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A Calculus for Merging Control Flows*!

KaTsuHirRo UENOT! and ATsusar OHoRiIf!

This article proposes a new calculus for representing control flow merge, which
is necessary for compiling case or conditional expressions, and develops a com-
piler intermediate language based on this calculus. Existing formalisms such
as A-normal forms or CPS do not contain a mechanism for control flow merge.
As a consequence, in these formalisms, mechanical application of a compilation
algorithm to a conditional expression results in duplication of its continuation.
This seems to be due to the lack of proper formalism for representing conditional
expressions in the underlying calculi. This article refines the correspondence
between the sequent calculus and A-normal forms shown by one of the authors,
and develops a proof system where control flow merge is directly represented

as a logical rule for disjunction. These results yield a term calculus suitable for
compiler intermediate representations and a compilation algorithm that deals
with control flow merge. This approach scales up to intermediate languages
for practical compilers. The proposed calculus and the compilation algorithm
have been successfully used in implementation of SML# — an extension of the
Standard ML.

1. O O

ggbooooooooooocoooooobooboOoboooobooDooboOoboOooooooDn
gboooboooodoobooooboooooboooobobooobOooboOoboboOobOoobo
goboooboooboooboooobooooooooo
ggoooooooooboooooooooboooooooooooooDooboooooon
gooooobooooboooo
(1) DO0DO0ODOO0OUDOOODODDDOUODOOOOUDOOO
(2) 0D0O0O0ODOOOOOOUOOUOOOODOODOOOOODOOODOODODOOOOOOO

gooooooooooo
(3) ODOoODOooOUOoOOODODUOOOObODODOOO
goooooooooooooboooooooobooobooooooboooDboboo
(4) ODO0ODOOCOODOOOOOOOOO0OOODOOOOOUOODOODOOODOODODOOOO

goboooooobooooboogooo
goboooooooboooboooooboooooosbobbooooooooooboooooonooon
O000oooooooooo coooooo

(x 7 f(x+y) *x2 :x) 3 +4
goboduoboooobooooooooooboooooboa

ifZero x goto L1

$3=x+y
$4 = £($3)
$2 =84 * 2

f1 00000000000
Research Institute of Electrical Communication, Tohoku University
x1 000000000000000000000CMOoOooo195000210 0000000000000 OOO

(© 2008 Information Processing Society of Japan



20 ODOOoOooooooooooboo

goto L2
L1: $2 = x
L2: $4 = $2 x 3
$5 = $4 + 4

ooooUooUuo0ooooooU0oUoooooooULOOoOO (1)oo (3)ooo
O0A-0D0D0O00ODOO0Y 00000000000000000000000000000n
0000000000000000000000000000000000000'00
goboooboboooooooooooooooboobooboOoOoOooooobooooooDooboo
gobooooooooooooo

flz+y) =2

let $1 = x + y in

app £ $1 is $2 in

let $3 = $2 * 2 in

$3
0000 A-00000oOooo*o0o0o0oo0oo0oo0oo0ooooo 7o 17yoooooooog
gooobdbooboobUoobobOo0obOobDOo 3bDoobUobUoU0obUobUOoDbDOoD
gobooboboooboboobobuooboobobooboobobboboobobo
goobooooobooobbuooobbuooobbooobbooobboobnbboo
goobooobbooobboobbobbooobo
(if x then 1 else 2) * 3 + 4
o0o00ooo00ooo0o0ooo0o0oooooooooooo

case x of

true =>
let $3 = 1 in
let $2 = $3 * 3 in
let $1 = $2 + 4 in
$1

x1 000000 17) 0000app xy is z in MOODO x 000 yOOOOOOOO zO0OOO MOODOO
000000000000D 1et 000000000 00000000O0O0O0O0OO0COOOO DOOO
00000000 let 00 Cut 0000000000 DOOO0OO0DOOOOOD

