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Abstract

In a convex grid drawing of a plane graph, every edge
is drawn as a straight-line segment without any edge-
intersection, every vertex is located at a grid point,
and every facial cycle is drawn as a convex polygon.
A plane graph G has a convex drawing if and only if
G is internally triconnected. It has been known that
an internally triconnected plane graph G of n vertices
has a convex grid drawing on a grid of O(n?) area if
the triconnected component decomposition tree of G
has at most four leaves. In this paper, we improve the
area bound O(n®) to O(n?), which is optimal within
a coefficient. More precisely, we show that G has a
convex grid drawing on a 2n x 4n grid. We also present
an algorithm to find such a drawing in linear time.

1 Introduction

Recently automatic aesthetic drawing of graphs has
created intense interest due to their broad applications,
and ‘as a consequence, a number of drawing methods
have come out [9]. The most typical drawing of a
plane graph is a straight line drawing, in which all edges
are drawn as straight line segments without any edge-
intersection. A straight line drawing is called a convex
drawing if every facial cycle is drawn as a convex poly-
gon. One can find a convex drawing of a plane graph
G in linear time if G has one [3, 4, 9].

A straight line drawing of a plane graph is called a
grid drawing if all vertices are put on grid points of
integer coordinates. This paper deals with a convez
grid drawing of a plane graph. Throughout the paper
we assume for simplicity that every vertex of a plane
graph G has degree three or more. Then G has a convex
drawing if and only if G is “internally triconnected”
[2, 6, 7]. One may thus assume that G is internally
triconnected. If either G is triconnected [1, 2] or the
“triconnected component decomposition tree” T'(G) of
G has two or three leaves [6], then G' has a convex
grid drawing on an (n — 1) x (n — 1) grid, where n is
the number of vertices in G. If T'(G) has exactly four
leaves, then G has a convex grid drawing on a 2n x n?
grid [8]. Thus, G has a convex grid drawing of O(n®)
area if T'(G) has at most four leaves.

In this paper, we improve the area bound O(n?)
above to O(n?), which is optimal within a coefficent be-
cause a plane graph of nested triangles needs an (n2)
area in any straight line drawing [5]. More precisely,
we show that an internally triconnected plane graph G
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Figure 1: (a) Split components of the graph G in
Fig. 2(a), (b) triconnected components of G, and (c)
a decomposition tree T'(G).

has a convex grid drawing on a 2n x 4n = O(n?) grid if
T'(G) has exactly four leaves, and present an algorithm
to find such a drawing in linear time.

2 Outline of our algorithm

In this section, we outline our algorithm, which is a
modification of the algorithm in {8].

The plane graph G in Fig. 2(a) is internally tricon-
nected, the triconnected components of G are depicted
in Fig. 1(b), and the triconnected component decom-
position tree T(G) of G having four leaves 3, 15,15 and
ly is depicted in Fig. 1(c). We draw G so that the
contour of the outer face of G is a rectangle, as il-
lustrated in Fig. 2(e). We first appropriately choose
four vertices ai,as,a3 and a4 as the four apices of
the rectangular contour. We then divide G into an
upper subgraph G, and a lower subgraph Gg4, as il-
lustrated in Fig. 2(b), so that G, contains a; and as
and G4 contains a3z and a4. Using the “pentagon al-
gorithm” in [8], we then obtain “inner convex” grid
drawings D, of G, and D4 of G4, both of O(n?)
area, as illustrated in Figs. 2(c) and (d). More pre-
cisely, D, has width W(D,) < 2n, — 2 and height
H(D,) < 2n,—2, and D4 has width W (Dg) < 2nq —2
and height H(Dq4) < 2n4 — 2, where n, and ng are the
numbers of vertices in G, and Gy, respectively, and
hence n,+nq = n. We then shift either vertex a, to the
left or as to the right so that these two drawings have
the same width max{2nq—2,2n,—2}. We next arrange
Dy and D, so that y(az) = y(as) = 0 and y(a1) =
y{az) = H(Dq) + H(D,) + max{2nq — 2,2n, — 2} +1,
as illustrated in Fig. 2(e), where y(a1), y(a2), y(as) and
y(aq) are the y-coordinates of a1, az, az and a4, respec-
tively. We finally draw, by straight line segments, all
the edges of G that are contained in neither G, nor Gq.
Thus, the width W{(D) of the resulting drawing D of
Gis

W(D) < max{2nq — 2,2n, — 2} < 2n,
and the height H(D) of D is
H(D) < 2na—2+2n,—2+max{2nq—2, 2n,—2}+1 < 4n.
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Figure 2: (a) A plane graph G, (b) subgraphs G, and Gy, (c) a drawing D, of Gy, (d) a drawing Dy of G4, and

(e) a convex grid drawing D of G.

Hence, the area of the drawing D is 2n x 4n = O(n?).
The selection of apices a;,az,a3 and a4, the division
of G to Gy and G4 and some others are different from
those in [8].

We thus have the following theorem.

Theorem 2.1 Assume that G is an internally tricon-
nected plane graph, every vertex of G has degree three
or more, and the triconnected component decomposition
tree T(G) has exactly four leaves. Then our algorithm
finds a convez grid drawing of G on a 2n x 4n grid in
linear time.

The remaining problem is to obtain an algorithm for
an internally triconnected plane graph whose decom-
position tree has five or more leaves.
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