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Table 3 Absolute values of the coefficient of /*** au..(b),
the Ist term in Tw* (Runge-Kutta method).
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Table 6 &a*, k=j—n (Midpoint method).

3
Q
-
~
w
IS
«»
o
~
o
w

vouanawNnFd
w
~

512. 153 6 40 2 10 2
10 1024, 307.2 80.5 20.4
11 2048. 614.4 160.9 40.7 1

.64 0.16 0. 04 0.01
.28 0.32 0.08 0.02
-55 0.64 0.16 0.04

T & k=j—n (WuH .y ai)
Table 7 &%, k=j—n (Runge-Kutta method).
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Table 8 Extrapolation of the numerical results of y'=—10y and its errors (Midpoint method).
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8.237445-02 8.208227-02} €.208197-02 8.208191-02] 8.208185-02 §.208185-02 8.208185-02 B8.208185-02
70| 20894997204 -2.682209-06-2.980232-06 -3.039836-06 [-3.099442-06 -3.099442-06 -31099442-06 -3.099442-06
3.526831-03 -3.267601-05{-3.630668-05 —3.703281-05 |=3.775895-05 ~3.775895-05 -3.775895-05 -3.775895-05
8.215714-02 8.208477-02 8.208477-02| 8.208477-02 8.208477-02 8.208477-02 8.208477-02 8.208477-02
8gy| 7-218122-05 -1.788139-07 -1.788139-07|-1.788139-07 -1.788139-07 -1.788139-07 -1.788139-07 -1.788139-07
8.793478-04 ~2.178401-06 -2.178401-06|-2.178401-06 -2.178401-06 -2.178401-06_-2.178401-06 -2.178401-06
8.209795-02] 8.207822-02 8.207774-02 8.207762-02 8.207756-02] 8.207750-02 8.207750-02. 8.207750-02 8.207750-02 8.207750-02
opy| 1.299381-05{-6.735325-06 ~7.212161-06 ~7.331371-06 =7.390975-06 |~7.450580-06 -7.450580-06 =7.450580-06 -7.450580-06 -7.450580~06
1.582971-04}-8,205310-05 -8,786226-05 -8.931443-05 ~9.004056-05 |-9.076670-05 -9.076670-05_-9.076670-05 -9.076670-05 =9.076670-05
5-308215-03] 8.207685-02 B.207673-02 8.207667-02 8.207661-02| 8.207661-02 8.207661-02 §,207661-02 8.207661-02 8.207661-02
10g 2.801417-06| ~8.106231-06 ~8.225437-06 -B.285047-06 ~8.344649-06|~8.344649-06 -8.344649-06 -8.344649-06 ~B8.344649-06 -8.344649-06
$412827-05) -9.875417-05 —1,002064-04 ~1.009326-04 1.016587-04 |-1,016587-04 -1.016587-041-1.016587-04 -1.016587-04 -1.016587-04
8.206344-02 8.205718-02 8.205587-02 B8.205551-02 8.205539-02 8.205533-02| 8.205527-02 8.205527-02 8.205527-02 8.205527-02
1¢3{ -2+ 151726-05 -2.777575-05 ~2.908706-05 ~2.344468-05 ~2.956390-05 -2.362349-05|-2.968310-05 -2.568310-05 -2.968310-05 -2.968310-05
12.621340-04 -3.383781-04 ~3.543531-04 ~3.587098-04 -3.601622-04 -3.608882-04 |-3.616144-04 ~3.616144-04 -3.616144-04 —3.616144-04

®9 y=—10y OHAHEMLEED

(wvs 793 8)