000000000 0ooooooOg Vol No.3 19-33 (Oct. 2008)

| false =>
let $3 = 2 in
let $2 = $3 * 3 in
let $1 = $2 + 4 in
$1

ooboooooOoooono (L1 =3)+4000000000D0O00DOC0O0Otrued
false 0000000000 DODOOO0O0O0OODOOOOOOOODA-O0ODOOO MOOO
000 ed00O0OO0OO0ODO0OOO0 x:00D0O0O0OO0ODOODOO MODOOOODODOODOOO

let z = e in A
Jo0booo0obooboobobu0obouu eboobooDoobbooboobOonDO
000000000000 Oed case z of true => A;, false => A, 0000000
00J0000000o00o0ooUOn A, 0000000000 ADODOOOOOODOO
gooo
case x of true => A;; A, false => Ag; A

00000000 0A-00000000O0000o0oooO0oooooOoOO cpsooOoo
gooooooooooog

JdoodoobOooo3dboooobooboo0oobOoobo0obDoooboOooboon
A, 000000000000 DO0D00O00000DO0ODO ApODODODODDODODOODOOO
oooooooocpsSO00OOODOD 6)0D000DDOO0OOODOODOOUODDOOOOO
dooodooooobooboboobodooooobooooboooooooooooog
000000000 0AOO0000O0000 700 1let 2z =e in AQD ed00O0O case
goobooboboooooboobuoobooboboboboobobobobuoobobg
OCPSOO0 A0D00O0OOOODOOO0ODOOODOOOODOOOODOOOODOOOODOO

gogboooboooboobobobobobooboobobboboobooboboboo
goodoobobbooooooobbbbooooobobobbbboooooubobbo
0000000000000 00000000D0 SMIL#0000000% 0000000
O00Do00oooOoSML# 000000000000 0OCO0ODOO0ODOOOOOOOOO
goobooobobooboboooboboooboooboboooo

o0o0oUooUoUo0oo0ooOoUD 1M)0L0O0UD A-D00DoUoDOoooooooo
JoodooooObooooooooOobooObo0ooooooDobOboooooooobooDbo
00000000 00000D 200000 1MHOUOUOD A-D0DO0O0DOODOOOOO

(© 2008 Information Processing Society of Japan



21 OOO0OO0OOO0OOoOoOoooOoOOoboOo

gooobobooooooooooobooo3sbooooooobooooooboooooDoboo
00000000000 Curry-Howard 000 0000000000000 OOOOOO
ocoooooooobo40000000000O0OOOOOOOOOOOODODOOOOOD
sbo000b0o0ooobooocoooooboooobooooOobob0oooboOoboOoooooDoboOoOon
O0000oo0o000ooo0edOO0OOO0ODOODOOOUOODOOOOODO SML#O
oooooooooooooooooooboboboorOob0o soOooooOoOOobooboOoooo
gobooooooobo

2. 00OooOooooobaoo

00000000000000000 A-D00000000000000000000
000000000000 0000000000000000000000000 17)0
000000000000 A-D00000000000000000000000000
0oooooo

00 17)00000000000000000000000000000000000
0000000000000000000000 A-000000000000000000
0000000000 000o0oo0oo0o0000 CwtoooooobbbObooooooo
go0oo0ooooooooooooooooooooooo

A B,AF A

AANB,AFA
00000ooooDoO0oo0ooooonD A-0Ddooooooooooo
Iz:Ajy:B-M: A

I'z:ANBF projzon (z,y)in M : A
0000000 MOOOOOOOOOOOODDODO A-DOD
let x = M in
proj x on (a,b) in a
go0oooooooooooo
A B,AFA
A-L)

A+FAANB AAB,AFA 5t
AF A (Cut)

gobooooooooobcooooooooboboOOoOoobooOobocOooboooooDoOon
goboooooooboooooobooooooboobooooboo
e JO00ODOOOODOOOOOODLOOOODDO

(A-L)

000000000 0ooooooOg Vol No.3 19-33 (Oct. 2008)

e 0000 DOOOIDDOOODOUODODOOUDLOOOODOD

e JO000OO0OOODOOOULUDLOOOOOLODOOLUDOOO
goboooobooooodoooooboooooboOoboOooooooDooboOobCOoOooooboon
doobooboooooooooooooooooboobooo0oooooooboooooooo
ogoo0oooUoooooooU0oOoooUoOU0 17Oooooouoooooo
oo0oo0ooooOoo SML#O0OOoOoO0OO0O0OoOoOoO0O0oooOoO0oOoOooooooooo
goooobooooocooooooboooooobooboOoooobOooboooooooDn
goooboooocooooooocoooobooobooboOoboOoooooooOooooooDooboo

