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Polynomial Time Learnability of a Sub-class of Linear Languages

YASUHIRO TAJIMA," YOSHIYUKI KOTANIT and MATSUAKI TERADAT

We propose some PAC like settings for a learning problem of a sub-class of linear languages,
and show its polynomial time learnability in each of our settings. Here, the sub-class of linear
languages is newly defined, and it includes the class of regular languages and the class of even
linear languages. We show a polynomial time learning algorithm in either of the following
settings with a fixed but unknown probability distribution for examples. (1) The first case
is when the learner can use randomly drawn examples, membership queries, and a set of
representative samples. (2) The second case is when the learner can use randomly drawn
examples, membership queries, and both of the size of a grammar which can generate the
target language and d. Where d is the probability such that the rarest rule in the target
grammar occurs in the derivation of a randomly drawn example. In each case, for the target
language L¢, the hypothesis Lj satisfies that Pr[P(Lp,AL:) < ¢] > 1 — ¢ for the error
parameter 0 < € < 1 and the confidential parameter 0 < § < 1.

1. Introduction

In this paper, we propose some PAC® like
settings for a learning of a sub-class of lin-
ear languages, and show its polynomial time
learnability on each of our settings. The sub-
class of linear languages is newly defined by
us and called Mode Selective Linear Languages
(MSLLs). It includes the class of regular lan-
guages and the class of even linear languages 7).
The class of linear grammars which generates
MSLLs is called Mode Selective Linear Gram-
mars (MSLGs). In grammatical inference, it
has been shown that queries and additional in-
formation for the learner are powerful for poly-
nomial time exact learning +2):°)7) while there
are not many results about PAC learnability or
PAC like learning settings. Thus, our result
contributes to understanding a PAC learning
of grammars.

At first, we show an exact learning algorithm
for MSLLs via membership queries and a set
of representative samples. Here, a set of repre-
sentative samples is a subset of the target lan-
guage given to the learner apriori'). The time
complexity of the exact learning algorithm is
bounded by a polynomial of the following pa-
rameters; the time complexity to find a sym-
metric difference of MSLGs, n (the size of a
grammar which generates the target language),
and ! (the maximum length of a word in a given
representative samples). The main propositions
of this paper is to show that, using this exact
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learning algorithm, the class of MSLLs is poly-
nomial time learnable in either of the following
settings.

(1) The first case is when the learner can use
polynomial number of random examples,
membership queries, and a set of repre-
sentative samples. Here, random exam-
ples are drawn according to a distribu-
tion on X* which is independent of both
of the learner and the teacher.

The second case is when the learner can
use polynomial number of random exam-
ples, membership queries and both of n
and d. Where n is the size of a grammar
which generates the target language, and
d is the probability such that the rarest
rule in the target grammar occurs in the
derivation of a randomly drawn example.
In each case, for the target language L;, the hy-
pothesis L; satisfies the PAC criterion that is
Pr[P(Lp,AL;) < €] > 1—4 for the error param-
eter 0 < ¢ < 1 and the confidential parameter
0<6<1

We note that both of our setting differs from
standard PAC learning, and the parameter d
depends on the probability distribution of ex-
amples.

In the first case, the time complexity to con-
struct a hypothesis is bounded by a polynomial
of n, I, (the maximum length of a word in ran-
dom examples or a set of representative sam-
ples), and PAC learning parameters ¢ and 4.
In the second setting, the time complexity is
bounded by a polynomial of d, n, [, € and 4.

In addition, for a corollary of the second
case, we show that if the learner does not have
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to terminate with a small probability, a hy-
pothesis can be constructed in polynomial time
only from random examples and membership
queries.

2. Preliminaries

A context-free grammar (CFG) is a 4-tuple
G = (N, X, P,S) where N is a finite set of non-
terminals, X is a finite set of terminals, P is a
finite set of rewriting rules (rules) and S € N
is the start symbol. Let o be the word whose
length is 0. Assume that all CFGs are o-free.
In this paper, |3| denotes the length of 5 if 5 is
a string and |W| denotes the cardinality of W
if W is a set.

Let 3,v,7 € N* and A — 3 be in P. Then
~yAY = ~vB7 denotes the derivation from vyA~y

to v37 in G. We define :;> to be the reflexive
and transitive closure of =. A word generated

from v € (NU X)* by G is w € X* such that
'y:;>w and the language generated from + by
G is denoted by Lg(vy) = {w € X* | 'y:;}w}.
A word generated from S by G for the start
symbol S is called a word generated by G and
the language generated by G is denoted by
L(G) = Lg(S). A nonterminal A € N is said
to be reachable if S=wAf for some w € X*,

B € N* and a nonterminal B € N is said to
be live if Lg(B) # 0. For two CFGs G and
G2, L(G1)AL(G3) denotes the set {w € X* |
w € (L(G1) = L(G2))U(L(G2) — L(G4))} and a
word w € L(G1)AL(Gs) is called a symmetric
difference.

