Vol. 42 No. SIG 14(TOM 5) IPSJ Transactions on Mathematical Modeling and Its Applications

Regular Paper

Dec. 2001

Effectiveness of Allelomimesis of Individuals in Dynamical Response

of Fish School to Emergent Affairs

MEIHONG ZHENG," YOSHIMASA NARITA, ™7 YOSHIKI KASHIMORI,
OsAMU HosHINO'T and TAKESHI KAMBARAf

A simulation model of collective motion of a fish group was presented to investigate the role
of allelomimesis of fish individual in emergence of dynamically stable schooling behaviors. The
present model was formulated based on the individual decision-making approach. Allelomime-
sis, doing what your neighbors do, was considered as the essential tactic of decision-making by
which coherent collective behaviors such as schooling are generated. Besides the allelomimetic
actions of individuals, the collision avoidance actions are also another essential tactic. As a
measure of the tactic of decision-making, the ratio of contributions of allelomimetic and avoid-
ance actions is adopted. It was investigated changing systematically value of the contribution
ratio how and to what extent fish individuals mimic their neighbors so that the fish group
shows the schooling behaviors. It was shown that the schooling behaviors generated using the
optimal values of the ratio correspond to a self-organized critical state. The main purpose of
the present modeling is to investigate whether the tactic of individual decision-making suited
to generate good schooling behaviors works well also in maintaining dynamical stability of the
fish school under emergent affairs. Emergent splitting of a school into two groups and flash
expansion of a school were used as the emergent affairs. The extent of dynamical stability of
a school was evaluated using two kinds of measures, the recovery time period and the critical
distance of splitting or expansion. It was found that the tactic suitable for schooling generates

the dynamically stable response of the school to emergent affairs.

1. Introduction

Groups of some kinds of fish show a charac-
teristic social aggregation, school V), although
the fish group is not controlled by leaders.
Schooling behavior of fish is a typical exam-
ple of self-organized grouping in which numer-
ous fish individuals perform a unified collective
movement with parallel orientation.

Many researchers have actively investigated
the schooling mechanism by which the fish
group maintains collective motions being sta-
ble dynamically. The experimental studies V~3)
showed that the mutual attraction and paral-
lel orientation between fishes contribute mainly
to school formation. It was also shown that
the most important senses of schooling are the
eyes and the lateral line®. However, it is not
clear yet how the diverse collective behaviors
are organized under various situations, because
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observation of the behaviors could be made
in only several limiting conditions. Therefore,
many theoretical and modeling studies®~1®)
have been made in order to understand the
mechanism by which the schooling behaviors
are generated and modified as a function of in-
dividual activity. The studies have shown by
what interfish interaction the coherent school-
ing behaviors are generated in the usual homo-
geneous spaces.

Those models of fish school are classified
roughly into two types, Newtonian dynamics
model and individual decision-making model.
In the Newtonian dynamics models®~1) | each
fish individual is treated as a solid sphere and
various interactions between the spheres are
considered so that the essential actions of in-
dividuals such as mutual attraction and paral-
lel orientation are generated in the simulation
of collective motions. However, the interactions
considered in those models are qualitatively dif-
ferent from the interactions between real fishes,
because any fish is scarcely affected by neigh-
boring fishes which the fish does not watch.

In the individual decision-making mod-
els 12~16) each fish decides its new direction
of motion based on the information about po-
sitions and moving directions of neighboring
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fish which can be known through its eyes. The
models 12)~16) are somewhat different from each
other in the method by which each fish decides
its moving direction based on the visual infor-
mation.

We present here a model of fish groups, in
which each fish decides its new moving direc-
tion based on the information about its sur-
roundings obtained through both its eyes and
lateral lines. The visual information is used in
the present model only for the allelomimetic ac-
tion which consists of approaching a neighbor
and moving in parallel with a neighbor, while
the lateral line information about change in wa-
ter pressure is used only for the avoidance of
collision with neighbors. In the previous mod-
els 12)~16) " each fish makes every action based
on the visual information.

We investigate for what value of the contribu-
tion ratio of visual and lateral line information
the collective motion of the fish group becomes
a coherent schooling behavior, by changing the
ratio systematically.

All of the previous models have suc-
ceeded in reproducing good schooling behaviors
in homogeneous water spaces with or without
fence. However, it is not yet investigated in de-
tail whether those models work effectively in re-
sponses of fish schools to emergent affairs such
as appearance of rocks and attack of preda-
tors. It has been observed clearly ®4)-17) that
the large populations of fish individuals in a
school can change systematically their collec-
tive behavior under the emergent affairs, al-
though there is no leader and every fish can
know only about local situations around itself.
The fish group appears to make a collective de-
cision in a self-organizing manner under emer-
gent situations as if the group has a single in-
telligence as a single animal does.

In the present paper, the main purpose in
presenting our model of fish school is to solve
the problem whether the tactic of individu-
als, which decide their instantaneous actions
in their dynamically stable response behaviors
under emergent affairs, is the same as the tac-
tic adopted in their schooling behaviors in ho-
mogeneous spaces. We consider allelomimesis,
that is, doing what your neighbors do, as the
essential tactic based on which individuals de-
cide their actions. In the situation where relat-
edness to, or knowledge of, neighbors may be
minimal but the group is maintained through
collective individual responses, a simple mech-

5)~16)
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anism such as allelomimesis may play an essen-
tial role to prevent structural breakdown of the
group 1819 This allelomimetic action is made
based on the visual information. The collision
avoidance action is considered as the other es-
sential tactic and made based on the lateral line
information. As a measure of the tactic to de-
cide the next action of fish individual, we adopt
the ratio of contributions of visual and lateral
line information to the decision-making.

