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1. Introduction

Let K, denote the complete graph of n vertices.
Let Cy be the cycle on 20 vertices. The Cag-
bowtie is a graph of 2 edge-disjoint Cag’s with a
common vertex and the common vertex is called
the center of the Cog-bowtie. When K, is decom-
posed into edge-disjoint sum of Cyg-bowties, it is
called that K, has a Cao-bowtie decomposition.
Moreover, when every vertex of K, appears in
the same number of Cyg-bowties, it is called that
K, has a balanced Cag-bowtie decomposition and
this number is called the replication number.

In this paper, it is shown that the necessary and
sufficient condition for the existence of a bal-
anced Cyo-bowtie decomposition of K, isn =1
(mod 80).

It is a well-known result that K, has a Cs de-
composition if and only if n = 1 or 3 (mod 6).
This decomposition is known as a Steiner triple
system. See Colbourn and Rosa[1] and Wallis[8].
Horédk and Rosa[2] proved that K, has a Cs-
bowtie decomposition if and only if n = 1 or
9 (mod 12). This decomposition is known as a
Cs-bowtie system.

In this sense, our balanced Cap-bowtie decom-
position of K, is to be known as a balanced Cqp-
bowtie system.

2. Balanced Cy-bowtie decomposition
of K,

Notation. We denote a Cyg-bowtie passing
through v1 —vo —v3 —v4 — vs — v — V7 — Vg —
Vg — V10 — V11 — V12 — V13 — V14 — V15 — V16 — V17 —
V18 — V19 — V20 — V1, V1 — V21 — V22 — V23 — V24 —
V25 — U6 — V27 — V28 — V29 — V30 — V31 — V32 —
V33 — U34 — U35 — U3 — U3y — U3g — U39 — U1 by
{(v1,v2,v3,v4, vs, v6, V7, U8, Vg, V10, V11, V12, V13,

V14, V15, V16, V17, V18, V19, ¥20), (V1, V21, V2o, Va3, Va4,
V25, V26, V27, V28, V29, V30, V31, V32, V33, V34, U35, V36,
V37, V38, U39) }-

Theorem 1. K, has a balanced Csg-bowtie
decomposition if and only if n = 1 (mod 80).

Proof. (Necessity) Suppose that K, has a
balanced Chp-bowtie decomposition. Let b be
the number of Cyy-bowties and r be the repli-
cation number. Then b = n(n — 1)/80 and
r = 39(n — 1)/80. Among r Cog-bowties hav-
ing a vertex v of K, let r; and 75 be the
numbers of Cop-bowties in which v is the cen-
ter and v is not the center, respectively. Then
r1 + r2 = r. Counting the number of vertices
adjacent to v, 4r; + 2r5 = n — 1. From these re-
lations, r; = (n — 1)/80 and r = 19(n — 1)/40.
Therefore, n = 1 (mod 80) is necessary.

(Sufficiency) n = 80t + 1. Construct tn Cap-
bowties as follows:

BY = {(6yi+ 1,0+ 4t + 2,4 + 24¢ + 2,1 + 36t +
3,5+ 48t + 3,5 + 68t + 4,7 + 16t + 3,7 -+ 60t +
4,54 12t 4 3,0 + 54t + 4,7 + 14t + 3,7 + 64t +
4,54 18t 4 3,0 + 72t + 4,7 + 50t + 3,4 + 40t +
3,0+ 26t+2,i+86+2,i+2t+1),(6,i+2,i+
At 44,7+ 248 +3,i+ 36t + 5,1+ 48t +4, 5 + 68t +
6,i+16t+4,i+60t+6,i+ 12t + 4,5+ 54t +6, i+
14t +4,i+64t+6, 5+ 18+ 4, + 72 +6, 5+ 50t +
4,0+ 40t + 5,5+ 26t + 3,0 + 8t + 4,1+ 2t + 2)}
B® = {(i,i+3,i+4t+6,i+ 24t + 4,1+ 36t +
7,i+48t+5,i+68t+8,i+16t+5,i+60t+8, i+
12t 4+5,i+ 54t +8, i+ 14¢+5, i +64¢ +8, i + 18t +
B,i+T2t+8,i+50t+5,i+40t+7,i+26t+4, i+
8t + 6,4+ 2t + 3), (4,1 + 4,1 + 4t + 8,7 + 24¢ +
5,3+ 36t + 9,4+ 48t + 6,7 + 68t + 10,1 + 16t +
6,4+ 60t + 10,5 + 12t + 6,4 + 54¢ + 10,4 + 14¢ +
6,7 + 64t + 10, + 18 + 6, + 72t + 10, i + 50¢ +
6,1+ 40t + 9,1+ 26t + 5,0 + 8 + 8,7 + 2t + 4)}
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BY = {(i,i+2t—1,i+8t—2,i+26t,i+ 40t -
1, 1,+50t+1 i+ 72t 1+ 18t + 1,1+ 64¢,7+ 14t +
1,7J+58t,i+16t+1,i+68t,i+20t+1,z’+76t,z’+
52t 4+ 1,1+ 44t — 1,1+ 28t,i + 12t — 2,0 + 4t —
1), (i,+2t,i+8t,i4+26t+1,i+40t + 1,7+ 50t +
2, i+ T2 +2,i+ 18t +2,i+64t+2,i+ 14t +2,i+
58t+2,1+ 16t + 2,1+ 68t+2,1+20t +2,i+ 76t +
2,i+52t+2,i+44t+1,i+28t+1,i+12¢,i+4¢)}
(i=1,2,..,n).