A CFG G is a simple deterministic grammar
iff

e every rule in G is of the form A — aBC or

A—aBorA—aforae XY and A,B,C €
N, and
e there is at most one rule which is of the

form A — afB in P where § € N* for every
pair of a € ¥ and A € N.

The language generated by a simple determin-

istic grammar is called a simple deterministic

language.

A CFG G is a linear grammar iff every rule
in G is of the form A — aBb or A — aB or
A— Bbor A—aforabe XY and A, B € N.
The language generated by a linear grammar
is called a linear language. A linear grammar
Ge = (Ne, X, P., S.) is an even linear grammar
iff every rule in G, is of the form A — aBb or
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A—aor A—abfora,be X and A,B € N,.
The language generated by an even linear gram-
mar is called an even linear language. For any
other definitions about formal language theo-
ries, the reader refers to the text book?).

Let D be a probability distribution over X*
and let Pr(w) be the probability for w € X*.
Let L be a hypothesis and L; be the target
language. The learning from randomly drawn
examples is called a PAC learning if a hypoth-
esis Ly, satisfies

Pr[P(LRAL) <e]>1-90 (1)
where P(L;AL,) is the probability of difference
between Lj and L, i.e. the total of the prob-
ability for every w € LpAL; on the distribu-
tion D. Even though the learner can use either
some queries or additional information, we call
L;, a PAC hypothesis if Lj, satisfies (1). For
any other definitions about PAC learning, the
reader refers to the text book®.

A membership query MEMBER(w) for w €
X* on a linear language L is defined as follows.

1 ..ifwe L,

MEMBER(w) = { 0 ...iffwég L.

For a CFG G and = € X*, we can solve a mem-
bership query in O(|x|3) time.

In this paper, we assume that the learner
can take a response of MEMBER(w) for any
w € X* in unit time, and can take an example
which is a pair of an example word w € X* and
whether w € L; or not drawn according to D
in unit time, too.

3. Mode Selective Linear Languages

We define a new sub-class of linear languages
to show the learnability via membership queries
and examples.

3.1 Definitions and Properties

A linear grammar G = (N, X, P,S) which
satisfies the following is called a mode selective
linear grammar (MSLG):

e Ifarule A— aBcisin P for A, B € N and

a,c € X, then

(1) there is no rule in P such as A —
aCc for any C(# B) € N, and

(2) neither A — aD nor A — Dcisin P
for any D € N.

e Ifarule A—aBisin P for A,B € N and

a € X, then

(1) thereis norulein P such as A — aC
for any C(# B) € N, and

(2) neither A — aDbnor A — Db is in
P for any b € ¥ and any D € N.
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e Ifarule A— Baisin P for A,B € N and
a € X, then
(1) thereisnorulein P suchas A — Ca
for any C(# B) € N, and
(2) neither A — bDa nor A — bD is in
P for any b € X and any D € N.
In other words, when the derivation for w €
L(G) is proceeded to S = uAv where u,v,z €

G
2* a,b € X and uazbv = w, then there exists
exactly one rule which can be applied to the
first derivation of A :;> azb. It implies that every

MSLG is unambiguous.

We define a mode selective linear language
(MSLL) as the language generated by an
MSLG. Throughout this paper, we assume that
the target language is an MSLL denoted by L;
and G denotes some MSLG such that L(G;) =
Ly.

Theorem 1 The class of MSLLs contains

the class of regular languages.
Proof:  For a regular grammar G, =
(N, X, P.,S,), all rules can be written of the
form A — aB or A — a where A, B € N,. and
a€ X If A— aBisin P, then A — aC is
not in P, for any C € N, such that C' # B.
Thus G, is an MSLG. On the other hand,
L = {a'b® | i > 1} is not a regular language
but an MSLG G = (N, {a, b}, P, A) where

N = {A, B},
P={A—aB,
B — aBb, B —b}
is L(G) = L. O

Theorem 2 The class of MSLLs is incom-

parable to the class of simple deterministic lan-
guages.
Proof: The class of simple deterministic lan-
guages is incomparable to the class of linear
languages. Thus, there exists L which is a sim-
ple deterministic language but is not an MSLL.
Now, Ly = {a'b’ | i > 1} U {a’c’ | i > 1} is not
a simple deterministic language but an MSLG
G1 = (N1, {a,b}, P, S) where

N, ={S, A, B},
P, ={S— Ab, S — Be,
A — aAb, A — a,
B —aBc, B —a}
satisfies that L(G1) = L.
Thus this theorem holds. a

Theorem 3 The class of MSLLs contains
the class of even linear languages. o
Proof: The language L,, = {(ac)’b® |
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i > 1} is an MSLL represented by G,, =
(N, {a,b,c}, Py, S) such that
Nm = {SaAaB7C}a

P, ={S — Bb,
B — aCbh, B — Ac,
A—a, C—cB}

but L,, is not an even linear language. On the

other hand, every even linear grammar G, =

(Ne, X, P.,Se) can be written in an MSLG by

the following algorithm.

(1) For every subset X C N, make a new
nonterminal denoted by X, i.e. Ny =
N.U{X | X CN.}.