First, we investigated how fish individuals
mimic their neighbor, that is, to what neigh-
bor the fish pays attention and how the fish
follows the neighbor’s action, so that the fish
group generates coherent schooling behaviors.
Second, we investigate to what extent the al-
lelomimetic actions suitable for generating the
schooling behaviors are effective to generate the
collective response being dynamically stable to
emergent affairs.

The format of the present paper is as follows.
In Section 2, we explain briefly various mod-
els of fish school presented so far in order to
describe the relation of our model to the pre-
vious models. In Section 3, we describe our
model. In Section 4, we determine the contri-
bution ratio of the allelomimetic and avoidance
actions which is suitable for schooling behav-
iors, based on the results of various simulations.
In Section 5, we investigate how effectively the
individual allelomimetic actions work for the
group to make the dynamically stable responses
to sudden splitting and flash expansion of the
school. Section 6 is devoted to concluding re-
marks on the present model.

2. Previous Models of Fish School

Many researchers have reported simulation
models of the collective behaviors of fish group.
Each of them has clarified one or two of vari-
ous important characteristics of the relation be-
tween interfish interactions and coherent col-
lective motions, based on the simulation of
collective motions using their models. Each
model has been formulated by using one of the
two types of approaches, Newtonian dynamics
approach and individual decision-making ap-
proach.

2.1 Newtonian Dynamics Approach

In the models formulated based on Newto-
nian dynamics approach, each fish is treated
as a small solid sphere and the motion of each
sphere in a fish group is determined by Newto-
nian equations of motion. The essential differ-
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ences among those models come from the dif-
ferences in the situation which the fish group
has. It has been shown in those models what
forces are essential for a collective motion to be
generated in the relevant situation.

Inagaki, Sakamoto, and Kuroki® investi-
gated the change of form of fish school varying
the combination of intensity of the forces con-
sisting of mutual attractive or repulsive force,
mean swimming force, and random force. They
showed that the fish group maintains a school-
ing behavior when the intensities of the mutual
force and the random force are balanced.

Matuda and Sannomiya® presented the
mathematical model in order to investigate the
problems of fish behavior in a water tank in
relation to fishing gear. They took account
of propulsive, interactive, schooling, repulsive,
directional, and random forces. They showed
that the moving patterns of fishes obtained by
the simulations are similar to actual behav-
iors of fish school and the model is suitable for
investigating fish behavior in relation to fish-
ing gears. Matsuda and Sannomiya ) modified
their model ® so that model can simulate the
fish behaviors in the water tanks including vari-
ous types of traps. They obtained a good agree-
ment with respect to the rates of entering, es-
caping, and remaining of a 5 fish group between
the water tank experiment and the correspond-
ing computer simulation.

Okubo® explained in detail the theoretical
studies of animal grouping and presented a
model of two-fish school in which frictional, har-
monic, and swimming forces are considered. He
described the essential dynamical properties of
two fish group.

Niwa? treated individual fishes as gas
molecules and took into account locomotor
force, attraction force, array force, and ran-
dom force. He derived a non-linear Langevin
equation describing self-organized formation of
fish schools with practical approximation meth-
ods. Using the model, he studied how polar-
ized patterns of schooling fish group arise spon-
taneously on the basis of elemental properties
of individual fish. He showed that fish schools
are governed by synergetic, which represent the
principal feature of polarization-no polarization
transitions. Niwa ') derived two equations for
the school mean velocity and the variance of
swimming velocity based on his model ?). Using
these equations, he investigated the transient
process in which the fish group approaches the
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stationary polarized schooling.

Tian and Sannomiya ') focused their atten-
tion on the whole of a fish school rather than the
individual motions, and described the school
motion using motions of its gravity center and
four individuals locating at the boundary of the
school. They showed that the model is effective
for estimating the behavior of fish school with
many individuals.

2.2 Individual Decision-making Ap-

proach

In the models *»~1%) formulated by using in-
dividual decision-making approach, each fish
decides its new direction of motion based on
the information about positions and moving di-
rections of neighboring fishes. The main differ-
ences among those models arise from how each
fish decides its moving direction.

Aoki'? assumed based on the observed re-
sults V) that the speed and direction of move-
ment are mutually independent and determined
for each individual by characteristic probability
distributions. The mean and variance of the
moving direction are defined in relation to the
location and heading of neighbors in the fish’s
own field of view. The fish avoids, moves in
parallel with, and approaches the neighbor to
which the fish attends, when the distance be-
tween the fish and the neighbor is close, appro-
priate, and far, respectively. Then, the mov-
ing direction is determined from the weighted
sum of the influence of each neighbor, where
the closer the neighbor is to the fish, the larger
the influence becomes. Aoki'? showed using
his model that schooling behaviors could oc-
cur despite each individual lacking knowledge
of movement of the entire school, and in the
absence of a consistent leader.

Huth and Wissel 1314 improved Aoki’s
model by modifying the response rule accord-
ing to which the fish responds to its neighbors.
They showed that it is essential for school for-
mation how a fish mixes the influences of its
neighbors. If a fish averages arithmetically the
influences, the model fish group shows a typical
schooling behavior. On the other hand, if a fish
responds only to a single neighbor, the model
creates a confused fish group.

Reuter and Breckling'® changed the re-
sponse rule in Aoki’s model for the rule that
the influence of all visible neighbors is weighted
reciprocal to their distance. They showed that
their model performs the main characteristics
of real fish school, regardless of how many fish
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the school consists of.

In all of the previous models 2~15)  the rule
determining the new moving direction of in-
dividual is common to every fish. However,
Romey %) presented the model to address the
issue of how individual differences may influ-
ence group stratification and group trajectory.
They described the model, but the effect of in-
dividual differences has not been reported yet.

