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Significant communication overhead occurs during dot product operations in Krylov subspace methods, such as Conjugate
Gradient Method (CG), on massively parallel supercomputers. Pipelined CG developed by Ghysels et al. applies recurrence
relations on original CG algorithm. Although sequence of operations is different from that of original CG, algorithm of the
pipelined CG is kept as that of original one. It is widely known that the pipelined CG with asynchronous collective
communication supported in MPI-3 standard can hide overhead of collective communications by overlapping communications
and computations. In the present work, performance evaluations of 3D finite-element applications for solid mechanics with

pipelined CG on Reedbush-U (ITC, University of Tokyo), and Oakforest-PACS (JCAHPC) are demonstrated.
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A L@ 1% 118 (Point-to-Point Communication), PNFET
a7 et 2 EOELEEIE (Collective Communication) 73
FAET L. MPLZMEH T 23561%, A 1% MPL Isend X°
MPI Irecv, %% 1% MPI Allreduce ® X 5 72 B3 EA S
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Fortran90 36 & O' MPI TRLE STV 2.  GeoFEM TR
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ZEPHBIVA XV 7 (4
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BT 2B H D720, INWREZELSEDFE
& LT, B A— =T v TR INER Schwartz Bk
43E11E (Additive Schwartz Domain Decomposition : ASDD)
(13) Z#MA LT\ 5. ASDD OFIEIZLLFO@EY Th S -
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u=M"'r
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BN TnD b0 ERET D & Al (A -
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WERShS.

_ -1 _ -1
Ug, —MQl o> Ug, —MQz To,

(3) RAFTHIZRRTLE 2 F(T LIz big, fEmE A4 — N—
Ty T BLXO D, TBWTUTOEYHE
5 (K7 (b)) :

up, =up + Mg (5, =M ug' = Mpui™)

”;22 =”;zj +Mg;12 (VQZ _Mgzugj _Mrz’/‘gl)

ZZTnlI ASDD O DR LETH 5,
4) 2 BXY® QB) oFutAEZINEE THY KT,
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7 CREIRRIC IS T B ANYESY Schwartz AR 3 1k
(Additive Schwartz Domain Decomposition, ASDD) #LELdD
BEEE (13]) : (a) RATALER, (b) KILAOIEIE

3. M T54 BB/ AEE
LTI, UTo4EEOT LI X LZ2HHT5

o AU UFIURLERS & HEAEE (Alg-1) (K1)
e Chronopoulos/Gear 7 /L= U X & (Alg.-2) (2,4]

o NATTAUBT AT XA (Alg-3) (4]

e Gropp 7/v Y X h (Alg-4) [14)

Chronopoulos/Gear 7 /L = U X A (Alg.-2) 1% s-step 1% (2]
2BV Ts=1 L L7ebOT, TR LS 2L (1) :

s, =Au,+ s, pr=u; + pip, < s, = Ap,
Xin =X +O4D; (1)
lig=b—Ax,, =b—Ax,—a,Ap,

=r—adp, =r,—qs,

EHEALT, s=Ap, #BIZHE T2 L2 RkDTN 5.
FERELT, KSITRT LI RTAIVXLANELND.
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ZOTNATY ZLOEIE, y S& D PRINLEE A i L
THEETEXHZLiZHsd (8D 101TH, 1117H). L
2o T, FE3E T MPI Allreduce % 1 [BIFES 720 CTHde /=
», & MPl 7' u -t 23 b 5 EGEEOREZ 1 BEHIES
LI ENTED

1: ry:= b-Axy; uy:= Mlrg; wy:= Ay,
23 ag:= (Lo, ug)/ (W, ug); Bo:=0; ypi= (rg,u,)
3: for i=0 .. do

4: p;:=w + By Py

5 sii=w; + By s,

[N Xj_+1'= Xj. + Q’i pi

78 Liq:= L= 0y Sy

8: Ui := M_lr‘u—l

Ol Wip:= Aui+1

10: Yie1:= (Tip1,8549)

