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Recovering Drawing Order from Static Handwritten Images Using Probabilistic
Tabu Search

Takayuki Nagoya' Hiroyuki Fujioka *

Abstract maximum weight perfect matching problem of graph, thus
This paper considers the problem of recovering a draw-& probabilistic tabu search algorithm is developed to solve
ing order from static handwriting images with single fche problem. The effectlveness_and usefulness are exam-

stroke. The problem is analyzed and solved by employ-N€d Dy some experimental studies. ,
ing the so-called graph theoretic approach. The central is- In the sequel, we here assume that an undirected graph

sue is to obtain the smoothest path of stroke from a grapt® IS constructed from the handwritten imagéy skel-
model of input handwriting image. We first introduce an tonization techniques. Each edge®torressponds to an

index on double-traced lines. Then, it is shown that thepart of stroke in the skeleton and each vertexGoor-

graph is transformed to a semi-Eulerian graph. Thus, thd©SPOnds to a geometrical feature point at which an edge

restoration problem reduces to maximum weight matching!€'Minates and muiti-edge is connected.

problem. Such a problem is solved by a probabilistic tabu2  |dentification of Double-Traced Lines

search. .
Now, suppose that a grapgh with vertex setv (G) =

1. Introduction {v1,V,--- vy} and edge seE(G) = {ey,e,---,em} is

Recovering the drawing order from static handwritten modeled from a handwritten image inplut If the graph
images is a key problem in the off-line recognition, and G is a semi-Eulerian, there exists a walk @rwhich tra-
thus it has been studied extensively. For such problemsverses all of the edges exactly once from a vertex with de-
the graph theory approach has been used frequenﬂy andree one (le start VerteX) to another one (le end VerteX).
various types of recovery algorithm have been developedSuch a walk is referred as ‘Euler path’. It is well known
(See e.g. [1, 2]) In particu|ar’ Kato and Yasuhara in [3] that the prOblem of flndlng a Euler path in a semi-Eulerian
have developed the hybrid approach of local tracing anddraph can be computed in polynomial time. In addition,
global searching methods. In the method, we first deterWe may often face the situations in which a stroke is drawn
mines the the types of each edge and vertex by locally anatwice. Such a stroke which is traversed twice is called as
lyzing the structure of the graph model, we get the labeling double-traced line (D-line). In such cases, the grdph
information of stroke. Tracing the graph according to the obtained from input never become semi-Eulerian. Then,
labeling information, we obtain the dynamic information We need to detect all the D-lines in order to construct a
of stroke. Authors in [4] have recently improved Kato and Semi-Eulerian graph frorG.

Yasuhara's method and the faster recovery algorithm has Fig. 1 shows a set of possible D-lines in the stroke.
been developed. In these hybrid approaches, using onlyiere, we see that the all the types of D-lines except to Fig.
the local structure of graph, the drawing order are deter-L (a), say Fig. 1 (b)-(f), are represented as the graph with
mined at each vertex. ThUS, the obtained stroke may n0§ame structure. Thus, it may be difficult to dIStIﬂgUISh the
correspond to the smoothest path of the possible ones. differences among their D-lines from only local structure

In this paper, we deve|op a new method for recovering ainformation of G. To avoid such a diﬁiCUlties, we here
drawing order from static handwriting images with single introduce an index of D-lines (Section 2.1). The index is
stroke. Such a stroke may include the so-called double-
traced lines (D-lines). The problem is analyzed and solved

by employing the graph theoretic approach [4]. Then the ;_ s
central issue is to obtain the smoothest path of stroke from “ >/'_<
a graph model of input handwriting image. First, the graph @ ®)

model is constructed from the input handwriting image i s >

by employing thinning algorithm. Then, we locally ana- >/—\< >/—<

lyze the structure of graph at each vertex. In particular, ! : ‘
the method to identify D-lines is developed by introduc- (©) (d)
ing an index on D-lines. The method enables us to trans- ; s \1‘
form any graph models including D-lines to semi-Eulerian >\’_/'< >—J T(?
graph models. Then, the restoration problem reduces to “< T~ <

(e) ®
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with

Up, vy
Up, i
9l if g £ 0

VDj o = Lo
S(equ )_{ 1” |fG:0 7|7J_172' (5)

Vp. .
Here,g °I denotes an edgep, ,viDJ) fori,j =1,2, where

viDj is an adjacent vertex . ep denotes the edge that is

obtained by merging all edges Bf to one.|a| € [0, 7] is
vp.

a difference angle between the edggsande, °I It then

VDj
used to locally identify all the D-lines. We then develop holds thatS(ep, ¢ ) approaches t?,l ag| approaches to

o
the method to transform gragh with D-lines into semi- 7% Also, whena = 0, we setS(ep,§ ') = 1. The case of
Eulerian one by employing the so-called path duplication@ = 0 may not usually occur, but this expression may be
method (Section 2.2). Meanwhile, the differentiation on used for constructing a continuity graph in Section 3.1.