3. The Present Model of Fish School

3.1 Objective of Our Study of Fish
School

Aggregation of fishes has been viewed as
an evolutionarily advantageous state®)'®) in
which members derive the benefits of protec-
tion, mate choice, and centralized information,
balanced by the costs of limiting resources. In
order to clarify how fish aggregations generate
the benefit of protection, we are concerned with
the functional role of schooling of fish groups
in response behavior of the groups induced by
attacks of predators under various situations.
However, attacks of a predator have not been
taken into account in all of the previous mod-
els 9)~16)

As a first step towards our purpose, we
have made a preliminary model2?) based on
the individual decision making approach. The
model 2% does not include any predator, but
may be extended straightforwardly so as to
treat predator attacks. In fact, we made the ex-
tension in the next model 2! and investigated
the response behaviors of fish school induced
by attacking of a single predator. Each fish in
these preliminary models decides its new mov-
ing direction based on the information about
positions and moving directions of neighboring
fishes, which may be obtained through its eyes
and lateral lines. The method by which each
fish determines its moving direction based on
the visual information is essentially the same
as the methods used by Aoki'? and Huth and
Wissel 13). Each fish in our preliminary models
knows the average direction of neighbor’s mo-
tion through its lateral lines and tends to head
in the average direction.

These models29-21)  reproduced well the
schooling behaviors in case of no predator and
showed the dynamically stable responses to
emergent splitting and flash expansion of the
school in the cases where the magnitudes of
splitting and expansion are not large. However,
we could not obtain any clear result indicat-
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ing the functional role of fish schooling which is
beneficial to evasion of predator’s attacks.

Therefore, we modified our preliminary mod-
els2021) a5 follows. The visual information
about the position and moving direction of
neighbors is used only for the allelomimetic ac-
tion of the relevant fish and the lateral line in-
formation® about the variation in water pres-
sure around the relevant fish is used only for
the collision avoidance. The contribution ra-
tio of the visual and lateral line information
is changed systematically. In our preliminary
models, the visual information was used also for
the collision avoidance, and the contribution ra-
tio was fixed to a value determined somewhat
arbitrarily.

The preliminary form 2?2 of the present model
has been presented in International Conference
on Neural Information Processing in 2000. In
the present paper, we describe in detail the fi-
nal form of the model in case of no predator. In
order to investigate whether the model school
maintains collective motions under attacking
of predator, we investigate using the model to
what extent the allelomimetic actions suitable
for generating the schooling behaviors are ef-
fective to generate the collective response being
dynamically stable to emergent affairs such as
emergent splitting and flash expansion of the
school. We applied preliminarily the present
model to the case where a single predator at-
tacks the school 22) and obtained some positive
results. In a forthcoming paper, we will de-
scribe in detail the extension of the model to
the case where multiple predators as well as a
single one attack the school.

The present model is described in detail in
Sections 3.2-3.7.

3.2 Tactics of Individual Decision-

making in the Present Model

Individual fishes have to decide their mov-
ing direction at every moment so as to prevent
structural breakdown of the group, although
they do not know the movement of entire group
and there exists no consistent leader. We con-
sider allelomimesis 18)19) as the essential tactic
of decision-making for individuals to generate
collective movements on the condition that ev-
ery individual knows only about a local situa-
tion around itself.

It has been shown based on the experimen-
tal observations )~%) and the simulations of fish
schools )~16) that the essential action of indi-
vidual fish for generation of schooling behav-
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ior consists of avoiding collision with neigh-
bors, moving in parallel with neighbors, and
approaching neighbors.

We consider that the parallel movement and
the approach are allelomimetic actions, because
the fish moving in parallel with a neighbor is
mimicking the motion of the neighbor and the
fish approaching a neighbor is going to mimic
the neighbor. Besides the allelomimetic actions,
we need to consider the collision avoidance as
one of the essential decision-making.

In the present model, we assumed that the
allelomimetic actions are made based on the vi-
sual information about the local situation and
the avoidance actions are made based on the
information about the variation in water pres-
sure around the relevant fish. Each fish uses its
eyes and its lateral lines simultaneously to make
its decision of moving direction®* where the
lateral lines sense broadly the approaching of
neighbors through the increase of water pres-
sure around the relevant fish. Therefore, the
allelomimetic action and the avoidance actions
may be made simultaneously.

We described how the moving directions of
individuals are determined by the allelomimetic
actions and the avoidance actions, respectively,
in Sections 3.3 and 3.4.

3.3 Role of Allelomimesis in Decision-

making

3.3.1 Areas for Classification of Influ-

ence of Neighbors

The influence of a neighbor on the fish’s
action changes depending on neighbor’s posi-
tion relative to the fish. According to Aoki’s
model 2, we classified the space into four kinds
of areas as shown in Fig. 1, where we consider
fish’s motions in a two dimensional space with-
out boundary. The four areas are named avoid-
ance area, parallel orientation area, attraction
area, and invisible area '2):13) respectively. The
ranges of the areas are defined following Aoki 12
as
avoidance area:

0.0BL < r;; <0.5BL,
parallel orientation area:

0.5BL < r;; < 2.0BL, and not in the dead
angle area,
attraction area:

2.0BL < r;; < 5.0BL, and not in the dead
angle area,
invisible area:

Tij > 5.0 BL,
where r;; is the distance from the relevant fish
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Four kinds of areas around fish i¢. The inter-
action of fish ¢ with neighbor fish j is changed
depending on in which area fish j is.

Fig. 1

1 to its neighbor fish j, BL is the length of fish’s
body, and the dead angle is 60°.