11 O:= (Wiy;,U54,)

12: Bisit= Yin/ s

13: Oi,1:= Yis/ (8 = By Vi /oy)
14: end do

8 Chronopoulos/Gear 7 /L= U XA (Alg.-2) [2,4)

Alg 2 IZLT ok (2) Z@H$2&, KIIWTRT TV
TYRXABH/LEND. ZOTNTY XAFSA T T A
Chronopoulos/Gear 7 /L 2 Y XL (FiALEEL) THD.

u, =1, w,=Au, = Ar,

i i

Ar,, = Ar,—a ds; = w,, =w, —a,ds; (2)
As; = Aw, + B As,_, = z, (: As; = Azpi): Aw, + Bz,
g, =Aw, = Az”i

=r,—adp, =r1,—as,

ZOTNATY X AOREIE, Alg-2 RS 5, SEWVD
WAEALEL 28 L CEBTE 2721 Th<(KID3TTH,
417H), BIZZN 6 ONEDEIL S1TH OBATIIN S kL
BCEAEnT, 6fFTHUBRTHERISND WS Z LT
HDH. ZOEIZ, MPI-3 THHR— h &R T\ 5 IERYIE
Fl@IEHRE 2 3L, WERHR O D OEE®E L

TN MR A —N—T v TEEL TR WREL 125,

1: ry:= b-Ax,; wy:= Au,
2: for i=0 .. do

3 Yii= (x5, x5)

4: 8:= (w,,r,)

5: Qi41:= AWy,

6: if i>0 then

7 Bi:= vi/ Yiai 0= 7/ (& - B;vi/oy )
8 else

9: Bi:=0; a;:= v,/8
10: end if

11: zgi=q + By o2y,
12: S;t= w, + By s;
13: pi:=1; + Bipiy
14: Xi13T X T 04 Py
153 r;,1:= r; -0, S;
16: W= W; -0 Z;

17: end for

9 /XA 7Z A A Chronopoulos/Gear 7 /L = U X A
(AL L) (4]
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FIZ, ZHCLITCRTEMER 3) 2@ E, K10
IR T A BIFHLER S X R AEVEO T LT Y XA
(Alg.-3) (4) "&EHLND -

Vi= (ui’ui)M = (Mui’ui): (ri’ui)
0= (MilAui’ui)M = (Aui’ui): (Ww”i)
M7, =M —aM s, = u, =u - ag, (qi = Mﬁlsi) 3)
Ms, =M "'w,+BM"'s,=q,,,=M"'w,+Bq,
Au,,, = Au, —0;Aq, => w,,, =w, —a,;Aq,

Aq, = AM"'w, + BAq, =z, = Am, + Bz, ,
(m, =M 'w, = M Au, = M AM 5, z, = Ag)

2 <

1: ry:= b-Axy; uy:= Mlry, wy:= Au,
2: for i=0 .. do

Sk v;:= (r;,u;)

4: d:= (w;,u;)

33 m;:= Mlw;

6: n;:= Am;

e if i>0 then

8: Bi:= vi/Viai @:= v/ (8 = PByvi/ayy)
g else

10: Bi:=0; a;:= v,/8

11: end if

123 z;:=n; + By oz,

13: gs:=my + Byogiy

14: S;i:=w; + B; 554

15: p;i= uy + Bipig

16: Xit= X, toy py

17: ri1:= r; -0 Sy

18: Ug,:= U; -0y g;

19s W= W; -0 Z;

20: end for

X 10 A7 T4 A (Rl &) EAREO T LT
U X5 (Alg.-3) (4)

ZOTATY XA Alg-2, KOIWRTTAITY XAD
Rtz L CB b, W (31TH, 417H) O%ICHITLER,
BATHIN S MAFOHER DY, FOH%IID THNEOHEZ
AT 5720, EEEGLEHEOA— =T v TRHHRET
bBH. Zoftt (4) THRAMINTWD Gropp DT /LAY X
L (Alg-4) (14) 1%, Alg-3 ERLZTAVITY XLTH
508, SOBHENRER-TEY, HEBELETLRLIR
STV (¥ 11).