Then they comprise a balanced Cap-bowtie de-
composition of K.

Example 1. Balanced Cy-bowtie decom-
position of Kg;.

B; = {(3,i+1,i+6,i+26,i+39,i+51,i+72,i+
19,0464, i+15, 458, i+17, i+68,i+21,i+76, i+
53,0443, i+28,i+10,i+3), (i, i+2, i+8,i+27, i+
41,i+52,i+74, i+20,i+66, i+16,i+60,+18, i+
70,7422, i +78,i+54,i+45,i+29,i+12,i+4)}
(i=1,2,..,81).

Example 2. Balanced Cy-bowtie decom-
position of Kjg;.

BY = {(G,i+1,i+10,i 4 50,4 + 75,i+99,i +
140,435, i+124, 427, i+112,i+31,i+132, i+
30, i+148,i+103, i +83,i+54, i+18,i+5), (i, i+
2,0+ 12,i+51,4+77,i+ 100, + 142,i + 36,1 +
126,428, i+ 114, i+32, i-+134, i+40, i+ 150, i+
104, + 85,7 + 55,7 + 20,1 + 6)}

B = {(i,i+3,i+ 14,0+ 52,0+ 79,5+ 101,i +
144,437, i+128,i+29, i+116,i+33,i+136,i+
41,i+152,i+105,4+87,i+56,i+22,i+7), (i, i+
4,i+16,i+ 53,5+ 81,5+ 102,i+ 146,i+ 38,1 +
130,430, i+118, i+34, i+138, i+42, i+154, i+
106,7 + 89,7 + 57,1 + 24,1 + 8)}
(i=1,2,..,161).

Example 3. Balanced Cy-bowtie decom-
position of Kay;.

BY = {(i,i+1,i+14,i+74,i+111,i+147,i+
208,i451,i+184,i+39, i+166, i-+45,i+196, i+
57,4 + 2207 + 153, 7 + 123, 1 + 80,7 + 26,1 + 7),
(4, +2,i+16,i+75,i+113,i+ 148,04 210,i +
52, i+ 186, i+40, i+ 168, i+46, i+ 198,i+58, i+
9994 + 154,4 + 125, + 81,4 + 28,1 + 8)}

B(Q) {(i,5+3,i+18,i+76,i+115,i+149,i +

212, +53,i+188,i+41, i+ 170, i+47, i+200, i+
59,4 + 224, 1+ 155, + 127, + 82,1+ 30,i + 9),
(i,i+4,i+20,i+ 77,5+ 117,i+ 150, + 214, i +
54,4190, 7 +42, i+ 172, i+ 48,1 +202, i+60, i+
9226, 7 + 156,1 + 129, + 83,7 + 32,7 + 10)}

B® = {(i,i+5,i+22,i+78,i+119,i+151,i+
216, i+55,i+192, i +43, i+ 174, i+49, i+204, i +
61,1228, i+ 157,i+131,i + 84,1+ 34,i + 11),
(i,i+6,i+24,i+79,i+121,i+152,i +218,i +
56,1+ 194, i +44, i+ 176, i+ 50, i + 206, i+ 62,7 +
230, i + 158,17 + 133, + 85,1+ 36,7 + 12)}
(i=1,2,..,241).
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