000000000oo
A AFC B,AFC

AVB,AFC
0000000000000000000000000000000000000000

goboooooooooooboobooboobOoOoOOobOoOobooOonbD 200000
gbobooooboobooooobooooboobooobooooobOoboboOobOoOooOoDOo
gboooobooooooooboooobooobooboobooooooOooboboobOoooOoDo
ooboooocooooooboooobooooobooboooooooobooobooobooobooo
gooooooooooooobooooooooboooooobooooo100oboboOob0oDbbo

oooboooobooooboooobooooboooooooboooobooboooobbooooDo
C,A+D
(V-L)

AVB,A>C,B>C,AFD
00000000000 00000000000000000000000000000

0000000000000 0000000000000000000000000000
0->00000000000000000000000000000000000000
0oooooon

000000000000 0000000000000000000000000

AA+C B,ArC C,A+D
(v-L)
AVB,A+FD

O0O00D0O0OMLKit? 0 MinCaml® 00000000 K-O0OO®0O0O0O0OOlet z =
ein AD e0000 case 0000000000000 OO0O0OOO0OOOO0O0O
0000000000 1000001et 0000000000000000000000O0
000000 100000000000000% 0000 10000000000000
000000000000 Cut00000000000000000000000000

(V-L)

(© 2008 Information Processing Society of Japan



22 0OO0OO0OO0OOO0OOoOoOooOoOoOOoboO

0000 subformula property 0000000000 O0OOODOOO
o0o00o0ooOoOoooooOoOo SML#OO0OOO0OO0OO0O0O0OO0OO0OO0O0OO0OOO0O0O00O
oooooo
(1) DOOOOOOOOoLOUOLOOOO0OOO0OOUOUOOUOUOOOOOOOUODO
ooo>bOooooooooooooboooooobobobOOoOobOObObOoboboOooooo
(2) ODOUOUOOOOOODOOOUDOUOOOOOO(x, (y,2)00000000000O0
oooOooooooo
000o0o0oo0oo0oo0oo0oooooooooo0ooooooooooo
0000000000000 0000000000000Gentzen JO0O0O0O0OOOOO
O00000 17) 00000000 KleeneDOODOODDODODOO G3 [Ch.XV, §80]
O000ooo00ooo0o0oooo0oooooooooooooog

3. 00OooOOoOoooooooon

gooooobooooooooboooooooooboobooobOoboboobOOobOoOoDOo
O0ODOOOO0OD0ODDOOO0O KleeneO0OOOOOOOOOO G3000000000O00O0OO
0000000000 gKMOonDDooooooooooooDo AMooooooooon
000000000 A-0DDD0O0D AMOOoOoDo0OO000D000000000 gkAM
gogooo
pogooooobooboobooboobobobobboobobbobboboo
gogobooooon
Tu=b | TD7T | TAT | TVT
ocoosbObOOOOOOOOOOOTOOOOOOOODOODODOOOOOOOOOOOT
0000 00000000000 (xz) 000000 TOUOOOO dom(l)OOOOOO
rooooddom(l’) =dom(T)U{z} 00 IM(z) =7 00000 IO ILz:rOODODOO
gboboobooodoboooodooooboobooboooboooooouooboOooooDo
000000000 MOOOOD 200000000 M'O000000000 [M'/z]MO
ood
Kleene 0000000000 G3000000D000000O0DOOOOO MO0
gobooooooobooooboooboooooboobooooo
M:a=c | o | \e.M | (M,M) | in1(M) | in2(M)

| app z x is z in M

000000000 0ooooooOg Vol No.3 19-33 (Oct. 2008)

