 612,347 99.19

BiCRSafe(M-b) |6 00000 | 118|1,877| 79.63
oooo 512,399 | 101.61

BiCRSafe(M-c) (6 00000 | 118|1,855| 77.36
oooo 612,306 | 97.84
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Fig.5 Example of type (I) of convergence tendency of
BiCRSafe(M-a) method for matrix EX10HS. Sym-
bol “o” corresponds to “Converged cases of six
methods” and symbol A corresponds to “Other-
wise” in Table 9.
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Fig.6 Example of type (II) of convergence tendency of

BiCRSafe(M-a) method for matrix SAGA033. Sym-
bol “o” corresponds to “Converged cases of six
methods” and symbol A corresponds to “Other-
wise” in Table 10.
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Fig.7 Example of type (III) of convergence tendency of
BiCRSafe(M-a) method for matrix LI.
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