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Solving Generalized Tic-Tac-Toe by Using QBF Solver

KAZUYUKI NARISAWA!  AYUMI SHINOHARA®

Abstract: Generalized tic-tac-toe is an achievement game for polyominoes introduced by Frank Harary.
Two players alternately put one stone over a board, and the player who first achieves a given polyomino wins
the game. The game solving problem for 2 players game with perfect information is to determine whether the
first player wins the game, the second player wins the game, or the game draws if both players play optimally.
Many game solving problems for two players with perfect information games, such as Gomoku and Othello
are PSPACE complete. On the other hand, boolean satisfiability problem for quantified boolean formula
(QBF) is a representative of PSPACE complete problems, and efficient QBF solvers have been developed. In
this paper we solve the game solving problems for two extensions of generalized tic-tac-toe, GTTT(p, ¢) and
TorusGTTT(m, n) by reducing them to TQBF, and then use QBF solvers. From the results, in some cases,
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QBF solvers can solve the games faster than game tree search algorithm.
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7o, EERER Y B A DR MR L R,

— AL =R U TR RBRERDM TN T & 728, K
METIEFEICN T BIERTH S GTTT(p, q), B LUK
I BHLHRTH S TorusGTTT(m,n) D 2 D DILGR—HM
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n) DREXD b —F ABHIZETFHRTFLLEICAZEE,
HoMUOWD SN/ HEEEY 2 LIlEo 72TV A YA
H b — 0% TorusGTTT(m,n) W5,
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PLAYERS 1, 2

REL DiagA (x, y) = ex u (R(x, u) and C(u, y))

REL DiagB (x, y) = ex u (R(x, u) and C(y, u))
REL Row3 (x, y, z) = R(x, y) and R(y, =z)
REL Col3 (x, y, z) = C(x, y) and C(y, z)

REL
REL

DiagA3 (x, y, z) = DiagA(x, y) and Diagh(y, z)

DiagB3 (x, y, z) = DiagB(x, y) and DiagB(y, z)

REL Conn3 (x, y, z) = Row3(x, y, z) or Col3(x, y, z) or DiagA3(x, y, z) or DiagB3(x, y, z)
REL WinQ() = ex x, y, z (Q(x) and Q(y) and Q(z) and Conn3(x, y, z))
REL WinP() = ex x, y, z (P(x) and P(y) and P(z) and Conn3(x, y, z))
RULE Black:
[at]l | -1
->
[al|P{al}| - 1]
emb Q,P pre not WinQ()
RULE White:
[all | -1
->
[a11Q{al}| - 1]
emb Q,P pre not WinP ()
Loc o {
PLAYER 1 { PAYOFF :(WinP()) - :(WinQQ))
MOVES [Black -> 1] }
PLAYER 2 { PAYOFF :(WinQ()) - :(WinP()) }
}
Loc 1 {
PLAYER 1 { PAYOFF :(WinP()) - :(WinQ()) }
PLAYER 2 { PAYOFF :(WinQ(O)) - :(WinP())
MOVES [White -> 0] }
}
START [ | P:1 {}; Q:1 {3 | 1"
* ok %
* % %
*x ok ok
M1 =ifiR% Toss IZASTBEHED toss 7 7 1 IVOH
Ths. ZOY—LD1DO0EEL LT, LHIEARPA L ESHER

O DR— N7 — A%z ifiEEs K OEHEE ULTA
h$25z22T, QBF ~NHEWIZEHRT L LHTE 5.
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F—21% QBF (22T 572812, Toss D AT DOFAIZ
o TEHRLRITNIER SR, T, Toss D AN
TEINTZT7 74V % toss 774 IV EFEIR. Toss D AN
WBAR, MG, FEEER, FHRORETHERI T
5. B 1ICEFEDOZAANZE toss 7 7 1 I L 728558 D4
Y. DR, ZoflEd L IZHAT 5.
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REL R(z1,x2,...) = f
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f=t>0|t=0] R(x1,22,...

| forf|lexa flalaxf
tIFEBEHOATH Y, UTOXIEEZT.