(2) For every 3-tuple (A4, a1,az) where A €

N, and aj,a; € X, let P(A,ahaz)
A — a;Xap where X is a new nonter-
minal such that X = {C € N. | A —
aCb in P.}. Then, let Py be the union
of P4 qp) for every 3-tuple (A,a,b), i.e.
Py = {P(A,a,b) | A€ N€7aab € E}

(3) Let P = {A — ab | A € Ne,a,b €
Y,A— abin P.} and P/ = {4 — a|
A€ N, a€e X, A—ain P.}.

(4) For every subset X C N, and every pair
of by,bp € X, let P(X,bl,bz) = X —
b1Yby where Y = {C € N, | B —
b1Cby in P. for some B € X}. Then,
let P, = {P(X,c,d) | X C N.,¢c,d e X},

(5) Let Pl ={X — ab| X C N.,a,b €
XY,B — abin P. for some B € X} and
P/l={X -a| X C Ne,,a€e ¥,B—
ain P, for some B € X}.

(6) Let Py =PyUPJUPyUP UP UP/,
then Pp; has at most one rule which is
of the form A — aBb for every 3-tuple
(A,a,b) where A, B € Ny, a,b e X.

Now, we show that L(G.) = L(Gy =

(Nar, X, Pu, Se)). Suppose that

Se = a1 X1b1 = a1a2Xabsby = - --
€ Gum G Gm

= a1a9 - awbpby_1 - by

for a;, b; g Y, X, € Ny (i=1,2,---n)andw €
X* such that |w| < 2. From the steps 4 and
5 of the above algorithm, there exist A; € X;
(i = 1, 2, te ’I’L) such that Ai — ai+1Ai+1bi+1 is
in P, fori =1,2,---n—1and A, — w is in
P.. It implies that if S, = u then S, = u for
Gum Ge
any u € X*.
On the other hand, if
Se 4 a1 A1by 4 ajazAzbaby =4

g> aias - a,wbpb,_1-- b1

e
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for a;,b; € ¥, A; € N, (i = 1,2,---n) and
w € YT such that |w| < 2. There also exist
X; € Ny (i = 1,2,---n) such that A; € X;
(Z = 1,2,' "Tl), Xz — ai+1Xi+1bi+1 is in PM
fori = 1,2,---n—1and X,, — w is in Py,.
It implies that if S, = u then S, = u for any
Ge Gum
ue X,
We can conclude that L(G.) = L(Gy =
(NM727PM756))‘
(7) For every pair of A € Np and a € X,
let P2(A,a) = {A — aain Py | a €
(Np U X) T}, For every Po(A,a) # 0,
e add a new nonterminal BEA’G) to
N, /
o let PBfA,a,) = {B(A,a) - a| A—
ac in Pa(A,a)},
e delete all rules in Py(A,a) from Py,

and
e add A — aB/ and all rules in
(A,a)
PB(A o to Pyy.
NOW, GM = (N]\/[,E,PM,S) is an MSLG.
Thus, this lemma holds. O

Lemma 4 Let G = (N,XY,P,S) be an
MSLG and w € L(G). Consider the derivation

S:*>w1Aw2 :*>w
G G

where wyaubwy, = w for A € N, wy,wy € X*,
a,b € ¥ and u € X¥T. Then, there is exactly
one rule in P for a derivation of A:G> 8 where

B € (NUZX)T such that aub € Lg(3) and 3 #
A.
Proof: From the definition of an MSLG, P in-
cludes exactly one of A — aB, A — Bb or
A — aBb for some B € N. Thus, there exists
exactly one rule in P for the derivation A :G> 0.
O
From this lemma, any MSLG is not ambiguous
and it holds that aub € L(A) iff wiaubwy € L.
That is, we can observe behavior of a nonter-
minal by membership queries for L;.

3.2 Representative Samples

We define a set of representative samples of
an MSLL L to develop learning algorithms for
MSLLs.

Definition 5 Let G = (N, X, P,S) be an
MSLG such that every A € N is reachable and
live. Let @ be a finite subset of L(G). Then @
is a set of representative samples (RS) of G iff
the following holds.

e For any A — aBc in P where A,B € N

and a,c € X, there exists a word w € @
such that S :;> xAy z> xaBey :;> w for some
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T,y € X*.
O
From this definition, for any MSLG G =
(N, X, P,S), there exists a set of RS @ such
that |Q] < |P|.

Definition 6 For an MSLL L, a finite set
@ C L is a set of RS iff there exists an MSLG
G = (N, X, P,S) such that L(G) = L and Q is
a set of RS of G. ]
We note that the definition of a set of RS for
an MSLL is independent of representation. As-
sume that both G; and G5 are MSLGs and
L(Gy1) = L(G3) = L; holds, then a set Q is
a set of RS for L; even though @ is a set of RS
for G; and not for Gs.