3.3.2 Allelomimetic Actions

When neighboring fishes are in the parallel
orientation area and/or in the attraction area,
the relevant fish ¢ makes an allelomimetic action
as follows.
(1) Fish ¢ pays attention instantaneously to
one of the neighbors in both the areas, and
the neighbor j is chosen as follows. Fish
chooses one direction 6y randomly in its view
—130° < 0y < 130° and looks for the nearest
neighbor j in the region of both the areas be-
tween 0y — 20° and 6y + 20°. If there is no fish
in the region, fish 4 tries to choose another di-
rection between —130° and 130°.
(2) When the neighbor j is in the parallel ori-
entation area, fish ¢ turns so that it moves in
the same direction as fish j. The new moving
direction 3;"%(t + At) which the fish i decides
based on its allelomimetic action at time t is

BAL(t + At) = ay (8), (1)

where a;(t) is the moving direction of fish j
at time t. FEach direction is represented by
an angle between the z-axis and the direction,
where the direction of z-axis is fixed in the wa-
ter space.
(3) When the neighbor j is in the attraction
area, fish 4 moves in the direction of fish j to
apf[‘)roach fish j. Then, the moving direction

AL (t 4 At) of fish i is given by
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cos B; M (t + At

() — zi(t)
V() — 2i(0)? + (y;(t) — vi(1))?

)?

where z(t) and yi(t)(k = i,7) are z and y
coordinates, respectively, of the position of fish
k at time t.

(4) When there is no fish in both the areas,
fish 7 needs to search fishes whose action fish 4
mimics. Then, the moving direction @AL(t +
At) of fish i is given by

Bt (t + At) = ai(t) + Osr(D), (3)

where Ogr(t) is a random number between
—45° and 45°. This means that fish ¢ turns
its moving direction away randomly from its
present moving direction o (t).

3.4 Role of Collision Avoidance in

Decision-making

Each fish needs to decide its new moving di-
rection so as to avoid colliding with fishes in
the avoidance area based on the information
about the relative position and movement of the
neighbors, which is obtained through its own
lateral lines.

The new moving direction 3V (t + At) of
fish 7 is given by

)=
) —

Y (2)

AV o
B (t+At) = N Ze )+180°, (4)
where N, is the number of neighbors in the
avoidance area and 6;;(t) is the relative direc-
tion of fish j at the position of fish ¢ at time t.
We assumed that every fish can know the av-
erage relative position of fishes in its avoidance
area through its lateral lines.

When there is no neighbor in the avoidance
area, that is, N, = 0, the fish does not need to
change its moving direction. Therefore, the new
moving direction 3;V (t+At) decided based on
the lateral line information is

B (t+ At) = ai(t). (5)
3.5 Determination of the New Posi-
tion of Individual Fish
The new position (z;(t + At), y;(t + At)) of
fish ¢ being on (z;(t),y:(t)) at time ¢ after one
time step At is determined by
xi(t+ At) = () + At - v, (T + At)
cos oy (t + At), (6)
sin a; (t + At), (7)
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where v;(t + At) and «o;(t + At) are the mag-
nitude(speed) and direction of the velocity, re-
spectively, of fish 4 at time ¢t + At.

Following Aoki'?), the speed v;(t + At) and
the direction «;(t + At) are determined mutu-
ally independently. The rule of determination
of a;(t+At) based on the local situation around
fish ¢ at time ¢ is described in Section 3.6. The
rule of determination of v;(¢t + At) is described
in Section 3.7.

In the present model, every individual makes
a decision for its new heading at each time step.
We estimated that one time step corresponds to
0.1sec. Aoki'? used 0.5sec for one time step
in his model. However, this value seems to be
rather too large to describe the detailed mo-
tions of individuals in a group because of the
following observed results. Shaw 23 reported
that every individual in a group of herrings
finishes changing its moving direction within
0.5sec. Aoki! reported that although there
is a lag time of 0.5~ 1.0sec between the ini-
tiator of the turning action in the Trachurus
school and the followers at the rear of school,
it is less than 0.5sec between the initiator and
its neighbor. Because every individual can af-
fect directly only its neighbors in the present
model, it seems reasonable that the individual
decision-making is made every 0.1 sec.

3.6 Determination Rule of Moving Di-

rection

Fish ¢ determines its direction «;(t + At)
of new movement taking s1mu1taneously ac-
count of both the directions 3;*F(t + At) and
B4V (t+At) convenient for allelomimetic action
and collision avoidance, respectively. Then,
a;(t + At) is represented as

(673 (t + At) = O[z(t)

+7AL : Dev(ﬂfo(t + At) - az(t))

+vav - Dev(ﬂzAV(t + At) - O‘i(t))a (8)
where the function D., (8 — c;(t)) indicates the
deviation of direction 3 from the original mov-
ing direction «;(t) of fish ¢ and D, (z) takes =
for |  |< 180° and = £ 360° for | = |> 180°.
In Eq.(8), var and y4y are constant values
and represent the degree of contribution of al-
lelomimetic action and collision avoidance, re-
spectively, to the decision of new moving direc-
tion, and yar + vav = 1.

The values of y41, and v4y seem to be deter-
mined based on the fish’s evaluation about how
much important the allelomimetic action and
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the collision avoidance are for its own future
action in the present situation. Therefore, the
values may be generally different for different
individuals and in different situations. How-
ever, we assumed in the present paper as most
previous models did that all fishes have identi-
cal behavioral characteristics, that is, the single
values of v47 and y4y are used for all fishes.
Then, in order to investigate the dependence
of allelomimesis rate 47, on the situations, we
investigated how the dynamical properties of a
fish group are changed with the values of v4r,
and 4y in various situations. Based on the re-
sults, we consider about whether the values ap-
propriate for a fish group to generate coherent
schooling behaviors produce dynamically stable
responses of the group to emergent affairs.