) | not f| fand f

to=:(f) [ t+t|txt ]|t ¢
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FAUATHEINTWAEGEICEIZRSHRE ULTERL
TW3.,

g
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ZIZT, x 2EW, R, 8K F 2BERET 5.
gk ns o 3HMTHE I NG A, ZdNITBEWT
BEBELBERD 2 DOATHATHD7-0, BBILMHEHAL
RO BRI AR, BRIZZDOTZIZHT B0
SEBRERT. HIZIK, B P} 2AEFVLEME 2 I
B Z g,
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X, YA WWRFOLGREINDZ L ERTHEETHS.
BEopl 2 10 12,14,17,19/7HIZRT. 1217HB &
O, 17T1FHIZ o ITADPEIPNTWREWEEEZRL, 1417
HB LY, 191T7HIF o TEFENFNETORLEBETOLED
BPNTVWAHEEZRLT VS,

BEHER

SRR, fEs oRE~D GG 2R L, GEHATRO
Wit & R THER I T W . BFHERNIBA R D L 512k
LY.

RULE U : S — S’ emb Ry, Ra, ... pre fi post fo

ZZT, SEFEHOOME, S IXFEI - -BOME
Thb. fi ZFETODICBEREME, f, EF42H -
TR - RITNIE RS W TH B, DFD, FHH
FEHNZT — L 2BWT, HOFoMEEZERLTWS.

SWARIZBWTFORIEE LT,

o LFVHE1DES
o BEFVHE1DES
D 2FENEIET . =WRIZBIT B ETOTOHEFEA
ZX 1D 11~15THIZRT. BFOFIE, HVWTEHTA
ERTERZ, BTFOANEINZY AR TG ICER
THELDEEHETS. ZDLE, KFERFE2IOEMEL
T, BFEVPEEH-o>TwRWEAEL T 5.

FRRIZ 16~20 [THIEBRFOFEZRL, EVWTWVWBHET A
ERIHEEDPS, BFOAPEINE T AZKTHEAD
TR 35, A2EL ZDOEMEE LTI, LT
e YU YR U GARYAS Y2 D

F&

FHEIE, TV EeiTonsFOMME, Feilzhnt
SOREE (ATPEIERITIhRY), ROFHEDER THE
RENTHEY, AP XS ITKELT 5.

LOC L {
PLAYER 1 { PAYOFF ¢

MOVES [Uyy — L11]; [Ur2 = Lia); ...
PLAYER 2 { PAYOFF ¢

MOVES [Us1 = Loi]; [Uzz — Loo); ...
}

ZZT, LIZFBEDES, U; IIHFIEANTHS. PAYOFF
BT VA YRTR2IT TRV E EOFREZRL, t DEIZE >
THRES. tHPEDE EIED, 0 D& Z XIS, AD
CERATEERINSG.

FHEOHZX 1 D 21~30fTHIZRT. =ZWARIZENT
i, BFLBEFO2HEOFENGTFETS. TNETNOF
RCTHOFRIERENTERINZFL TS, £/, =il
NIZBWTIETFELLHIZL 5720, BFOFHEIKD -
725, BFREOFHRIEEL, BFOFEREII KboZHETF
DFERIIEBTLIOILEET S.

RFOFFIZBVT, BFEVRBREMEE LS, 17
ZABFWNL 7 -57=DT, PAYOFF 2 EH I N5, Z0D
E, BREBANEMEEEZLTWE 720 WinQ() OfED
L&7eb, EFMBREESFZHZ L TWRWDT WinP()
DEN 0 &b, Do, JHFO PAYOFF OfEDS —1,
#%TFD PAYOFF OfEN 1 Th b, BTFOHbLri5.