Let G = (N, X, P,S) be an MSLG. For every
A € N, define uag,ya,wa € X* as satisfying
the following.

e There exists a derivation

S :;> uaAya :;> UAWAYA-
o It holds that |ua|+ |ya| < |u|+ |y| for any
u,y € X* such that S:;>uAy.

e It holds that |wa| < |w| for any w € XF
such that w € Lg(A).
Then,

Q = {usaya | A€ N,A— aisin P}
U{uavpwprpya | vp,r5 € L7,
A€ N,A— vgBxp isin P}

is a set of RS for G.

such that

4. The Exact Learning Algorithm

In this section, we describe the exact learning
algorithm for MSLLs via membership queries
and a set of RS. This algorithm is constructed
by applying the learning algorithm for simple
deterministic languages proposed in our previ-
ous work 9.

4.1 The Algorithm

Let @ be the given set of RS. The following
R is the set of candidates for nonterminals.

R={(z,y,2) |z, z€ X* ye XT,
-y -z€Q}

and we define the observation T : R x X* —
{0,1} as

T((u,v,w),z) = MEMBER(u - x - w).
Assume that W C X* is a set of words which
will be used for partitioning R. At the begin-
ning of the learning algorithm, W = () and it
grows up step by step. We define an equivalence
relation % over R such that
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T(r,w) =T(r',w)
for anyw e W
In addition, we define the

{T/ER|7“/ZT}

w

r=r <
where 7,7’ € R.
equivalence class Bw (1) =
for r € R. a

Now, a CFG Gy, = (N, X, Py, Sp) is defined

as follows where o is the word whose length is
0.

Np ={Bw(r)|r € R},

= BV;/:((O-vwv U))a

where w € @, and
P,=P,UP,UP,.UP,.
Here,

Py

{Bw((u1,a,u3)) = alac X,
- (u1,a,u3) € R},
P = {BV:V((ul,aug,u?,)) —
a- Bw((uia,uz,u3)) |a € X,
(u1, auz, us), (ura, ug, us) € R},
P, = {Bw((u1,uza,u3)) —
B Bw ((u1,uz,aus)) -a|a e X,
(u1,uga, us), (ur, us, aus) € R},
Py = {Bw((u1, augb,u3)) —
a- Bw((u1a, ug, buz)) - b | a,b €
2, (u1, augb, us), (ura, us, bus)
€ R}.

A subset of P, is a candidate for a hypothesis
rule set. From this CFG G}, the learner deletes
some rules according to following conditions.

Condition 7 For every pair of uj,us €
X* and every pair of r4q,7g € R such that
Bw(ra) — wiBw(rp)uz is in Py, if there ex-
ists w € W such that T'(r 4, u1wus) # T(rg,w)
then delete Bw (1) — uiBw(rp)uz from Pj,.

O
In other words, when Bw (rp) should generate
w in a hypothesis but By (r4) cannot generate
uiwug in Gy, or vice versa, the rule Bw(ra) —
u1 Bw (rB)us is deleted from candidates.

Condition 8 For every pair of uy,us €
X* and every pair of r4q,7g € R such that
Bw(ra) — u1Bw(rp)us is in Py, if there ex-
ists w € W such that T(rp,w) = 1 and
w ¢ Lg,(Bw(rp)) then delete Bw(ra) —
u Bw (15)usg from Pj,. B |
This condition means that if Bw(rp) should
generate w in a hypothesis but there are not
enough rules in G} to generate w then all
rules whose right-hand side contains Bw (rp)
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are deleted.

When the above deletions are repeated |Pj|
times, there is no rule which satisfies either of
the above conditions. Such a set of rules Py, is
called reduced.

The reduced P, satisfies the following lemma.
Here, let Ps; be the set of all rules in P, whose
right-hand side is a terminal such as A — a.

Lemma 9 For any set of rules P; such that
PE g P1 g Ph and G1 = (Nh,E,Pl,Sh) is an
MSLG, it holds that

T(rw)=1 < B‘i/(r)czj}w
- 1

for any r € R such that Bw(r) € N}, is reach-
able and live in G; and any w € W.

Proof: We prove this lemma by induction on
the length of w.

Base step: Assume that |w| = 1. Then, from
the definition of T" and the assumption of Py, it
holds that T'(r,w) =1 <= Bw(r) — wisin
Py. Thus, T(r,w) =1 <= Bw(r ):>w holds.

Induction step: Now suppose that thls lemma
holds for any w € X* such that |w| < n. Let
u € W such that |u| =n+ 1.

Suppose that T(r,u) = 1. Then, from Con-
dition 8, if u ¢ Lg,(Bw(r)) then all rules
in P; whose right-hand side contains B (r)
are deleted. On the other hand, there exists
a rule in P; whose right-hand side contains
Bw(r) from the assumption such that B (r)
is reachable and live in G;. Thus, it holds that
u € Lg, (Bw(r)). It implies that there exists
a rule Bw(r) — v1Bw(r')vs in P such that
viw'vy = u for some Bi,_ﬂr’) € Ny, v1,v0 € X*
and w' € XT.

If T(r',w') # 1 then the rule Bw(r) —
v1Bw (1")v2 is deleted from P because of Con-
dition 7. Thus, T(+',w’) = 1 holds. From the
assumption and |w’| < n, BV_V(r’)C:}w’ holds.

