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Computing the Diameters of 16-pancake Graph Using a PC Cluster

SHOGO ASAI," YUUSUKE KOUNOIKE," YUJI SHINANOf
and KEIICHI KANEKO?

The n-pancake graph is a graph whose vertices are labeled by the permutations of n sym-
bols. T'wo vertices are connected by an edge if and only if the corresponding permutations can
be transitive by the prefix reverses. Since the n-pancake graph has n! vertices, it is known to
be a hard problem to compute its diameter by using an algorithm with the polynomial order
of the number of vertices. A fundamental approach of the diameter computation has been
proposed. However, the computation of the diameter of the n-pancake graph with n = 15
is the limit in practice. In order to compute the diameter of the larger pancake graphs, the
search strategy in the diameter computation must be changed drastically. On top of that, it
is indispensable to establish a sustainable parallel system with enough scalability. Therefore,
in this study, we propose an improved algorithm to compute the diameter. We also have
developed a sustainable parallel system with the Conder/MW framework, and computed the
diameter of the 16-pancake graph by using a PC cluster.
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Table 1 The diameters of n-pancake graphs.
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Fig.1 The pancake graphs.

00«0 2, 00000000000 2z, 0000
00000000 (7®)® 0 #E0*2) gooooon
000000000 = (21,22,...,2,) 00000
00000000 z1,2,...,2, 0000000
0000007 =e, 00000020 #0000
oooooog
0000000 ne 8, 000000000000
000000 700000000 f(r) = min{|z :
™ =e,) 000000000 DOO000000O0
0000000000000000000R0000
0000 f(n)=max{f(r):7€S,} 000000
000000 fO00O00DO0OO0DOOO0OOO0OOD
000O00000O0D00ODo

00 n€8, 0000000 #0000 =x*0
0000 ¢ 00D #00000000D00000DO
0D00000000RD0000000000000
0000000000000 0000000000 n
00D0000000000P, 0000000 POP,
0010000

P, 0000000D0O00O0O0O0ODOOODOOO0 j
0o0o00000O0D000000 P, 0000OD
00000000000000 PPOOOOOP! O
P,_, 0000000000DO0P, 0000000
000000000000000000000000
00D00000000P, 00000000000
0000000000 00000000000000
0000000000 00000D000000

100 n000 nO0O00O00DO0 10000
00D00r0000000000000000DOO0D
000000000000000000000000
000000000000 000000000000
0oo0O00000ooo

0000000000000 0000000000



Vol. 47 No. SIG 14(TOM 15)

oooooooooboboooooocoooboooon 2
goooobobooooooboooobooooooooo
gooooooooobo 2000000000000
goboooobooooboooobooooo

oot e, 000oooddn
0000000000000 000000f(n) OO
O00000oooooooooooooong e s,
Udde, 000000000000 ~OO0O0DOOO
gooood

3. DOOOoon

00000000000000000000000
00 11)0 f(15) 0000000000000000
000000000000000000000000
00000000000000000000000
000

3.1 000000000

00000 = = €2, € S,y 000000
or € S,01 <k<nd0O0 (1)00D0D0D0000
00 fox) 00000 (2)000000

((en)")® k=1
or=19 ((e)™™)* 2<k<n—1 (1)
e? k=mn
fm)+1 k=1
flor) < ¢ f(m)+2 2<k<n-1 (2)
f(m) k=n

T€8S, 1 00000, €S, 0000000 Ti(n)
00000 SCS,, 0000000000 Tk(n)
0000000 Tw(S) 00D0O000O0oO SO
f(r)=m 000 7€S, 000000k<0000
k> f(n) 000 kODOOOOOS*OOOOOOOO
oooooo S, o

- m

Sn =Ti(S )
UT2 (S ) U
UTn(Sn"1)

oooooboooos,00000bob mOO00OO
goooooo

00000 (2000 7€S, 0000 f(r)<m
OOoo0OoD0OoDOoS, o sr0s, 0000000
gooooooo

U Lo (S7577) 3)

f(n—1)+2
= |J S (4)
k=0
fln—1)+2
src |J S (5)

k=m

pCOOOOOOOO le000O000O0O0O0O0OCOO 73

Sm1 Sm_ll Sm—lz Em §m+l Ef(n—l)ﬂ
5 s
02 S™0 S, 0000 B
Fig.2 The relation between S and S.".