3.7 Determination Rule of Swimming

Speed

According to Aoki’s model '), the new speed
v; (t+At) of fish ¢ is chosen independently of the
other fish. The value of v;(t + At) is calculated
by chance with the typical distribution given by
the experiments 1), the Gamma distribution ),
which is given by

K
I'(K)
where V is the speed measured in the unit of
BL/sec, K = 4, A = 3.3, and I'(K) is the
Gamma function. When the distance moved is

expressed in the unit of body length BL, the av-
erage speed Vj,, of each fish becomes 1.2 BL/sec.

P, (V) = exp(—AV)VEL (9)

4. Role of Allelomimesis in Emergence
of Schooling Behaviors

4.1 Purpose and Way of Achieving It

In order to investigate how individual deci-
sions, which are made based on allelomimesis
and avoidance, influence the collective behav-
iors and dynamics of the group of individuals,
we made simulations of schooling behaviors us-
ing the present model in cases of various rates
of allelomimesis contribution.

How individuals make their decisions is deter-
mined in the present model by giving the value
of yar in Eq. (8), where yay =1 — vyar.

In Section 4.2, we describe characteristic
quantities by which the properties of collective
motions of fish groups are represented. In Sec-
tions 4.3 and 4.4, we present the calculated re-
sults showing how the characteristic quantities
are changed with the value of y4 1, in the various
situations.
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4.2 Characteristic Quantities Indicat-
ing Properties of Schooling Behav-
iors

4.2.1 Polarization np(t)

Schools are groups of fish engaging in cohesive
movements with parallel orientation )~3). One
of the most conspicuous properties of schools
is the polarization of collective motion, that is,
the parallel heading of individuals. The instan-
taneous polarization np(t) is defined according
to Huth and Wissel 3) as

> L3 (1) van(t)), (10)

Voo (t) = Z U?(t)v (11)

where Ny;qp, isltﬁe number of fish in the school,
v{(t) is the orientation unit vector of fish i at
time ¢, Vgy(t) is the mean swimming direction
of the fish group, and /(a,b) means the angle
between a and b.

We use the average of np(t) over a certain
time range T as a measure of the parallel ori-
entation in the school.

Furthermore, the temporal fluctuation of
np(t) includes valuable information on the in-
ternal dynamics of the school. In order to ana-
lyze the fluctuation?*) we use the power spec-
trum Sp(w) of np(t) obtained by

I ?
/ e“inp(t)dt
0

where w is an angular frequency.

4.2.2 Nearest Neighbor Distance

nnvnp(t)

While individuals approach and follow mem-
bers in the school, they maintain a certain per-
sonal space around themselves )~3). This na-
ture of fish generates a regular spatial arrange-
ment within the school. In order to measure
the personal space, we use the average nearest
neighbor distance nyyp(t) defined as

where 7; 5, (t) is the distance from fish 4 to its
nearest neighbor at time t.

4.2.3 Expanse of Fish School ngx(t)

The spatial expanse of whole fish school is one
of the essential quantities required for the anal-
ysis of spatial arrangement of individuals in an
infinitely spreading water space. The expanse
nex (t) is defined following Huth and Wissel ')
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as the average of the distances quadratic from
every fish to the fish group’s center of mass,
1 Ngish
NEx t) =
() Nyish Z

i=1
V (@i(t) a0 ()2 +(yi(t) —yau (1))2, (14)

where 24, (t) and yq, (t) are the averages of x;(t)
and y;(t) (¢ = 1 ~ Ny;sp), respectively. This
quantity is used as a measure of the compact-
ness of the school.

We use the time average of ngx (t) to evaluate
the properties of schooling behaviors.

4.2.4 Frequency of Collision ncr

The number of collisions of fish with neigh-
bors during a certain time period is a good mea-
sure to evaluate how successfully fish makes its
avoidance in the school. We treat each fish as
a circle of which diameter is 0.3 BL.When the
distance between two fishes becomes less than
0.3 BL, the two fishes are considered to collide
with each other.

We use the average, ncop, of Neoy(i,t) over
fish and time as a measure of collision frequency
in the schooling behavior,

1 Nyish 1 T
nor= : / Noon(i, t)dt, (15)
Niish ; T Jo

where Ny (i,t) is the number of neighbors of
which distance from fish i is less than 0.3 BL at
time t.

4.3 Effect of Allelomimesis on Collec-

tive Motion

In order to investigate the effect of al-
lelomimesis on collective motions of a fish
group, we calculated the characteristic quanti-
ties described in Section 4.2 with various values
of yar.

4.3.1 Values of 745, Generating Collec-

tive Motions

First, we investigated the role of all-
lelomimetic action of individuals in forming an
aggregate of individuals. We made the follow-
ing simulations using the present model. We
changed the value of y41, in the range between
0.0 and 1.0, and observed whether the fish
group splits into more than two subgroups or
not.

The result is shown in Fig. 2, where the prob-
ability that the fish group gathered at ¢t = 0 is
not split until ¢ = 5,000 time step, is repre-
sented as a function of y4y, for groups with dif-
ferent number of individuals. The every group
maintains schooling behaviors in the proba-
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Fig.2 Dependence of the probability of making a uni-
fied fish group on the allelomimesis rate vy .
The probability was obtained by making 100
simulations and counting the number of event
that a fish group gathered at ¢ = 0 is not split
until ¢ = 5,000. Figures attached to the curves
denote the number of fish in the group.

bility more than 90% when the allelomimesis
rate y4y, of individual becomes more than 0.3.
As the value of y41 becomes smaller, the fish
groups become easy to split.

The probability of no splitting decreases with
increasing the number Ny, of individuals, but
the dependence of the probability on Ny;,, be-
comes weaker as Ny;qp, is increased as seen in
Fig. 2.