- 1

Then, it also holds that By (r) (:} u.
- 1

Conversely, if Bw () C:j}u, then there exists
a rule Bw(r) — v1Bw(r')vz in Py such that
viw've = u and BW( ):>w for v € R and

v1,v9 € X*. Thus, T(r, u) =1 from |u'| < n
and Condition 7. a

From this lemma, we can find a correct gram-
mar by selecting rules from P, but such se-
lections exist exponential order, unfortunately.
However, we can select appropriate rules by
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comparing a polynomial size set of MSLGs
called base grammars.

We define an MSLG G(A — B) = (Np, X,
Ps_.p, Sp) for every rule A — § in P as fol-
lows, where <pg is an arbitrary total order on
Np,.

(1) Let Pag={A— 5}
(2) For C € Ny and a,b e X, if
e there exists a rule which is of the
form C' — aDb in P;, for some D €
Np, and
e there does not exist either C' — a~y or
C — ~vbin P4_,g for any v € (N U
)t
then let Ey(C,a,b) = {D € Ny, | C —
aDb in Pp}, and add C — aDgb to
Py_3 where Dy <r D; for any D; €
Eo(C, a, b)
(3) ForCeNjandaclX, if
e there exists a rule which is of the
form C — aD in Pj for some D €
Ny, and
e there does not exist either C' — av
or C — Ebin Py for any v €
(N, U X)T, any E € N, and any
be X,
then let E1(C,a) = {D € N; | C —
aD in Py}, and add C — aDg to Pa_.p
where Dy <gr D; for any Dy € F1(C,a).
(4) ForC e Njandbe X, if
e there exists a rule which is of the
form C — Db in P, for some D €
Nh, and
e there does not exist either C — ~b
or C — aF in Py_,g for any v €
(N, U X)*, any E € Np and any
a €,
then let F3(C,b) = {D € N, | C —
Db in P}, and add C — Dgb to Ps_g
where Dy <p D; for any D € E5(C,b).
(5) For C € Ny, and a € X, if there exists a
rule which is of the form C — a in Py,
then add C — a to P4_g.
(6) NOW, G(A—>ﬂ) = (Nh,Z,PAHQ,Sh) is
an MSLG.
The set of base grammars G is defined as
G= {G(A—p)| for every rule
A — Bin Py}
Then, for every A € N}, and every pair of Gy €
G and G5 € G, the learner checks whether
LGI (A) = LGz (A)
or not, and finds a symmetric difference
w2 € (Lay (A)AL,(A))
if it is not equivalent.
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If all grammars in G generate the same lan-
guage then the learner outputs any G € G and
terminates. Otherwise, for every i, j such that
w; ; exists, the learner adds all sub-words of
w; ; into W.

Example 10 For example, we construct
the set of base grammars for the CFG G, =
(Nh, 2, Ph, S) where Nh = {S, A, B, C, l)7 EJ7
F}, ¥ ={a,b}, Pn={

S —aA,S — aSbh,S — Bb,

A—aC,A— aAb,A — Sb, A — b,

B —aS,B— aBb,B— Db,B — a,

C —aE,D— FbE —bF —a

}. Here, L(G},) = {a’b® | i > 1}.

For A — aC, G(A — aC) is constructed as

follows. Here, we assume that S <p A <p

B<rC<rD<ZREZRpF.

(1) Initializing Ps—qc = {A — aC'}.

(2) For S € Nj, and a,b € X, there exists
S — aSbin Pj,. Then, S — aSb is added
to Pa_,qac. For A € N, and a € X, there
already exists A — aC in Ps_.,c. We
also add B — aBb to Ps_.c. Now,
Py_oc = {A — aC,S — aShB —
aBb}.

(3) For C € Ny and a € X, there exists C —
aF in P,. Then, C — aF is added to
Pa_qc.

(4) For C € N, and b € X, there exists D —
Fbin P,. Then, D — Fb is added to
PAHaC'

(5) AllofA—b,B—a, E—band F —a
are added to Pa_,qc-

(6) Now, Ppoc = {A — aC,S —
aSb,B — aBb,C — aE,D — Fb,A —
b,B — a,E — b,F — a}. This is the
rule set for the MSLG G(A — aC).

In the same manner, we construct

Ps_oa ={S — aA, A — aAb, B — aBb,
C —aE,D— Fb,A — b,
B—a,E—bF — a},

Ps_qs0 = {S — aSb, A — aAb, B — aBb,
C —aF,D— Fb/A—b,
B—a,E—bF —a},

Ps_.py, ={S — Bb,A — aAb, B — aBb,
C —aF,D— FbA—b,
B—a,E—bF — a},

Pa_sp ={S — aSbh, A — Sb, B — aBb,
C—aE,D— FbA—b,
B—a,E—bF — a},

Pg_us ={5 — aSb;A — Sb, B — aS,

C —aFE,D— Fb,A — b,
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Algorithm 1
INPUT : Q : a set of RS;
OUTPUT: a hypothesis Gp;

begin
R:={(2,y,2) | 2,2 € &%,y € T+,
2oy zeQk
Wi={ye It [2,2€ 52y -2€Qk
do

find T'(r,w) for Vr € R and Yw € W;
construct G, and make P reduced;
find G;
W' = 0;
for every pair of G1,G2 € G and
every A € Nj, do
find w € Lgl (A)ALG2 (A),
W' =W’ uU{w};
done
for all w € W’ do
W =WuU{yeXt|z,2€ X%
T y-z=w};
done
while (W' # 0);
output any G € G;
end.