the types of D-line will be achieved by global analysis us- Remark 1. Ifthe pathRy is D-line in Fig. 1 (a), the degree
ing a continuity graph and probabilistic tabu search aIgo—fOr either ofvp,, i = 1,2 may be 1, i.edeg\Vp,) = 1. Then

rithm in later section. there exists no incident vertices for such a vemgxwith

2.1. Index on D-lines
) . . degvp,) = 1. Thus, ifdegvp ) = 1 on P satisfies for
We present the index of D-lines. All the types of D-lines _.. > : ;
B : ; . eitheri = 1 or i = 2, we have only to evalua®M(R) in
in Fig. 1 consist of an edge between two vertices with odd (4) as

degree, where the length of edge is generally small. In
addition, the stroke may intersect with D-line as shownin  gpyp,) = Z S(eD,eIVDj) if deg(vp,) =1 (6)
Fig. 2. In such a case, each D-line is represented as a path i=T2

P> of G with length more than or equal to 1. When the
D-line is given as a path between two vertiegs, vp, €

Fig. 2: D-line withPy = ((Vp,,Vig ), (Vk;» VD,))-

3

for j,ke {1,2}, | # k.

V(G), the pathP is expressed as 2.2. Constructing Semi-Eulerian Graph
P = <(VD17Vk1)) (Vig> Vi ), -+ » (Vig ’VD2)> (1) We are now in the position to develop a method to trans-
] ] form the graphG with D-lines to a semi-Eulerian graph.
with vig € V(G),i =1,2,--- 1, where(vp,Vq) denotes an  Then main issue is to identify D-lines by the index of D-

unordered pair of adjacent verticeg and vy, hence an

edge betweew, andvg. When there exist some D-lines on the stroke, the odd-

In order to determine whether a patiis D-line, we in- gegree vertices may consist of those of D-line or terminal
troduce the following index of D-lines. The index is based points of stroke (i.e. the start and end pointsfEinNow.

on the s.tra?ghtness and smoothness between thePgath let V1 C V(G) be a set of vertex with degree one. Then
and the incident edges B. LetDLI(Pb) € R™ beindex  gach vertew; € V; is either a terminal point of stroke or
of D-lines for the patti defined by a degree one vertex of a D-line as shown in Fig. 1 (a).
DLI(Fy) = ST(P) + ASM(Py), 2) In other words, there exist exactly two vertices, denoted
L ) by vs, ¢ € Vi, which correspond to start and end points of
whereA € R™ is a We'ghted pargmeter, a®T(Ry) and stroke. We then identifys andv; by usingDLI as follows.
SM(P) dgnote the ratios on straightness and smoothnesg . eachy; €V, we find the nearest vertax € V(G)(i #
for PD defined as follows. , j) from v; whose degree is odd greater than or equal to
First, the straightness rat®T(Py) is evaluated by three. LetP(vi,v;) be the shortest path i6 between
d(Pb) andyv;. Then, the vertex; with the smallesDLI (P(v;,V;))
1(R)’ may not be a terminal of D-line. Hence, two vertices with

whered(Pb) is Euclidean distance between two terminals sm(;allestDLl may be regarded as the terminal vertisgs
Vp, andvp, in (1) andl (P) is the total number of pixels on anav. ,

Pb. It then holds thaST(Rb) < 1 with upper bound being Next, letVp be the set_of every odd_d_egree verticeSof
achieved when the path becomes exactly straight line. ASVNEreéVs:vt € V1 are omitted. Then, it is easy to see that

the straightness of pafi, decreasesST(Ry) approaches Vp| is even. Irj additiqn, any D-lines are the shortest path
t0 0. between a pair of vertices &b, because the path length

corresponding to D-line must be very short. According to
the fact that any D-line does not connect two vertices both
of which have degree one, all the D-lines are identified as

SM(Pp) = min{ Z S(%’qul) , Z S(eD,QVDZ) } follows. LetGyqq be an edge weighted graph with a set of
i“T2 i“T2

lines and remove the all the odd-degree vertices.

ST(R) = ®)

Next, the smoothness rat®M(Pb) in (2) is generally
defined as

vertexV (Gogq),
4) V(Godd) = Vb (7

3
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Up,
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Fig. 3: The upper figure is an example of a p&th=
((VD;, VK, )» (Vi ,VD,)) that represents D-line. The lower
figure is the result of the path duplication method.

and a set of edgE(Goqg),

E(Godd) = (Vb x Vo)\{(vi,vj)|degwi) = degvj) = 1},

€

whereA x Ais the Cartesian product éfwith itself. Also,

we introduce the weight functiow : E(Goqq) — R™ de-
fined as

W(vi,v}) = DLI(P(v;,v;)) ©)

for each(vi,v;j) € E(Goqg). Then, the detection of D-lines

(a) handwritten image input

e S

(b) corresponding semi-Eulerian gra@h

Fig. 4: An example of handwritten image inpuand the
corresponding semi-Eulerian gra@,.

3.1. Constructing Continuity Graph
We construct the continuity grapBeon from the semi-

can be regarded as the maximum weighted matching probEulerian pathGe, in Section 2.

lem onGgygq. As is well known, the maximum weighted

matching problem can be solved in polynomial time. Let-

ting M be a maximum weighted matching &qq, We
identify any pathP, corresponding to an edge M as
D-line.