4.3.2 Temporal Variation of the Char-
acteristic Quantities in a Typical
Schooling Behavior

In order to see the schooling behaviors gener-
ated by the present model, we showed a snap-
shot of schooling behavior in Fig. 3, and tem-
poral variations of polarization np(t), nearest
neighbor distance nynp(t) and expanse ngx (t)
of the school in Fig. 4, where the number of fish
Nyisn = 30 and the value of y4r is 0.7. It will
be shown later that the model generates a good
schooling behavior for this value of v4p.

It is seen in Fig. 4 that three quantities, np(t),
nnnp(t), and nex(t), fluctuate almost ran-
domly as time proceeds. This fluctuation comes
mainly from the fact that fishes in a temporal
top group change their headings capriciously
and the fishes following the top group need
some time lag to adjust their headings to a new
moving direction.
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In order to investigate the effects of al- 2 oal
lelomimesis on collective motion of a fish group,
we calculated the time averages of np(t), 035 200 400 600 800 1000 1200
nnnp(t), and nex(t) and nop for various val- Time Step t
ues of y47,. Changing the value of v, between 3 Y
0.1 and 1.0, we obtained the time averages of 28} ©
np, NNND, and ngx, and ncrp. We showed in 26
Fig. 5 the dependences of those quantities on 24}
var as a function of number Ny, of fish in 2 22
the group. g 2
Figure 5 (a) shows that the average polariza- £ 18
tion 77p becomes small as the allelomimesis rate 16l
var is increased. This is quite reasonable, be- 14}
cause the probability that each fish makes the 12h
parallel moving is increased with v47 and as a ] . . . . .
result the collective parallel swimming is easy 0 20 @ Timzosotept 800 100 1200

to be generated. The magnitudes of the polar-
izations are quite similar to the values obtained
by Huth and Wissel '¥). The large polarization
for y4r, < 0.2 comes from that the fish group is
easy to split as seen in Fig. 2. The average po-
larization becomes large as the number of fish is
increased. This comes mainly from the fact that
the fish in a temporal top group change their
headings capriciously and it takes the fish fol-
lowing the top group longer time to adjust their
headings to a new moving direction as the num-
ber of fish is increased. The dependence of 7jp
on Ny¢;sp, becomes weaker as Ny;gp, is increased.

Figure 5(b) shows that the average nearest
neighbor distance My yp decreases with increas-
ing var. This is because fishes make scarcely
avoiding action for large v4r. It is noted that

Fig.4 Temporal variations of (a) polarization np(t),
(b) nearest neighbor distance nyyp(t), and
(c) expanse npx (t) in case of Ny;5, = 30 and
yaL = 0.7

the value of Ty Np is within the parallel orien-
tation area (0.5 BL to 2.0 BL) for a value of y4p,
between 0.1 and 0.9. In order to generate good
schooling behaviors, the value of v4; should
be less than 0.9. The dependence of Tyyp on
Nyisn becomes weaker as Ny, is increased.

Figure 5 (c) shows that the average expanse
Nex 1s decreased with increasing vyay. The
small expanse is convenient for every fish to
find easily neighbors whose behaviors it mim-
ics. The value of average expanse increases with
Nfish-
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Fig.5 Dependences of (a) the average polarization
np, (b) the average nearest neighbor distance
TNND, (c) the average expanse gx, and (d)
collision frequency ncp.
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Finally, it is seen from Fig. 5 that the collision
frequency ncop is increased noticeably as yar,
becomes larger than 0.8, that is, the avoidance
rate 74y bacomes less than 0.2. In order for
a fish group to generate collision-free collective
behaviors, the allelomimesis rate v 41, should be
less than 0.8. The dependence of nor on Nyien
becomes weaker as Ny, is increased.

On the basis of these results, we found that
the values of allelomimesis rate 4y, suitable for
good schooling behaviors are within the range
from 0.6 to 0.8.

4.4 Self-organized Criticality in

Schooling Motion

The self-organized criticality has been estab-
lished as a useful measure of spatiotemporal
property of spatially extended dynamical sys-
tems which consist of many elements 2%)-26)
The interactions between elements generate a
collective order in the system, but the interac-
tions also make the system very susceptible to
small disturbances or noise. The system can-
not be too sensitive since then it cannot main-
tain the collective order. When the tendency
of a system towards the self-organization is bal-
anced with that towards the high sensibility, the
system becomes critical 2°). The temporal cri-
terion of the self-organized critical state is the
presence of f~! noise in dynamical properties of
the relevant system 2%)-26), Bak et al. ) showed
that the frequency spectra with a characteristic
power-law f~! included in the spatiotemporal
fluctuation of the dynamical properties is not
noise but reflects the intrinsic dynamics of self-
organized critical systems.

In order to investigate whether the schooling
motion generated by the present model corre-
sponds to a self-organized critical state, we cal-
culated the power spectra S(w) of the temporal
fluctuations of np(t), nnnp(t), and nEx(t) us-
ing Eq.(12), where w = 27 f.