Fig.1 The exact learning algorithm.

B—a,E—bF — a},
Pg_.py={S — aSb, A — Sb, B — Db,

C —aF,D— Fb/A—b,

B—a,E—bF —a}.

We note that PS—»aSb = PA—>aAb = PA—>b =
Pp_.aBy = P—p = Poc—.ur = Pp—.ry = Pe—p
= Pr_.,.
Thus, |G| = 7 and every MSLG in G has one
of the above rule set. O

The entire description of the learning algo-
rithm is shown in Fig. 1.

4.2 Termination and Time Complex-

ity

We assume that Gy = (Ny, X, P, S) is an
MSLG such that L(G;) =

Definition 11 We define that (w1, we, ws)
€ R corresponds to A E N, if there exists a
derivation such that S :> wlAwg : W1 W WS3.

In addition, for BW(TO) — ulBW(rl)uz in Ph
where uy,us € ¥* and 7, € R (i = 0,1), w
define that By (rg) — u1 Bw (71)us corresponds
to Cg — u1Ciug in P, if r; corresponds to C;
for every ¢ = 0, 1, respectively. O

The following lemma holds for the learning
algorithm.

Lemma 12 If Lg,(A) = Lg,(A) holds for
every A € Nj and every pair of G; € G and
G2 € G then any G € G satisfies that L(G) =
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L,.
Proof: Tt is sufficient to show that w €
Lo(Bw(ra)) <= w € Lg,(A) for every
A€ N, GeGandwe X* where ry € R
corresponds to A. We prove the above by in-
duction on the length of w.

Base step: Suppose that |w| =1. If A — w
is in P; then there exists Bw(r4) — w is in Py
which corresponds to A — w and T(ra,w) = 1
holds from Lemma 9. Conversely, if A — w is
not in P; then it holds that T'(r4,w) = 0 from
Lemma 9. Thus w € Lg(Bw(ra)) <= w €
Lg, (A4).

Induction step: Suppose that this lemma
holds for any w € X* such that |w| < n. For
every rule A — u;Bus in P; where uy,us €
X*, there exists Bw(ra) — ui1Bw(rp)uz in
P, which corresponds to A — w;Bus. Thus,
if we Lg,(A) then w € Lg(Bw(ra)) holds
from the assumption. Conversely, assume that
w & Lg,(A). Then, it is sufficient to consider
the following cases.

(1) TIf it holds that A:ulBuz for some

ul,uQ € X* such that ulw us = w and
w' ¢ Lg,(B), then w' ¢ Lg(Bw(rg))
holds and there exists a derivation
Bw(ra) ?'LLlB(i/(TB)'LLQ. It implies that
w & Lg(Bw(ra)) because every G is not
ambiguous.

(2) If there is no derivation such that
A?ulBuz for some ui,us € X* where

wpw'ue = w and w' € Lg,(B), then
w' € Lg(Bw(rp)) holds. It implies
that T(rg,w’) = 1 and T(ra,w) = 0
from Lemma 9. Thus, from Condi-
tion 7, there is no derivation such that
Bw(ra) ?ulBV!(rB)uQ.
In both cases, it holds that w & La(Bw (r4)).
O

The following lemma guarantees the termina-
tion of the exact learning algorithm.

Lemma 13 TFor G;,G3 € G,w € Yt and
A € Ny, suppose that w € Lg, (A)ALg,(A)
and let W,, = WU {w € 2T | uv €
Y* uww'v = w}. Now, assume that W i
the equivalence relation over R by W, and
G), = (N}, X, P],S;) is the CFG constructed
from "= by the algorithm in Fig.1. Then, at
least one of the following holds.

(1) There exist u,v € X* and 19,71 € R such
that
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BV:V (ro) — uBV:V (r1)v

is in P, but

ng, (ro) — UBVQ (r1)v

is not in Pj.
(2) It holds that the partition R/ " s finer

than the partition R/ z

Proof: Assume that this lemma does not hold.
Then, (R/ I/2“’) =(R/ V:V) and any rule in Py is
not deleted by Conditions 7 or 8. It implies that
(1 and G5 are in the new set of base grammars
and Bw (r4) = Bw,, (ra) for any r4 € R

Without loss of generality, we assume that
w € Lg,(Bw(ra)) but w € Lg,(Bw(ra)).
Now, from Lemma 9, w € Lg,(Bw(ra)) im-
plies that T'(r4,w) = 1 in the updated T. On
the other hand, w & L, (Bw(ra)) also implies
that T(r4,w) = 0 in the updated T. This is a
contradiction. a

From the definition of P, P, contains 3|R|?
rules whose right-hand side has a nonterminal.
Thus, the loop of the algorithm in Fig. 1 can be
repeated at most 3| R|? times from Lemma 13.