Table 9 Extrapolation of the numerical results of y'=—10y and its errors (Runge-Kutta methods).
N| R-Ki& 1in| 2] 3] 4[] 5[} 6] 70m] 8[q 9l
6.484375-01 , "
0| esaszs-ol y =~10y, y(0)=1 o y(0.25)3t31
y(0.25)=8.208499863 -02
9.452844-02 5.760117-02
1g| 1-244348-02 -2.448378-02
1.515927-01 -2.982737-02
8.252692-02 8.172679-02 8.250499-02| "
2fy| 4.419682-04 -3.581642-04 4.200338-04
5.384278-03 -4.363336-03 5.117062-03
8.210623-02 8.207816-02 8.208948-02 8,208287-0
33| 2.127886-05 -6.794928-06 4.529952-06 -2,086162-06
2.592297-04 -8.277922-05 5.510614-05 -2.541467-05}
8.208609-02) 8.208472-02 08489~02[} 8.208477-02 8.208477-02
4fy| 1.132488-06|-2.384185-07 olf-1.788139-07 -1.788139-07
1,379654~05)~2.904534-06 ~2.178401-06 -2,178401-
T = A| 8.208483-02 [ 6.208483-03 | 8,208483-0
55” 0.0 -1,192093-07 |-1.192093-07 |-1.192093-07]
Xilo.0 1.452267-06}]-1.452267-06 |-1.452267-0¢ -1,452267-0¢]
8.200442-02 8,208436-02 8.208430-02] 8.208424-02 8,208418-02 8.208418-02 8.208418-02
§F;| 57 364417-07 ~5.960464-07 -6.556510-07| ~7.152557-07 ~7.748603-07 ~7.748603-07 ~7.748603-07
~6.535202-06 -7.261336-06 -7.987469-06|-8.713603-06 -3.439736-06 ~9.439736-06 ~9.439736-06
8.208400-02 8§.208394-02 8.208388-02 8.208382-02.8.208382-02 8.208382-02 8.208382-02 §,208382-02
7gy|-9.536744-07 ~1.013279-06 -1.072883-06 -1.132488-06|71.132488-06 ~1.132486-06 ~1.132488-06 -1.132488-06
1-1.161614-05 -1.234427-05 ~1.307040-05 -1.379654-05}-1,379654-05 ~1.379654-05 ~1.379654-05 -1.379654-05
)
8.208275-02 8.208263-02 8,308257-02 8.208251-02 8.208245-02| 8.208239-02 8.208239-02 | 8,208239-02 8,208239-02
8f3]~2:205371-06 -2,324581-06 ~2.384184-06 -2.443790-06 -2.503394-06|-2.562999-06 ~2,562999-06 :-2,562999-06 -2.562999-06
—2.686694-05 ~2.831921-05 ~2.904533-05 ~2.977147-05 ~3.049760-05]-3.122374-05 -3.122374-05 '~3.122374-05 -3.122374-05
8.208048-02 8,208030-02 8.208019-02 8.208013-02 8.208007-02 8.208001-02] 8.207955-02, 8.207995-02 8.207995-02. 8.207995-02
%i ~f,470348-06 ~4,649161~06 ~4.768371-06 -4.827976-06 -4.887579-06 «4.947185-06|-5.006789-06 ~5,006789-06 -5.006789-06 =5.006789-06
~5,446002-05 ~5,663841-05 ~5.809068-05 -5.881682-05 ~5.954294-05 -6.026909-05]~6.099521-05 -6.099521-05 -6.099521-05 -6.099521-05
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(36)
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INHKHET KDL&, TOBRERADEEDHTDH
B35, MIABEMAENEXRA6)RNLDBRERIK
ELRDBENELN LS. —F Y42 o Tt 358K
LTI ->Tna2 LD, 3ED T OHEFE
AAOTABREAER 10 0LSICHRT S, T8bb
BUSEEATE, SRBEHE TR, £hEh 16 #EHED
6k, 14 #7E725DT, £ 2, X3DfHEH 275, 27%
VT ER2BEOERERREEE L. 4 RS
BTII16#3047LD, £ 2, £3D 2719 PTFEA

WAL BRRNONYPHEMED S 2 55l 3k 649

* 10 i ERo LR
Table 10 Upper bound of the stage of repeated
extrapolation method.
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BB O ERIZ, hAETIZ 10 B, Runge-Kutta 7%
213 L7253, & AH Runge-Kutta ZTDEAIR,
TAEEE L m K& 12 2 EERMEOBIRET B A
22 EERDEHEREAERIZS LS. BRAIL
m=11 0L & THREHEHIL 8,192 AT, m=13 &
2% & 32,768 [Bl&BHTIBINT 5. X 5ICHEHERLK
DAL > THDBRELWEKT 50T 11 BTLEYD
73O MNEETH 2 DT, 4{EKED Runge-Kutta
BERNEBTHRT Lol (RISER).