| proj z on (z,z) in M
| case z of z,z is x in M
| let x =M in M
(Mi, M»)0 inl(M)Din2(M)0D0DO0D0M O M, 0OOMOOOODODOODO
OOMODOOOOOODODOOOOOBappryiszin MO DO0O000000O00OO
ooo000 00000000000 yO0O0OOOOOOOOODODOOO 20000 M
O0000000000projzon (y,2)in MO ADODODOODOODODOODOOOO
0000000000000 C00000y0O00 20000 MOOOODDOOOOD
casezof figisyin MO vOOOOOOOOOOOOOOOO 0000000000
00000000000 0oooooo0ooOoooooDooD fO0ODODOODO
goobobbooobbbooyooobboooobbooobobb g
gooboobobob0obOy0obODODODODOD MODODODODODOD
000000000000 D00000D0D gKMOo0 10000gKkMOoooonn
uobodouoboooboooboooobobooooo
e JO0O0OO0OOOOLOLDIOOOOOOUOLOOOLULOOODLLUDLODDOOOOODOODOO
oooooobooooboobooo
e JO0OUOOU (v-L)UDOODDOODDOOUOOODOOODDOUODDOODOOODOO
goobood
000000000000 D000000oO0DOooooon AM-ooooooooo
goooboooooooooooooooooobooboooboooDoooobooooobooo
ooo0O0O0000000000000let000000O0O0O0O0O0O0OOCOODOOOO
0000000000 AM-00DU0OD AODODODOOODOOO
Auw=T
| app z z is z in A
| proj z on (z,z) in A
| case z of z,zis z in A
| let z =V in A
Tuo=z |V
Vi=c | .M | (z,2) | inl(z) | in2(z)

(© 2008 Information Processing Society of Japan



23 ODO0OO0OO0OO0Ooooooooboo

(axiom) T'>c®:b (taut) T,z:tpz:7T (O>-R) Loimb M:7 Values
TeAe Mmoo (axiom) T'>c”:b (taut) T,z:tpx:T (O>-R) Lemnbd:mn
(AR) T'oMi:n TpoMy:m (V-Ri) 'eM:7  (i€{1,2}) PeAz.A:m D7
I (M, M) : 71 A T2 Feini(M): 71 V7 (A-R) Tz, y:med(x,y) : 11 AT (V-Ri) T,z:mpini(z): 7 Ve
(>-L) Tix:mDm,y:m,zime b M 1 73 (Z € {1’2})
e Dm,y:m>appzyiszin M : 73 Computation Terms
(A-L) Dz:miAme,y:11,2:2 > M 1 73 (>-L) .P’QU:TlD.TZ,yiThZiTZ'DA3.7'3 .
D,z:1 A2 >proj z on (y,z) in M : 73 Tx:miDme,y:m>appryiszin A: 73
(V-L) DV, fi11D73,9:m2 D73, y: 13> M 1 74 (A-L) 'F,x:7'1/\7'2,y.:7-1,z:7-2|>A.:7-3.
T,x:miVre, f:11D73,9g:72D713b>case x of figisyin M : 74 I z:miAT2bprojzon (y,2) in A: 7
ToM :mn ToimbM:m (V-L) Diz:mVre, fim1D73,9:m2 D73,y T3>0 A 1 Ty
(Cut) Iolet 2 — M, in Mo : IDx:mVre, fimiDms,g:meDmp>casex of f,gisyin A: 7y
?1 Proofsystemg)c-/:/l (Cut) I'sV:m Tz A:m
Fig. 1 Proof system GK™. Iolet 2=V inA:m
0 2 Proof system GKAM
00000000000000000000 gKAMOO 2000*06KAM 0000 Fig.2 Proof system GKA™M.
gooooooooooooogkAMODDOOO (>-R)0000000D0ODOO0DOODO
god | let z =M in C
AM OgpooDooooAMooo AWM OoOOoOODOO0OO00000000000000 Us=([],M) | (M][]) | ini([])
gobooobobooobooobobuoobobbobbooboboobobobooboboo N:=U | letz=[]in M
cooooobcocoNOODOUOUOOOOOOOOODOOD 000 [|]000000000000000000 CO0 MOOOOOOO0OO0O0O0O0O
Cu=[] | Az.C | (C,M) | (M,C) | ini(C) C[M]0000000000CO0000000000000000UOO0O0O0O00000O0
| appz ziszin C 000D0D00ONODODOOOODODOOO00D0DO00000000000000AM-000
| proj z on (z,z) in C 0 =0030000000000000000000000 NODDODDODOOOODDO
| case z of z,z is z in C 000000000000 00U00O0O00 7HOOUDOOD ADDO00ODO00DDOOOOOoOOo
| letz=Cin M o vdooodooboodoDboodbDboooobooooooooboooooo