Now, the following theorem holds.

Theorem 14 The class of MSLLs is exact
learnable via membership queries and a set of
RS. Here, the time complexity of the learning
is bounded by a polynomial of

e the time complexity to check an equiva-

lence and find a symmetric difference of
MSLGs,
e the size of rules | P,
e max{|w| | w € Q} and |Q|. O

5. Constructing a PAC Hypothesis

Modifying the algorithm in Fig. 1, we can ob-
tain polynomial time learning algorithms which
outputs a PAC hypothesis. In this section, we
describe the modifications.

5.1 Replacing Equivalence Checking

by Random Examples

It is unknown whether checking equivalence
and finding a symmetric difference of MSLGs
can be solvable in polynomial time or not.
Thus, it is unknown whether the time com-
plexity of the algorithm in Fig.1 is bounded
by a polynomial of |P|, |Q| and max{|w| | w €
Q}. However, it has been proved that an ex-
act learning algorithm which uses equivalence
queries can be transformed to a PAC learn-
ing algorithm by replacing an equivalence query
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Algorithm 1’
INPUT : Q:a set of RS,

g, d:error and confidential parameters;
OUTPUT: a hypothesis G}, or failure;

begin
R:= {(Z‘,y,Z)|£E,Z€ 2*7:1]6 E+7
T y-z€Q};
W:{y€2+‘m7zez*7xyzeQ}7
=1
repeat

find T'(r, w) for Vr € R and Yw € W;
construct Gy and make P reduced;
find G;
W' .=
take n; examples;
if (3G € G is consistent with n; examples)
output G € G and terminate;
else
let W’ be the set of words in n; examples;
fi
for all w € W’ do
W:i=WuU{ye Xt |z,z€X*
Ty -z=w}l;
done
=1+ 1
until (i > 3|R|?);
output failure (the learning fails);
end.

Fig.2 The learning algorithm 1’.

with consistency checking of polynomial num-
ber of examples?). That is, when i-th equiv-
alence query is asked with a hypothesis G, in
the exact learning algorithm, then the learner

takes n; examples such that
1

ne (1og<§> T (log2)(i + 1>)

and checks consistency for n; examples. If there
exists a word such that w € L;AL(G}) in n; ex-
amples then the w is given to the exact learning
algorithm as a counterexample. If there exists
no such a word in n; examples then the hypoth-
esis is PAC.

From our exact learning algorithm, we can
obtain a polynomial time learning algorithm
which outputs a PAC hypothesis by replacing
equivalence checking with consistency checking
for n; examples. In Fig. 2, we show the learning
algorithm for MSLLs via a set of RS, member-
ship queries and random examples.

Theorem 15 The class of MSLLs is poly-
nomial time learnable with a PAC hypothesis
via polynomial number of randomly drawn ex-
amples, membership queries and a set of RS.
Here, the time complexity of the learning is
bounded by a polynomial of

e PAC parameters € and 6,

o max{|w| | w € Q} and |Q], and
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e the size of rules |P,|.

Proof: 1t is sufficient that the algorithm in
Fig. 2 is a polynomial time learning algorithm
with a PAC hypothesis via randomly drawn ex-
amples, membership queries and a set of RS.

If there exists G € G which is consistent with
n; examples in the algorithm of Fig. 2, then it
holds that Pr[P(L(G)AL:) <¢] > 1—¢ for any
given ¢ and 6 2.

If any G € G is not consistent with n; exam-
ples then, for every G € G, there exists wg €
2* which is a word in n; examples such that
wg € L(G)AL;. Let W,,, = {wg | G € G}.

Now, we consider that the algorithm in Fig. 2
continues with the set W' of words in n; exam-
ples. Here, W' D W,,, holds. Assume that the
new Gy = (N//, X, P/, S},) is constructed from
R, W"” and T where W"” = W U W’. Then,
for w € W, such that w € L;, there exists
ws € YT such that

e w = wijwowg for some wy,wz € X*,

o T(r,wz) =1but w¢ Lg(Bw(r)) for some

GeG. a
On the other hand, for w € W,,; such that w ¢
Ly, there also exists wy € X1 such that
e w = wijwowg for some wy,wz € X*,
o T(r,wz) =0 but w € Lg(Bw(r)) for some
GeG. a

Thus, if the algorithm in Fig.2 repeats the
loop with W”, then at least one of the following
holds.

(1) There exist u,v € X* and 19,71 € R such
that

BV;(T()) — uBV:V(rl)v

is in P, but
By (ro) — uByn (r1)v

is not in Py’
(2) Tt holds that the partition R/ "C is finer

than the partition R/ Z,

Thus, if @ is a complete set of RS then this
algorithm outputs a PAC hypothesis in a finite
time while repeating the “repeat - until” loop.
That is, this algorithm never fails. It implies
that this theorem holds. a

We note that if a complete set of RS is given
to the algorithm in Fig.2 then the algorithm
outputs a PAC hypothesis before it reaches the
last line. But, it may fails when an incomplete
set of RS is given to the algorithm.
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5.2 Selecting a Set of Representative
Samples from Random Examples
We consider that how many random exam-
ples are needed to construct a set of RS. For
every rule A — 3 where 8 € (N; U X))t in P,
let

Z(A—pB)={we X | St§>a1Aoz2§>
alﬂa2§>w, for some

o1, g € (Nt U 2)*}
Then, a probability Pr(A — () is defined as

follows;
Pr(A—B)= > Pr(u).

