4F-07 Bowtie-decomposition algorithm and trefoil-decomposition
algorithm of complete tripartite multi-graphs

Kazuhiko Ushio

1. Introduction

Let Ky, g ny denote the complete tripartite graph with partite sets Vi, V4, V3 of ny, ng, n3 vertices each.
The complete tripartite multi-graph MKy, nym, is the complete tripartite graph Ky, 550, in which every
arc is taken A times. Two edge-disjoint triangles with a common vertex is called the bowtie and the
common vertex of the bowtie is called the center of the bowtie. When MKy, n, n, is decomposed into
edge-disjoint sum of bowties, it is called that MKy, n, n, has a bowtie-decomposition.

Three edge-disjoint triangles with a common vertex is called the trefoil and the common vertex of the
trefoil is called the center of the trefoil. When AK,,, n, 5, is decomposed into edge-disjoint sum of tre-
foils, it is called that AKy,; n,n, has a trefoil-decomposition.

2. Bowtie-decomposition algorithm of AK,,, ,, 1.
Notation. For a bowtie passing v1 — vy — v3 — w1 — w4 — v5 — v1, we denote (v1;ve, v3; 04, Us).

Theorem 1. MK, n,5, has a bowtie-decomposition if and only if ny =ng =n3 =0 (mod 2) for odd
A and n; = ng = ng > 2 for even X

Proof.(Necessity) Suppose that MK, ,,n, has a bowtie-decomposition. Let b be the number of
bowties. Then b = A(ning + nins + ngng)/6. Among b bowties, let b; be the number of bowties whose
center-vertices are in V;. Then b = by + by + b3. Counting the number of edges between V; and V4, we
have 2b{ +2b2-2b3 = Aning. Counting the number of edges between V7 and V3, we have 2b; +2by +2ba =
Anng. Counting the number of edges between Vo and V3, we have 2b; + 2by + 2b3 = Angns. Then
Aning = Aning = Angnz. Therefore, n; = ng = ng. Put n; = ng = ns = n. Then b = \n? /2.
Therefore, we must have An = 0 (mod 2). Since a bowtie is a subgraph of AK,, , , we must have n > 2.
Therefore, n = 0 (mod 2) for odd X and n > 2 for even ).

(Sufficiency) Put ny =ng =n3 =n. Let Vi = {1,2,..,n}, Vo = {1,2/,..2'}, V3 = {1, 2" .. "}
Case 1. =0 (mod 2) and X is odd. Construct n?/2 bowties BT}; (i = 1,2,...,n: j =1,2,...,n/2)
as following :

BTy = (i; (2j—1), i+2j-2/"; (25, (i+25—1)"),

where the additions are taken modulo n with residues 1,2, ..., n.

Then they comprise a bowtie-decomposition of K, 5, . Construct this bowtie-decomposition repeatly
times. Then we have a bowtie-decomposition of MKy, 5.

Case 2. n > 2 and ) is even. Construct n? bowties BL; (i=12,..,n;j=12,..n) as following :
BTU = ( F jl > (2+J" 1)” 5 (j+1),) (L+j)l/ )7

where the additions are taken modulo n with residues 1,2, .

Then they comprise a bowtie-decomposition of 2Ky, 1, ». Construct this bowtledecomposmon repeatly
A/2 times. Then we have a bowtie-decomposition of AK,,, n,n-

3. Trefoil-decomposition algorithm of AK,, , u,

Notation. For a trefoil passing v1—va—v3—v1—v4—v5—v1 —vg—v7—v1, we denote (vy; ve, vs; vy, Us; Vg, 7).
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Theorem 2. MKy, n, n, has a trefoil-decomposition if and only if n; = ng = n3 = 0 (mod 3forr=12
(mod 3) and ny = ng = ng > 3 for A =0 (mod 3).

Proof.(Necessity) Suppose that AKp, n,n; has a trefoil-decomposition. Let b be the number of tre-
foils. Then b = A(ning + nins + nang)/9. Among b trefoils, let b; be the number of trefoils whose
center-vertices are in V;. Then b = by + be + b3. Counting the number of edges between V7 and Vs, we
have 3b; +3bg+3b3 = Aning. Counting the number of edges between V; and V3, we have 3b; +3bg+3b3 =
Aning. Counting the number of edges between V5 and V3, we have 3by + 3bg + 3b3 = Angnz. Then
Aning = Aning = Aneong. Therefore, n; = ng = ng. Put ny = ng = ng = n. Then b = an?/3.
Therefore, we must have An = 0 (mod 3). Since a trefoil is a subgraph of MK, n 5, we must have n > 3.
Therefore, n = 0 (mod 3) for A = 1,2 (mod 3) and » > 3 for A =0 (mod 3).

(Sufficiency) Put n; = ng =ng =n. Let Vi = {1,2,..,n}, Vo = {1, 2,..,n/}, V3 = {17,2"....n"}.
Case 1. n = 0 (mod 3) and ) = 1,2 (mod 3). Construct n%/3 trefoils TF;; (i = 1,2,...,n ;
ji=12,..,n/3) as following :

TFy=(i;03j-2), (+3j-3)";@j-1", (+3j-2":3j)", (+3j-1)"),

where the additions are taken modulo » with residues 1,2, ..., n.

Then they comprise a trefoil-decomposition of K, ;. Construct this trefoil-decomposition repeatly A
times. Then we have a trefoil-decomposition of AKj, 4, 4.

Case 2. n >3 and A = 0 (mod 3). Construct n? trefoils T'F;; (i = 1,2,...,n; j =1,2,..,n) as
following :.

TFy=(i:7, G+i-1; G+1), G+ (G+2), (+5+1"),

where the additions are taken modulo n with residues 1,2, ..., n.

Then they comprise a trefoil-decomposition of 3Ky, . Construct this trefoil-decomposition repeatly
A/3 times. Then we have a trefoil-decomposition of MKy, 5 5.
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