Sy

—m+2  —m+l = =3 =2 =l =0
Sin San San Swn Swn Swu Sun
=m o gr<m+2
038 5,083 _DDDD_< e
Fig.3 The relation between Szl and Sz;;ﬂ

—m+2  —m+l

—m
Surt Swnt San

-3 =2 =l -0

© Swn Swn Sant Swn
04 555" 05T nooo

Fig.4 The relation between g:/Sm and §:§T+2

00000 (4000

f(n) < f(n—1)+2 (6)
0000000000

0 (3)00 (5)0000000 20000000
000000000000000000000000
000000000000000000000000
oooooo S, 0S,,000000000000
0300000000005, 0550000
0000000000000S, 008, 00000
000000000000000000400000
000000000000000000000000
00000000 500000000500000
000000000000000000000000
000000000000000000000000
000 500000000000000000000
000000000000000000000000
000000000000000000000000
0000008 =58Y={e;} 0000000000
000000000000000 S, 0000000
0Doo

3.2 000000

00 f(r) 0000DO0000000O0O0 7€
S/ 0poo f(r)0DDDODD00Of(n) =



74 goooooooooooooooooo

Sa S S Sg PR R TF

-1
S8 S S8 S
—6 —5 —4 3
So So So So
12 11 =0 = —8 —7 —6 =5
Sio Sio S0 Sio S0 S0 Sio S0
05 S, 000000

Fig.5 The dependency relation between gr

EEHITKTE

f(n—1)+2000000 0000000000
0 f(n) 0000000000
o f(mr)=f(n-1)+2000 7000000 f(n) =
f(n—1)+2000000000 700000
00000000000000 (6) 00
e 00000 000000 f(n)< f(n—1)+1
000000000 f(r) = f(n—1)+10000
00 »0000000000f(n) = f(n—1)+1
00D000D000000000000 7€
SI U opno f(r) = ftn—1)+1000
* 000000000 f(n) = fln—1)+10
0oo
0000000000000000000A*000
DOO0000000000 11)00000000
3.3 00000
0000000000 5000000000000
DDD000000DD0000000000000
D0DDO0000DD000000DD00000N
D0DO000000000000000000000
DDD000000D00000000000000
D00000000000000000000000
D0D000000000000000000000
D00000000000000000000000
000000000000000000000000
0000000000000000000000/(14)
000000000 21GBOOOOOOONONDOD
DDDDO000000000000DD000000
DO0O00DDDD00000000

4. DO00OO0OOOOOOOOODOO

obooboooooooooooobooooooooo
gbooOoocoobooooooobooobooooboon
gooooooboooooooooocoooobooooo
goooooooobooobooboooobooDo
goooboooooooboooooooboboboooobo

Oct. 2006

goboooooooboobooobOooooooboooo
gobooooooooboooboooOouooooboooo
gooooooad

4.1 0OO0OO0O0OO

goboooooooooobooooooooboooobo
gooooboooo0os0000000000000
gooooooooooooooooooobonoo
gobooooooooboooooooooobood
gboooboobooooooooboooooooogd
ggooooooooooooooooOoboboOooooo

gooboooooooooooooooooooo
goooboobodoobcoboobooobooo ~OOQO
bbb« 0OO00oooobOoobocoboooocoono
goooooooooooooooogsoobon
goboooooooooooooooooooboooo
0000000000000n=|r|0«00000
goooooooooooooooboooooobonoo
oo

column =nx2—u (7)

bbb «~000000000000000000
gbobooobooooooooooooooooboooo
gbooooboooobooooooooo

goboooooooooboooooooooooon
goboooooooooobooocoooooooboo
goooooooooobooobooooooooboooo
gobooooooooobooooooboooboooo
f(n)0DO0O00DO f(n-1)+100000000
goboooooooooooooooooooood
gboooooooood

4.2 0000

gooooooooooboooboooooooo
goboooooobooooooooooboobooo
00000000000 oo0oU00 e OO0
000000000000 f(x),k] D000OOD
00000000000 O(ok, f(r)+a] 00000
00000000000 (1)0(2)00000000
O00, 00000000 DO0O0OO0O[mw OO0O0OOO
goooob poolDOOOOOOOOODDOOOOO
00000000 60000000, f(r),k OO
O0oo0ooooooOO0 pPeolODOODODOOO 70O
O0k00O00O0 (8)UOO00 k=2000000
O0k=|r|+100000000000000O0OO
000000 (8)000 (2)00000000000
gbooooboooooooboooon



Vol. 47 No. SIG 14(TOM 15)

PoollZ3& /0
[0y, f(m)+1]
[0y, f () +2]
[oy, f(r)+2]

PoolMHERYHIL
[” u] fZds |

[0],. /(1) +2]
[0‘”‘“ s f(”)]

0e 0OOOO
Fig.6 Eager evaluation.

PoolMSEYHL PoollZ:8/0

ok loy, f(0,),2]
B AC/ e N L f
L7, f (),k] {[ﬂ, f@)next()] k= |z+1

07 00O0OO

Fig.7 Lazy evaluation.

k+1 2<k<|n|
next(k) =< 1 k=|nm| (8)
[mrl+1 k=1

gooobooOooOobokOOOoOoOobooObOoOooDo
gboooooobobboooobobboooobg
O000DO0O0ODOO0O0OCOOODOPoolOOOOO
oboboboobooboboooooo

4.3 O0O0OO0OO0OOOO

00000oo0ooooooonodr=e%_, 00
00 o, =T,(m)00DOO0O0OO0OO0OOOOOOODO
0000000 mn=e%_, 00000 nOOOOO
goooboobooboobooboooboooboog
0000 f(r)DODODOOODOO0ODOOODOOODO
0000000000 f(r) = f(o,) 0000000
O00000o00O0oUooUoUOoOf(en) OO
goooboooboobooboobboboobooboo
00 A*DOOOOO0OOooooooooooooo
0000000000000 08O 0ooooo
obobobo