It is to say that Pr(A — (3) is an occurrence
probability of A — 3 when a sample word is
drawn randomly. Now, let d = min{Pr(4A —
8) | A — B in P}, then the probability that
the rule A — [ does not appear in derivations
of m examples is bounded by (1 — d)™. There
are |P;| rules, thus a set of m examples which
satisfies
PI(1—d)™ < 6
is a set of RS with a probability at least 1 — 6.
Let
| P4

1
Zlog( 2t
m>dog( 3 ),

then it holds that

|P|(1—d)™ < |Ple”®"
< 4.

Now, we suppose that the learner constructs
a candidate for a set of RS from

m > l IOg (L)
d 1—v1-=9
examples. Then, the probability that the set
of m examples contains a correct set of RS is
at least v/1 — 4. In addition, if the equivalence
checking and finding a symmetric difference in
Algorithm 1’ are done using

ni > (log( )+ (log2)(i + 1)

1
1—vV1-9
examples, then we can claim that Algorithm1’
outputs a hypothesis G}, such that

PrP(L(GR)ALy) < €] > VI—3.

It implies that if the learner constructs a candi-
date for a set of RS from m examples and, with
this set, makes a hypothesis by Algorithm1’,
then the hypothesis Gy, satisfies that
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Algorithm 2

INPUT : ¢, 6, |P:| and d;
OUTPUT: a hypothesis Gp;
begin

take ™m examples where m > % log (1_‘%) ;

(let M be the set of example words)

Q:=QU{weM|we L};

execute Algorithm 1’ with @ as a set of RS,
eand 1 —+1—9;

if (Algorithm 1’ does not fail)
let G, be the hypothesis of Algorithm 17;
output Gp;

else
output Gp, = (0, 2, 0S5);

fi

end.

Fig.3 The learning algorithm 2.

Algorithm 3
INPUT : € and §;
OUTPUT: a hypothesis Gp;
begin
ji=1,Q=0;
repeat
take j examples;
(let M be the set of example words)
Q:=QU{weM|we L};
execute Algorithm 1’ with @ as a set of RS,
eand 1 —v1—19;
if (Algorithm 1’ does not fail)
output Gp;
(the hypothesis of Algorithm 1’)

J=it
until (forever)
end.

Fig.4 The algorithm 3.

Pr[P(L(GL)ALy) <eg]>1-4.

Thus, the algorithm in Fig. 3 is a learning
algorithm with a PAC hypothesis via examples
and membership queries. With this algorithm,
we can obtain the following theorem.

Theorem 16 The class of MSLLs is poly-
nomial time learnable via random examples and
membership queries with a PAC hypothesis, if
the learner knows ¢, d, |P;| and d. The time
complexity of the learning is bounded by a poly-
nomial of ¢, 0, | P|, d and the maximum length
of examples. O

We can claim the following corollary from the
algorithm in Fig. 4.

Corollary 17 For the class of MSLL, there
exists an algorithm such that

e it constructs a hypothesis GGj, such that

P(L(G1)AL) < =

via membership queries and random exam-
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ples with a probability at least 1 — 4,
e the algorithm runs forever with a probabil-
ity at most §,
e when the algorithm terminates, the time
complexity of the algorithm is bounded by
a polynomial consists of €, §, |P|, d and
the maximum length of examples.
Proof: It is sufficient that the algorithm in
Fig. 4 terminates in this conditions. Obviously,
if the algorithm terminates then the guessed
hypothesis satisfies Pr[P(L(Gp)AL;) < €] >
1 — 9. When the loop of the algorithm is re-
peated and

Lyog(— 0Ly
a5

holds, @ is a set of RS with the probability at
least 1 — §. Thus, this theorem holds. O

We note that the algorithm in Fig. 4 runs for-
ever with the probability . Thus, this is not a
learning algorithm.

1>

6. Conclusions

We have shown an exact learning algorithm of
the class of MSLLs via membership queries and
a set of RS. Modifying the algorithm, we can
obtain a polynomial time learning algorithm
which outputs a PAC hypothesis via either of
the following settings.

e The learner can use membership queries,

random examples, a set of RS, ¢ and §.

e The learner can use membership queries,

random examples, €, 0, |P;| and d.

In the second setting, the learner constructs
a set of RS from polynomial number of random
examples where the polynomial consists of the
given parameters.

PAC learnability is important not only the-
oretical aspects but also to make a practical
algorithm, though it is hard to show standard
PAC learnability of practical or useful gram-
mars. Our results mean that additional infor-
mation helps the learner not only in an exact
learning but also in a PAC learning of gram-
mars.
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