1I: ry:= b=Axy; Ug:= Ml pgi= Uy; Sg:i= Apgys
Yoi= (To,Ug)

2: for i=0 .. do

e d:= (p;,s;)

4: q;:= Mls;

5F a;:= v;/8

6: Xip1i= X TO; Py

7 i B 50y Sy

8: Ujpps= Uy -0 G

9: Yit1:= (Fi4a,U54)
10: Wiy i= Auyy,

11: Bivi:= Yina/ Vs

12: Pi1i= Uy + Biyg Py
13: Sis1i= Wiy + Piyg sy

14: end for

11 Gropp 7V Y XA (4,14
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121X Gropp 7 /v = U XA (X 11) D 3~51T H %, Fortran,
OpenMP, MPI THEELHITHD. WFHEAEMER
B4k & LT MPI_Allreduce Tix72 < MPI-3 THHR—k&h
T2 IR HI4E 1815 BI %L MPI lallreduce % FEA TN 5.
WO ERER (5) ZEH3 2 ERIZ MPL Wait % FEA T
L TWD728, LHEE L mUEHET @17 %
F—N—=TF T THIENARETHD.

K1EAETNLIY XLOHFHERTHS. DAXPY (F~7
MV D EBAE OB (B : x;=x; + ayps) THDH. Alg3,
Algd T4V PFNADOFiEL LT, FREN L TH
573, SpMV CHTALER & kil 5 L EFRE EIFA R, B
TE5.

Alg1~Alg4 1Z7 N ) X ABITIER CEHENETH D
B, HEIEFAED> TnD 0, LDRZEDOEEDOMLS
BRI oTWD. - T, BEREMEOKE, 7L X
DX > TWROBREN R 2550855, (4) TIE, %
DX D RBERREBRCH D7, 50 KEIC—BEET K
U (ry) D% ri= b - Ax; KXo THIIEL TS, K
g xR e L TWARIBETIE, 0 X 5 el EIX A% T,
TN XL FUBE, [FCEECRR L

1C> 3: 8:= (p;,s;)
DLO= 0. d0
1$omp parallel do private(i) reduction(+:DL0)
do i= 1, 3N
DLO= DLO + P(i)*S(i)
enddo
call MPI_lallreduce &
& (DLO, Delta, 1, MPI_DOUBLE_PRECISION, &
& MP1_SUM, MPI_COMM_WORLD, request, err)
1> 4: qg,:= Mls,

i

(RTALER : 4BE)
call MPI_Wait (request, status, err)

1C> 5: a;:= v,/8
Alpha= Gamma / Delta

B 12 Gropp 7 /b= U X LD IR GERIBILHEIE & 7t
AOF—N—=F v )

#£1 K7V XLOFEE(SpMV: B THIX 7 FIVHE,
DAXPY : X7 MVEHMEIME), NEDO (+1) 3R EXY
NLD )V KB

Alg. SpMV | mHijLEE PR DAXPY
1 Original CG 1 1 2+1 3
2 Chronopoulos/Gear 1 1 2+1 4
3 Pipelined CG 1 1 2+1 8
4 Gropp 1 1 2+1 5

4. FrEBIRE
ABFETIEU T O 2 FEO M FMEREAFEHA L

e RBU : Reedbush-U (I KZEWMEAME L ¥ —) (6,7]
e OFP : Oakforest-PACS (fz5C¥m k[l HPC Eighasy) (8)
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Reedbush-U D EFHE / — Ki%, CPU & L T Intel Xeon
E5-2695v4 (Broadwell-EP)% 2 ¥ 7 v M E#i LT\ 5. CPU
D&% ATITNE, AVX2 BFlcxi L= b=y b
2 PO I TWD., ZhbDFE /— K420 /—F
%, InfiniBand-EDR (2 X VW 704 &2 v a0 Nig%
> Fat-tree M THEfE STV D[7].