% 3, %40 T+ OFMIT I=1, a.a(d)=1 &L
7o S, FUDORRMEER =1 £LT [q, a+1]
TR AET S, FIRBBATIGRLI W E 213,
|as1(b)] IRKEWNWEZZ AA/NEL T 5 HXME

B 1 sdEwsiaiiosnd
Fig. 1 Flow-chart for the repeated extrapolation
method.
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% 1=21&0LT [a,a+1/2] THAFREL, FIRE
BATIRT 2 I TRUEESE [=27, 275 274, ...k
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1hoFUFREEFELET. FEFELEEL OFN
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EX. 1. y'=~—y, #BHE y(0)=1
BER y=e*

EX. 2. y'=—10y, ®¥HfE v(0)=1
B y=et0-

EX. 8. y'=10y, ¥I#i{E y(0)=1
B y=e'0"

EX. 4. y'=—2zy, ¥ v(0)=1
BER y=1/(1+27)
EX. 5. y'=x—9% ®EME v(10)=0
(z—o0 L7 SRERIZ V z it FH& D 3E)
SHEBIZ HITACS700 (16 #£6 #7215) #HAL
7o, BHEITHELSIRORETL, BREx oMYRES
A3 11 (BUEE), X 12 (BB, % 13 (45%

* 11 BOREEHEIC K BEUEHFES (HITAC 8700)

Table 11 Numerical results in the case of single
precision. (HITAC 8700)

Eq. YE |1 |G| e ettt [xtEn SR i
I. M |1.0 4] 170.125(5.35-04| 2.4
y'=-y M-MP|1.0 | 4| 170.375]6.80-04 | 1.7
Yo=1 MP-m|1.0 | 4| 170.5 [1.28-04| 1.8
x R-K {1.0] 4| 170.75 [3.00-04| 2.1
y(x)=e R-K-G[1.0 | 4} 170.0 [5.90-05| 1.7
11. MP |1.0 [ 4| 17.078{5,05-04| 6.2
y'=-10y M-MPl1.0 | 4| 17.008(8.05-04 6.0
yo=1 MP-m[1.0 } 4| 17.141[4.78-04| 6.2
-10x R-K.{1.0| 4| 17.75 {1.11-04| 1.7
y(x)=e R-K-G[1.0 | 4| 17.75 [4.00-05| 2.7
III. MP |1.0 | 4| 17.125(4.77-04| 2.7
y'=10y M-MP|1.0 | 4| 17,75 [4.36-04( 1.9
yo=1 MP-m|1.0 | 4| 17.125(1.25-04| 3.6
10x R-K (1.0 |4 17.0 (2.82-04 1.7
y(x)=e R-X-G{1.0 | 4| 17.0 [9.97-05| 2.4
Iv. MP {1.0 | 4 (1500.75 }2.02-04| 2.6
y'=-2xy2 M-MP|1.0 | 4/1500.25 4.73-04| 2.6
Yo=1 MP-m!1.0 | 4 [1500.5 |2.46-04| 2.3
R-K |1.0 | 4 {1500.5 [1.45-04 2.5
y(x)= 2 R-K-G{1.0 | 4 /1500.0 [5.53-05| 2.6

1l+x
v. 2 MP |1.0) 3]1200.0 [1.60-04{300.0 *
y'=x-y 1.0 4| 250.0 |(DIV.)

- - M-MP[1.0 | 4{1050.0 [(DIV.) | 60.0 *

Yory(10)=0 MP-m{1.0] 3|1000.0 [8.23-04[300.0 *

X+ ® R-K |1.0| 4]1200.0 |5.70-06) 60.0 *

yix) + /x R-K-G|1.0| 4]1900.0 [2.80-06| 60.0 *

Nov. 1982

B) IKRT. £Bo Yot HEOK IS, MP i3dh
AE, M-MP B EED AEY, MP-m i3 KHiC
Mgller ICKAHDBERBIEXT-72d0D, R-K B

*® 12 {SREEEHRIC X 2 REHEA (HITAC 8700)
Table 12 Numerical results in the case of double
precision. (HITAC 8700)