O000000000o0opoooooOo0Ooooooolet00O0OO0O0O0OOOoOooOOOO
gboboobooboboooobooboboobooobobooobobbobooon

x1 GKAM 0000000000000 000000000000000000000000000000000
0000000000000000000000000000000000000000000AM-00000
gooooOoOoO0oOooooOoO0oO0OO00oOoOoOO0OO0O00OO0O0O0000n0

000000000 0ooooooOg Vol No.3 19-33 (Oct. 2008) (© 2008 Information Processing Society of Japan



24 O0O0OO0O0OO0OO0OCOOOO0OOOO

Nlapp z y is z in M| = app z y is z in N[M]
Nlproj z on (y,z) in M| = proj z on (y, z) in N[M]
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Fig.3 AM_transformation rules.
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case z of fi1,fois zin M | vs

E>V E, x:vio M

(Cut) o T U1 U v2

Evlet x =V in M | vs

04 AM OoOooOooOOoOoOOO

Fig.4 Operational semantics for A™-normal form.
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Fig.5 Typing rules for runtime values.
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Fig.6 Natural deduction proof system N.
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T=x
Az M=let z=\z.Min z
(M, My) = let 2 = (M, M) in z
ini(M) = let z = ini(M) in
mzletx:Minlety:Einappxyiszinz
M.i =1let z = M in proj z on (z1,22) in z;
case M of x1.Mi,x2.M> = let yzﬂin let f=/\:c1.ﬁ1 in let g:)\mQ.E in
case y of f,gis zin z

07 NDOOgKMOODODOOODODOOOOO
Fig.7 Proof transformation from N to gKM.
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[(’]k=let z=c" inkOx
[z]k =k =
[Me. M)k =1et y = Ax.[M](0X.X)inkOy
[(My, M)k = [Mi](6X.[M2](6Y.let z = (X,Y) in k O x))
[ini(M)]k = [M](6 X let z = ini(X) in k © )
[Mi M)k = [M1](0X.[M2](6Y.app X Y is z in k ® z2))
[M.i]k = [M](6X.proj X on (z1,z2) in k ® x;)
[case M of x.My,y.Ms]k = [M](6X.let f = Az.[M:](6X1.X1) in
let g = A\y.[Ms](6X2.X5) in
case X of f,gis win kO w)

08 AMpooooooOoOo
Fig.8 AM_normalization algorithm.
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— Pi[Ps[let y = (z1,22) in y]]
gooood
P = Pi[Plet y = (z1,22) in []]]
=y
gooogog
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N Pyi[Py[app 1 22 is z in k © 2]
aggoo
M, M,
= let y; = M, in let y» = M; in
app y1 y2 is z in 2
— let y1 = Pi[z1] in let y2 = Paz2] in
app y1 y2 is z in 2
= p [let y1 = z1 in Pa[let y2 = 2 in
app y1 y2 is z in z2]]
= P [P:]lapp z1 x2 is z in z2]]
gooooa
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P = Pi[P:[app z1 z2 is z in [ ]]]
=2z
goooooo
M = case My of x1.M1,22. M OO OO MOMOM,OOO0OODOOOOODOOOO
03100000 ROROROywIylye 00DO0O0O0O0O0O00O0OO0O0DODOO
[case My of x1.M1,x2.M2]k
= [Mo](6X.let f = Az1.[Mi](6X1.X1) in
let g = Az2.[Ma](6X2.X>) in
case X of f,giswin kO w)
L% P(6X.let f = Az1.Pi[(6X1.X1) ® y1] in
let g = Az2.P2[(6X2.X2) © y2] in
case X of f,giswin k®w) ©® yo]
D Pylet f = Az1.Pi[y1] in
let g = Az2.P2ly2] in