The result of S(w) in the case shown in Fig. 3
is shown in Fig. 6 (a). The three power spec-
tra Sx(w)(X = P, NND, and EX) vary ap-
proximately as w™*, as shown by the straight
line in Fig.6. When the fish group shows a
schooling behavior, the values of A for the three
power spectra are near unity shown in Fig. 6 (a).
Therefore, the fish school is in a dynamically
stable state with the self-organized criticality.
In order to investigate how the value of expo-
nent A\ in the power spectra changes depend-
ing on the tactic of fish’s decision-making repre-
sented by the value of y4,, we calculated Sp(w)



144 IPSJ Transactions on Mathematical Modeling and Its Applications

01

Power Spectrum of Polarization

0.0 007 001 0.1 1 70
Frequency(Hz)
100 T
M

§
g 10}
3
o
k]
£ 1k
=
&
g 01}
o

0% 067 0.01 0.1 1 10

Frequency(Hz)

Fig.6 Power spectrum Sp(w) of polarization np(t)
(a) in case of allelomimesis rate y4r, = 0.7 for
which good schooling behaviors are generated,
where the straight line is obtained by the least
square fitting method and the slope of the line
is —1.02, (b) in case of yaz, = 0.1 for which the
fish group split into several subgroups, where
the slope of the line is —1.37.

in the two cases where every fish makes scarcely
allelomimetic action, that is, y4r, = 0.1, and no
avoidance action, that is, y4r = 1.0. Fig.6 (b)
shows the values of Sp(w) for y4r, = 0.1, where
every fish moves almost independently of other
fishes. The value of exponent is 1.37. This
value is noticeably larger than the value 1.02,
in case of y4r = 0.7 shown in Fig. 6 (a). This
comes from the fact that the fish group split
into many subgroups in case of y4r = 0.1 and
there is no interdependence of moving direc-
tion between the different subgroups. Then,
the temporal fluctuation of fish’s heading may
be propagated between fishes only in each sub-
group. Therefore, the variation of fish’s heading
becomes rather deterministic as a whole and as
a result the value of A becomes more than unity.
The value of exponent A in case of y47, = 1.0 is
1.27 and this is also larger than the value in case
of y4r = 0.7. This means that the frequency of
temporal fluctuation of fish’s heading is smaller
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in case of y47, = 1.0 than in case of y4;, = 0.7.
Thus, the values of Sp(w) at small frequencies
w become larger in case of y4r, = 1.0 than in
case of y4r = 0.7.

Thus, the fish school seems to have the best
self-organized criticality in case of y4r = 0.7,
although the difference in A\ between different
values of 74, is not very large.

Inagaki, et al.2”) calculated the power spec-
tra of average swimming speed and forms of
fish school in the case where 8 fishes are swim-
ming in the water tank. They reported that the
spectra in the range of short period (1—0.1 Hz)
are represented approximately as the power law
with the exponent of —4. Aoki?®) calculated
the power spectra of average nearest neighbor
distance in some kinds of fish groups of several
individuals. The values of exponent A obtained
are between 1 and 2. Niwa??) showed based
on the simulation of collective motion that the
temporal fluctuation of average speed of a fish
school is represented approximately by the f~!
fluctuation. Hattori, et al.2V) calculated the
power spectra of np(t) and ngx(t). The value
of exponent A obtained is very close to unity for
the expanse npx(t), but somewhat larger than
unity for the polarization np(t).

5. Effectiveness of Allelomimesis in
Maintaining Dynamical Stability of
Fish School under Emergent Affairs

5.1 Purpose and Way of Achieving It

We investigate here whether the tactic of
individual decision-making suited to generate
good schooling behaviors works well also in
maintaining dynamical stability of the school
under emergent affairs. In the present model,
the tactic is represented by the value of vy .

Therefore, we simulated dynamical response
of fish school to emergent affairs for various val-
ues of v4r,. We considered two kinds of emer-
gent affairs, emergent splitting of a school into
two groups and flash expansion of a school,
which are shown in Fig.7. These affairs
occur frequently when predators attack fish
groups 217 Tt is investigated in Sections 5.2
and 5.3 how the allelomimetic actions of indi-
viduals work in restoring the fish groups, which
are disturbed abruptly by splitting or expan-
sion, to the schooling behavior.

5.2 Dynamical Stability of School Dis-

turbed by Emergent Splitting

In order to evaluate the dynamical stability of

fish schools, we used two kinds of measures, re-
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Fig.7 Spatial distribution of fish individuals gener-
ated initially by (a) emergent splitting and (b)
flash expansion.

covery time and critical splitting distance. The
recovery time means the time period which it
takes the fish group split to recover the school-
ing behavior. The critical splitting distance
is defined such that if the splitting distance is
larger than the critical one, the fish group split
can not return to a single school in a probability
of 50%.

5.2.1 Dependence of Recovery Time

on the Value of v4;,

We measured the recovery times for a definite
splitting distance Dgg changing the value of
~var, within the range of 0.4 to 0.9. Because
the recovery time becomes different slightly in
every simulation even if the value of y4; and
the splitting distance Dpg are fixed, we made
10* times simulations for each case.

The emergent splitting of a fish school is
made by instantaneously moving a half of fishes
selected randomly among the school in the right
direction by the common distance Dgg/2 and

time period in case of y4r = 0.7, Dgg = 7BL,
and Ny, = 30, where the value of v4r used
generates a good schooling behavior as shown
in the previous section. The frequency becomes
maximum at a single value of recovery time Tg
which corresponds to the most probable recov-
ery time Tyspr. The existence of a single sharp
maximum means that the response of the school
to the emergent splitting is dynamically stable.

We evaluated the dynamical stability of fish
school under emergent splitting using the value
of most probable recovery time Th;pr. The
shorter Tyspgr, a school is the stable under the
splitting with a given distance Dgg. In order
to investigate the dependence of Th;pr on the
value of v41,, we made simulations of school ref-
ormation after the splitting with Dgg = 7.0 BL
for various values of y47,. The results are shown
in Fig. 9.

The value of Ty pr is decreased with increas-
ing var, but the Th;pr becomes insensitive for
var, being larger than 0.7. The minimum value
of Thypr was obtained by using the allelomime-
sis rate in the range of 0.8 to 0.9.
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Fig.9 Dependences of the most probable recovery
time period Thspr under the emergent split-
ting with Dgg = 7.0BL and of the critical
splitting distance D¢ g on the value of y47, in
case of Ny;sp, = 30. The simulation was made
2,000 times for each datum point.