After identifying the terminal vertices and D-lines, we
readily transform the grap@ into a semi-Eulerian graph
Geu by employing the path duplication method as fol-
lows. Now, we suppose that a D-line is given Rs=
{(VDy; Vi )> (Vig» Vi )+ » (Vig » VD, ) ). Then, all the edges in
Po are removed and, is connected witlvp, by two new
edges. As a result, the degree of vergxi = 1,2,...,1

Letv; be even degree vertex 6 and let{ey,...,eq}
be a set of adjacent edges wf For eachv;, we cre-
ate a complete graph, whose vertices aréve,,. .., Ve, }.
Then,v; is replaced byC,, and we connectg to g for
i=1,...,d. In addition, the weigh8(e,e;) is assigned
for each edgegve,Ve;). Note that the grapi®con is No
longer Eulerian. However, by using a perfect matching of
C,,, we can readily reduce the grafiidon to a path corre-
sponding to an Euler path @y as follows. LetM, be a
set of perfect matchings defined as

Mp = {MVi }Vi €V (Geyl)? (10)

may reduced to two. Since there is no branch of stroke at

such vertexy,, we can removey, by merging two edges

adjacent toy to an edge (see the Fig. 3). Hence, we get

the following lemma.

Lemma 1. Gg is a semi-Eulerian graph. Furthermore,

Euler paths of5¢ corresponds one-to-one with strokes of

the given image.

Example 1. When a handwritten image as shown in Fig.
4 (a) is given as input imade we get semi-Eulerian graph
Geul as shown in Fig. 4 (b).

3. Constructing Optimal Euler Path

whereM,, € M, is a perfect matching ofy,. Then, the
graphG,,, defined by

Geon= | V(Geon), | E(Geon) — U E(C) | UMp

VeV (Geul)
(11)
is a path that correspond to an Euler patiegf; whenever
GLon is connected. We then get the following theorem.

Theorem 1. For a set of perfect matching®l, in (10),
GLon is @ path corresponding to an Euler path Gy
wheneverG,,, is connected. Conversely, for every Eu-
ler path P of G, there exists a perfect matchiiy, such

Our concernis to recovery the smoothest drawing orderihat G/ corresponds t.

which is normally produced by humans, from input image

I. Then, our task is to find the smoothest Euler path from Theorem 1 indicates that the problem of computing op-

the semi-Eulerian grapBe,. We first construct continu-
ity graph fromGgy. Then, the smoothest Euler path is

timum Eulerian path irGgy is reduced to the problem of

computing a set of perfect matchip = {My, }y ev(coy)
/

approximated by employing probabilistic tabu search al-whereM,, is a perfect matching o€y, such thatGg, is

gorithm.
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connected. Furthermore, the total weighiyf represents
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Fig. 5: A continuity graplGon constructed from the semi-
Eulerian graplGey in Fig. 4 (b).

N

Ue2 Ue4

Fig. 7: Experimental results.

andT until a predefined time limiN is exceeded. Finally,
the algorithm outputs th#l, that is the best feasible so-
lution found so far as the desired drawing order of input
handwritten imagé.

Fig. 6: The resulting grapt,,,, obtained from the conti-
nuity graphGeon in Fig. 5.

smoothness of a corresponding Euler path. In order toExample 3. We get the graplGg,, in Fig. 6 from the
compute suchMp, a probabilistic tabu search algorithm continuity graphGeon in Fig. 5.

may be available. 4. Experiments

Example 2. The continuity grapfGeon as shown in Fig. We perform some experiments by employing our algo-
5 is constructed from semi-Eulerian grafeu in Fig. 4 rithm. Fig. 7 shows the recovering results. In these figures,
(b). the written order is illustrated by arrow marks. From the

3.2 Probabilistic Tabu Search results, we may observe that our algorithm can correctly

e . ._recover the drawing order of handwritten image even when
We develop a probabilistic tabu search in order to obtain 9 9

the maximum weighted perfect matchiny, such that the double-traced lines are included.
Glon IS connected.

For this purpose, we first compute an Euler pBttof
Geul- Then, a set of perfect matchings of complete graph
{Cv Jviev(Gey) COrresponding td. is given asMlp in (10).
Here, M, is set as initial feasible solution of probabilis-
tic tabu search. In the probabilistic tabu search, an optimal [2] S. JBger, Recovering Writing Traces in Off-Line
solution is obtained by iteratively modifying the initial fea- Handwriting Recognition: Using a Global Optimiza-
sible solution to better one. Then, a tabu Tisof feasible tion Technique Proc. of 13th Int. Conf. on Pattern
solutions is used to avoid modifying to feasible solution Recognitionpp. 931-935, Vienna, Aug.25-29, 1996.
that have been visited in the recent past. An initial setting
of T is set asT = {Mp}. Then, the algorithm may find
better feasible solutioM{, of which the weight is larger
than that of previously visited feasible solutions by repeat-
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