case yo of f,gis w in k ® w]
oo

case My of x1.My,x2.Ms
= let z = M, in let f= Az1.M; in
let g = Ax2.Ms in

case z of f,gis win w

5 let z = Polyo] in let f = Az1.Pi[y1] in
let g = Az2.P2[y2] in
case z of f,gis win w
SN Po[let z =yo in let f = Az1.Pi[y1] in
let g = Az2.P2[y2] in
case z of f,¢g is w in w|
— Py[let f = Az1.Pi[y1] in
let g = Az2.P[y2] in

case yo of f,g is w in w]
gpoooo
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P = Py[let f = Az1.Pi[y1] in
let g = Az2.P2fy2] in
case yo of f,g is win []]
r=w
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type varInfo =
{id: id, displayName: string, ty: ty, ...}

datatype anvalue =
ANCONSTANT of constant
| ANVAR of varInfo
|

datatype anexp =
ANVALUE of anvalue
| ANRECORD of {fieldList: anvalue list, ...}
| ANSELECT of {record: anvalue, offset: anvalue, ...}
| ANCLOSURE of {funLabel: anvalue, env: anvalue}
| ANAPPLY of {closure: anvalue, argList: anvalue list, ...}
| ANPRIMAPPLY of {primName: string, arglist: anvalue list, ...}
|
datatype andecl =
ANVAL of {varList: varInfo list, exp: anexp, ...}
| ANRETURN of {valuelList: anvalue list, ...}
| ANSWITCH of {value: anvalue,
branches: {constant: anvalue, branch: program} list,

default: program, ...}
| ANMERGE of {label: id, ...}
| ANMERGEPOINT of {label: id, varList: varInfo list, ...}

withtype program = andecl list

09 0OO0O YAANormal
Fig.9 Intermediate language YAANormal.
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Source Code: fun normalizeExp rbuexp =
fn x => (if x then 1 else 2) * 3 + 4 case rbuexp of
v . ..

A" -normal form: | RBUAPPM {funExp, argExpList, ...} =>
Az.let f=Au.linlet g = Av.2 in let

case r of f,gis yin

val (declsl, funValue) = normalizeExp funExp
let z=y*x3inlet w=2+4inw

val (decls2, argValues) = normalizeExp argExpList

YAANormal: val var = newVar ()
{ val appDecl =
- ANVAL {varList = [var],
args = [«], .
body = [ exp = ANAPPLY {closure = funExp, arglist = argValues,
ANSWITCH {value = ANVAR z, b
branches = [{constant = ANCONSTANT O, ) -3
in
branch = [
ANVAL {varList=[y], (declsl @ decls2 @ appDecl, ANVAR var)
exp=ANVALUE (ANCONSTANT 2)}, end
ANMERGE {label = [, ...} 011 AM.opooooooooooo
131 Fig.11 Example of implementation of A™-normalization algorithm.
default = [
ANVAL {varList=[y], exp = ANVALUE (ANCONSTANT 1), ,
} (1) MOODOOOOOO MO2x0000
MERGE {label =1, ...} (2) X0ODzOODOOODO
1, ...}, (3) DOO0O0O0OOODOO Do 0000
ANMERGEPOINT {label = I, ...}, (4) M0 D00000000 #0000
ANVAL {dst = [z],
exp = ANPRIMAPPLY {primName="+", e Oz ODUOUDDOUD x00000O00ODDODO
argList=[ANVAR y, ANCONSTANT 31, 000000o00Do0DoooooO 11 00000D00SML# 000000 YAANor-
.3, malization 000 0000000000000 0O0OO0ODOCOOO0OOOODOOOOOODOOO
ANVAL {dst = [w], DOD0ODDDDDD0000000000000000000NNNDO
exp = ANPRIMAPPLY {primName="+",
argList=[ANVAR 2, ANCONSTANT 4], oooooooo 10000 oOon)LUO0UO0OLOO0OOOOODOOO0OOOOOUOUOO
3 00o0ooooo00oooooo0o0oooo0oooooooDoooOooooooo
ANRETURN {varlList = w, ...} ooooooooo O(n2)DDDDDDDDDDDDDDDDDDDDDDDDDDDD
Tod 0d0o000o0o0oooooooo0odooooooooooooooooooonoo
0 10 YAANormal OO OOO
Fig. 10 Example of transformation to YAANormal. 00000oooo000oooo00o0oooooooooooooooooOoooooon

ooo
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