4.3.1 f(m)=f(on) ODO

r=e* 0o, =T,(r) 0000000000 o,
gobooobooooooboooooboooooboog
goboooobooboobooboboobo sy
oobo0o0 xgooooo

000|X|< f(r) 000000 X 000000
D00000000X = (z1,22,...,2m) 0000
r; 00000000000 000 gy, OOoOooog
0OY =(y1,¥2,.-.,ym) 0000

— i
Yi r; — 1

T; < Npos (9)

Tq 2 Npos

pCOOOOOOOO le000O000O0O0O0O0OCOO 75

| n]

x
[ T=e,,

| BESIX

[

08 o0,00000
Fig.8 Sorting o,,.

[ ]

O000nps O 0, O0O00O z; OOOOOOOO
opooobo n0OOOOODOO

gooooboooobbuoo gy 0Oooobboooo
oooono

e n1O0UIIOODDOODOOONn—1000000

pooooooooo
e n 000D DOOODOODODODDODOODOO
oooo

o, 0000000 nOO00DODODDOOODOOOO
00X 00000 Y OoOooOoOoOnODQDODOOO
Ooodd ~nO00OO0O0OO0O0ODODODDODOOOOO
|Y|=|X|00000000|X|00000 ¢, 00
00000000000 0O0oO0o f(m)OODDO
ooboOooobooobooooboobooobooo
00|X|< f(r) 000 X 00000000000
000 f(r) = f(on) DOOOOD

4.3.2 A*OJO0O0OO

A*0000000000000ooDoooooo
OoDO0dd0bOO0o0bOoDoOOobDOoOobOoo 1000
O0DO00OO0O0bO0oDOoOOoDOoOoOoDOoOobooooo
goooobobooboobobooobobuooboobod o
Olrl=n000000 nO000O00ODOOODOOOON
goooobooobooboobobooboobooo
gooooboobOoboboobobouooboobooo
Oo0oooooooobboooooboboono nOO
00 nO0D00000O0O0O0DODODOODOO0O0O0OO0O
OooDoo0ooOobOoOobDOoOobooobOobooooo
Oo0o0oo0o0oboOoOobOoOoOoOoOo0oOoooooooo
O0DO000OO00bOO00bOOoOobOooDOoboooono
poooboOooboooooo

4.4 0000

gogboooobooboboobobbobooo
OoOo0oboOb0o000oUo 20000000000
00000 Pentium 4 2.6C GHzO 1 GB Dual Chan-
nel DDR-SDRAM OOOO0OO0OOOOOOOOOO
00 11)oooooooooooooooooooo
Oooooooooboooooooooooooo
00000000 000o0o0oooooooooooo
OoDO000O000bOoOOoDOoOoOoDOoOoboooono



76 goooooooooooooooooo

02 0J000OO0OboOoboooboo
Table 2 Speed comparison with existing implementation.
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Table 3 Machines.
Master/Worker | CPU Memory | 00O
Master | Pentium2 400 MHz 256 MB 1

‘Worker | Pentium3 1 GHz dual | 1 GB 16
Pentium2 400 MHz 256 MB 17

50 T T T T T

T

total
pentium2 ------
pentium3 -------

40

30 [

num of CPU

20 [

10

0 100 200 300 400 500 600 700 800
t (hour)

09 Worker 00D000ODO
Fig.9 The total number of workers.

6. 0 0O0O0O3

0000000000000000 16000000
0000000000000000000000 30
00000000000 100BASE-TX 000000
000000000000000000000000
0000000D00000000000000 Worker
00000000000 1000Master 000000
0000 1,02400000000000000000
0000D00000D000000000000000
000000000000000000000000
0490 Worker 100 3300 1900000000
OO0O0f(16) =18 00000000000000
000 (6)00 f(16) < f(15)+2=1900000
000000000000000000000 190
00000000000000000000

f(16) 0000 Worker 100000 900000
00000008000000 Pentium3 0 Worker O
000D0DD0000D000000MWODOOO0000O
0000D00000D000000000000000
0000000000000000017000000
0000000000000 Pentium2 000000
0ooooooo

000000000000000 10000000
000000000000000000000000
000000000000000000000000
000000000000000000000000



Vol. 47 No. SIG 14(TOM 15)

2.5e+013 T T T T T T T

2e+013

1.5e+013

le+013

5e+012

number of left over nodes

0 100 200 300 400 500 600 700 800
t (hour)

010 00O0ODODOODOO
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Table 4 Statistical informations.

Number of (different) workers 49
Wall clock time for this job (sec) 2921931.4774
Overall Parallel Performance 0.9993

Equivalent Run Time 103371746009.5473
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Table 5 The number of vertices.

n| DOOOOO 0ooooo P, 0000
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14| 249,271,566 | 269,136,281 87,178,291,200

15 [ 3,640,043,222 | 3,910,001,456 | 1,307,674,368,000

16 — | 60,439,519,614 | 20,922,789,888,000
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