Ea. Y§ 1 || st [ mrrse [Sh G a]
1. MP 1.0 | 6| 151.75 |5.99-13| 8.3
y'm—y M- (1.0 [6]151.0 |7.29-13| 10.3
Yo=1 MP-m 1.0 |6 | 145.9 [3.47-15| 30.9
_ R-X {1.0 |8 | 151.0 |4.96-13] 20.2
y(x)=e X R-K-G 1.0 |8 | 149.0 [4.09-14] 13.7
11, MP |1.0 |6] 15.125(5.06-13| 19.6
y'=-10y M-Mp |1.0 |6| 15.125/5.68-13| 19.5
Yo=l MP-m (1.0 | 6| 14.89 |3.46-14| 54.8
_10x]| _R-K_[1.0]8] 15.0 [4.99-13|18.2
yix)=e R-K-G |1.0 | 8] 14.25 |2.66-15]| 38.4
IIT. MP 1.0 | 6 17.0 7.35-13| 16.6
y'=10y M-MP (1.0 {6 16.688(7.03-13} 15.2
Yo=1 MP-m [1.0 | 6] 14.594)3.47-15] 30.9
10x R-K [1.0 8| 17.0 |7.64-13] 25.3
y(x)=e R-X-G |1.0 | 8] 17.125|s.50-14| 32.8
Iv. 2 MP  {1.0 |6 |1500.75 |1.36-13| 7.6
y'=-2xy M-MP {1.0 |6 1500.5 |2.18-13| 6.5
y =1 MP-m {1.0 |6 [1500.125[2.58-14 | 42.3
1 R-K {1.0 |8] 34.057!1.67-14] 60.0 *
y(x)=—=—| R-K-G [1.0 |8 147.179|2.07-14 60.0 *
14x
V. M 1.0 [6] 416 (DIV.)
y'=x-y2 M-MP |1.0 |6 | 542.0 {1.97-05{300.0 *
yomy(10)=0] MP=m [1.0 |6 | 322.0(D1V.)
R-K [1.0 {8 945.68 [8.59-06 [300.0 *
x> R-K-G [1.0 {8 | 698.062 |1.35-05 [300.0 *
yi{x) +~ /x

® 13 4 EREEHEICK 3 BEH S (HITAC 8700)

Table 13 Numerical results in the case of quad-
ruple precision. (HITAC 8700)

Eq. Lol B R e e
I. Mp l1.0f11] 115.0 [5.12-29] 34.4
y'a-y M-MP [1.0(11} 112.0 [5.42-29| 36.3
Yo=1 MP-m |1.0[11] 112.0 |2.83-30(115.2

_ R-K |1.0/11| 57.75 |5.76-29 [300.0 *

y(x)=e™* R-K-G {1.0[11| 65.0 [3.13-31]300.0 *
II. mp {1.0011| 11.75 |5.76-28(107.9
y'=-10y M-Mp [1.0[11| 11.0 [4.65-29]107.2

Yo=1 MP-m [1.011] 11.125[3.36-30[300.0 *

—10x| R-K_l.0/11 3.0 [2.35-29(300.0 *
y(x)=e R-K-G [1.0 11 1.875]7.40-32 [300.0 *
III. Mp 11 17.0 [8.89-29(158.5

1.0

y'=10y M-MP 11,011 16.25 |8.74-29|134.4

Yo=1 MP-m {1,011 17.0 |3.33-31]215.0
1.0111 1.685[2.58-29 |300.0 *
1.0

() =el%* | r-x-c 11| 1.25 |7.75-32300.0 *

. ) w |1.0l11]1500.0 [7.82-30| 57.5
yim-2xy?| m-Mp |1.0[11|1500.0 |8.74-29| 524
Yol MP-m |1.0|11{1500.0 [1.86-31] 75.5
1 R-k |1.0]11| 802.875|7.64-30 [300.0 *
y(x)= R-x-g| 1.0[11| 1051 0 |1.46-30/300.0 * |
1+x2
. 2 w |1.0[1a| 72.0 |4.09-04|300.0 *
- w-mp |1.0|11| 75.0 |[3-85-04 [300.0 *
v(100m Mp-m [1.0[11] 62.0 |5.13-04 [300.0 *
Yo=y(100=04 p " [y70(11] 19.5 |}2.92-03[300.0 *
x+ = r-k-G [1.0[11] 185 |3.17-03 [300.0 *

yix) + x
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ZH8, 21 ® 1 i3KKITHS. T T v i3 Euler
BERVS.
y1=yo+hef(zo, yo) [Euler ]
yi=yi-2+2h flzi-1, yi-1) [HAE]
(j=2,8,-,m)
Yn=vs~y(x)
2. EEPRE
hEEORED yn E—DFD Ya1 K Lo T y-
ZRATEBETS.

y(x)~y,=—;-[ym-1+ Unth(Zm Ym)]

3. Mdller %
— 3T Y- DS ys Ik E X, ¥ OFIE[@ZE

Nov. 1982

H; -5 5& (Hi=h-f(zo, yo), Hi=2hf(z;-1,yi-1))
vi=yi-+H; (j=1,2,---,m)
L5, RBFBTROHMCI O ADBREZMET
3. VE Y- ONDEREE 1 T 5. KL,
q=0 ThH5.
si=Hj—qj1
Yi=yi-1+S;
ri=yi—¥Yi1
qQi=Ti—Ss;
XD, ¥ OIDRE ¢ By KERHEEIN .
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