—J5, Oakforest-PACS M4 / — K, Intel Xeon Phi 7250
(Knights Landing: KNL) 1 V& v N TR &, £ ETO
Xeon Phi x100 > Y — X (Knights Corner)?37 7 &7 L —#
L LTXeon 7t wyHinl Lt PCle ik SN D MLENRH >
72olZxtL, TNAHENT — NARER, A=—aT VAT
LTHB. a7 AVXS12 S ISt is Liz_s k=
=y "R 2 ETOBH SN TVE., Zhboar7 25T 1
ODHANERERL, TNEDHANBAEY a2 br—
THELIETT v W T 2RI A v ¥ 2 RICEERE ST
W5,

KNL @ CPU EiZiZ MCDRAM & MEEN D 3 IRJTHEJE A
Y NHEHE S, DDR4 AEVITHARTSFELLEDOAEY
Ny FigZE#F>. KNL 1%, Z® MCDRAM ZHIH457-9
DE—FLLT, UTOAEVE—R, JT7RAXV U TE
— FZHEATEY, BIOS k> THIW R L Z &N T
5.

e XEVUE—F

1. Flat : MCDRAM (%} L C DDR4 & 3%/ 5 2
7 RUARE 2 b, WRAICT 78 ARATRRIC 7R
5. memkind 74 77 V2V, a7 A TC
‘S5 ClX hbw_malloc 3%k, Fortran TlI FastMem f&
RFIC L > TERICHIR T 20, 7'r T LFELTH
IZ numactl 7% £1Z £ - T MCDRAM (Z%f L C bind §
HZEICE o TRIHTTRRIC A 5.

2. Cache: MCDRAM % DDR4 AE U DF v v 2Dk
NZ®|H. el T AHH5BRIIZ MCDRAM %
TIEEATH I LILTE V. KNL Tid Direct Map
ICEBDL3F Y v o LTIRAEED.

3. Hybrid: MCDRAM O X &% 738 LT, Flat E— K&
Cache E— RO HFNFHHEICZ /R 5.

IIARY T E—FR

MCDRAM ® A€ U 22> fu—F I, KNL F v 7% L

TEAICHEI LSRR EICER 4 Fryx#ishn

TBY, Fo 7LD Y —22KERIC45ELTEZ

LONRBERRRFNCR->TWS. 22T, #heiE

Z C Quadrant & — K & SNC-4 & — RIZOWCHAT 5.

1. Quadrant: &K% 1 Y4 v F® CPU @ X 5 (2 9 73,
WERI R AE VT 7R AD T 7 4 v 7 & LTI
EBRIZA LT — AR T 7 ERICARD LD 72
TRV TR D,

2. SNC-4: KGRI L7ZNUMA R A A > & LT
b, 7a I L 06, b4V sy A
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TADEIICRZAD. ZEY T NUMA 7 7 A4
Yo7 s, @7 7 0 =T o HlElEITS 2 &
T Quadrant £V & mVERESHIFFCX 5.

OFP T, OS ¥ v ¥ O BEMIIBET D12, 74 <l
VAR ZZ T R0 a T ZHRET S, full tickless D RE
EIToTWD[9]. #A RNV IALZZITHT 2271501
BEISNTVDLR, SHICL2 ¥y v ra~DBBEEE
LT, A=A rPTL2%yyazdtfd2a71b
WETCTEIDYTETHZ LT, Rz RE<IETLHL
NTED.

7’1 77 A% Fortran90 TR L TH Y,

(Ver.17) Intel Parallel Studio XE 2017 #fEH L, /—F
WALy RIEFIMEIZIE OpenMP 2 LT\ 5. K 2125
BREOMEL RS,

MPI 21XV 94 b Intel Parallel Studio XE 2017 I2& £4
% Intel MPL Zffi [l L7z, §HAE / — Rl > 2 ax 2 M,
RBU T (& Mellanox InfiniBand-EDR, OFP T(J Intel OmniPath
Architecture Z IV TW 5 23, L2100 Gbps U > 7 TH Y,
TINNA T a N RigZFD Fat-tree #8 CRERL S
TW5.

Intel Comliler
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# 3 Reedbush-U 28T 5 FH A O

Small : 256X 128 X 144 i (14,155,776 DOF)

HE A A
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