5.2.2 Dependence of Critical Splitting
Distance on Value of 41,

We detected the critical splitting distance
D¢ s changing the value of 4, within the range
of 0.4 to 0.9. Because it is probabilistic whether
the fish group split returns to a single school, we
defined D¢g as the splitting distance for which
the fish group split returns to a single school in
probability of 50%.

We show in Fig.9 how the value of D¢g is
changed with the value of v47,. The value of
D¢g is not sensitive to the value of y4r be-
tween 0.4 and 0.9. However, as long as we fol-
low the rule that the larger D¢g, the stabler the
school, the school becomes the stablest when
the allelomimesis rate becomes 0.7.

5.3 Dynamical Stability of School Dis-

turbed by Flash Expansion

5.3.1 Dependence of Recovery Time

on the Value of v41,

We measured the recovery times for a definite
magnitude Dpg of flash expansion changing the
value of 47, within the range of 0.4 to 0.9. The
flash expansion of fishes in a schooling behavior
is made by moving each fish along the line from
the center of the school to its position by the
common distance Dpg as shown in Fig. 7 (b).
The initial heading of each fish is along the rel-
evant radial line as shown in Fig. 7 (b).

Figure 10 shows the frequency of each recov-
ery time period in case of yar, = 0.7, Dpgp =
2.5BL, and Ny;e, = 30. It is seen in Fig.10
that there exists a most probable time pe-
riod. Therefore, the fish group showing a good
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Fig.10 The frequency F of each recovery time pe-
riod TR after the flash expansion by Drg
in case of Ny;sp = 30, yar = 0.7, and
Drg = 2.5BL. The simulation was made
10,000 times.
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Fig.11 Dependences of the most probable recovery

time period Ths pr under the flash expansion
with Dpgp = 2.5BL and of the critical ex-
pansion distance Do g on the value of y41, in
case of Ny;sp, = 30. The simulation was made
2,000 times for each datum point.

schooling behavior is dynamically stable also
under the flash expansion.

In order to investigate how the most probable
recovery time Th;pr changes with vz in the
case of flash expansion, we made simulations
of school reformation after the flash expansion
with Dpp = 2.5BL for various values of v4r.
The results are shown in Fig.11. The value
of Ty pr is decreased with increasing v4y,, and
the change rate of Th; pr becomes small as vy,
increases. This is similar to the case of emer-
gent splitting. However, the minimum value of
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Ty pr is obtained at var = 0.9.
5.3.2 Dependence of Critical Magni-
tude of Expansion on 41,

The value of critical magnitude of expanse
D¢ is shown in Fig.11 as a function of 4.
D¢ g increases with 47, but becomes almost
constant for vy larger than 0.7. This depen-
dence is slightly different from the dependence
induced by the emergent splitting. The differ-
ence comes from the fact that after application
of an emergent disturbance each fish need to
make collision avoidance much more frequently
in case of emergent splitting than in case of flash
expansion, as seen in Fig. 7.

5.4 Effectiveness of Allelomimesis un-

der Emergent Disturbances

We investigated to what extent the al-
lelomimetic actions of individuals generating
coherent schooling behaviors work also effec-
tively to generate dynamically stable response
to two kinds of emergent disturbances, emer-
gent splitting and flash expansion. The values
of allelomimesis rate 47 suitable to generate
good schooling behaviors are around 0.7. It
is seen in Fig.9 that the fish school with v4r,
around 0.7 makes the optimal response to the
emergent splitting of the school. As seen in
Fig. 11, although the response of the school to
the flash expansion does not become optimal for
var, around 0.7, the responses are very similar
to the optimal response.

6. Concluding Remarks

The main purpose of the present modeling of
fish group is to investigate whether the tactic
of individual decision-making suited to gener-
ate good schooling behaviors works well also
in maintaining the dynamical stability of the
fish school under emergent affairs. It has been
shown in the previous section that the tactic
suitable for schooling generates the dynamically
stable response of the school to the two kinds
of emergent affairs.

In the present model we assumed that the
tactic is formulated based on the allelomimetic
actions of fish individual. Visually mediated
allelomimesis has been considered as an impor-
tant factor in the organization of collective be-
haviors of various animal groups2?:2Y). Shaw
and Tucker3®) showed experimentally that al-
lelomimetic action of fish individuals are essen-
tial for fishes to decide their actions. They put
several fishes in a cylindrical water tank with a
stripped inner wall and rotated the tank with
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various rates of rotation. Then, they found that
the direction of fish’s movement becomes the
same as that of tank’s rotation and the speed
of fishes increases with the rotation rate of the
tank. It is quite probable that fishes consid-
ered the stripe as a neighboring fish group and
mimicked the motion of the stripe.

We studied the effectiveness of allelomimetic
actions for the dynamical stability of fish school
by making simulations of collective motions of
fish group. Deneubourg and Goss'? showed
based on the simulation of collective pattern
formation in social insects that the mathe-
matical modeling is quite useful to investigate
the role of allelomimesis in the formation of
collective behaviors. Parrish and Edelstein-
Keshet '®) suggested strongly that to solve the
question whether all emergent properties of ani-
mal aggregations are functional or some simple
pattern, the theoretical and modeling studies
linked to empirical works are quite useful.

In the present paper, based on several pre-
vious experimental and theoretical works, we
made a model of fish group that makes dy-
namically stable responses to various emergent
disturbances. In a forth-coming paper, we will
extend the model so that we can simulate the
response behaviors of the school induced by at-
tack of predators, and investigate the functional
roles of fish schooling in evasion of the attacks.
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