iz, BEDITRTOTAZAPBEINGEE, W
DIVAYHRFERITOZENTERWEZD, PAYOFF »3E
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REL AnimalO(x00, x01, x11, x21) = C(x00, x01) and
REL Animalil(x12, x13, x04, x14) = C(x12, x13) and
REL Animal2(x23, x33, x43, x44) = R(x23, x33) and
REL Animal3(x30, x40, x31, x32) = R(x30, x40) and
REL Animal4 (x40, x21, x31, x41) = C(x40, x41) and
REL Animal5(x00, x10, x11, x12) = R(x00, x10) and
REL Animal6(x03, x13, x23, x04) = R(x03, x13) and
REL Animal7(x32, x33, x34, x44) = C(x32, x33) and

R(x01, x11) and R(x11, x21)
C(x13, x14) and R(x04, x14)
R(x33, x43) and C(x43, x44)
C(x30, x31) and C(x31, x32)
R(x21, x31) and R(x31, x41)
C(x10, x11) and C(x11, x12)
C(x03, x04) and R(x13, x23)
C(x33, x34) and R(x34, x44)

2 Toss (BT 2EY Elly DEH

HINnd, ZorE, LPBFIXE S THEFRMEERZL
TWRW2D, WinP() & WinQ() DfED 0 275, DF
D, %FD PAYOFF OfE$ #%FD PAYOFF Ofid 0 T
Ho, BlEnTLins.

WEAIREE

WIHPRERIE, VA YO HIBE 2 EZLZEDT
HB. TLALYDANEDn ADE &, PLAYERS 1,2,..,n
ERET D, i, WIHBRHAZLITO XS IR T 5.

START Sy ”
* * *

”

ZIT Sy dWIEETH D, 7 T OHRIZYIERTE Z € %
T3, JHBEIZEWNT, W I ADREZELL, A2
EPNTVWRWERIE Y EXREL, £ TRVWEEILP
XQ %Y, SAOREERTHBOIL S TRILT L. Z
DR SEZE, MBI OCHICBmHOKRE X L H U THED
BT,

SWARIIZBFEZ T LA YOANEER 1O 1FHIZRL,
WIEAAE T % 31~38 fTHIZRT.

4.2 Toss ICH 1T BHER—MIE=IE N

PR — AL =R % Toss D AHDERIZEHET 572
DIZ, WS OhDTREITS. £9, GTTT(p,q) ITH
TorusGTTT(m,n) IZHHEHLNLEYDEHRTHS. BD
E I, 21T & Dz, #HODOBER R(x,y) BLT
MO DRAGR C(z,y) DIAEDLETIRTERT 5.
7=, B0 90 Ehliss L KR, TARTEBIZER L
R NIETR 5 R,

GTTT(p,q) IKNY 2 EH
WIZ, GTTT(p,q) DB TH 2 FHOEHEIT .
GTTT(p,q) DTFHOEHDHZN 3 12T, GTTT(p,q)

© 0 N o s W N

WD NN RNNDNNNDDND P B B e Bl s
SO © ® N O O WN R O © 0N O WN R O

REL First() = all x not P(x)
RULE BlackFirst:
a0l | -]
->
[a0|P{a0}]| - ]
emb Q,P pre not WinQ() and First()
RULE Black:
[a0, all | -]
->
[a0, al1|P{a0}; P{all}| - ]
emb Q,P pre not WinQ() and not First ()
RULE White:
[a0, a1l | - 1]
->
[a0, a1lQf{a0}; Q{a1}l -1
emb Q,P pre not WinP ()
Loc o0 {
PLAYER 1 {
PAYOFF :(WinP()) - :(WinQQ))
MOVES [BlackFirst -> 1]; [Black -> 1]
}
PLAYER 2 { PAYOFF :(WinQ()) - :(WinP()) }
}
Loc 1 {
PLAYER 1 { PAYOFF :(WinP()) - :(WinQ()) }
PLAYER 2 {
PAYOFF :(WinQ()) - :(WinP ())
MOVES [White -> 0]
}
}

B 3 Toss ZH1F2 GTTT(2, 1) DFHDER

OFHIET R ERIL, EHOAEEBELSFL, HFENLED
PEXINZETZ 202 EHRTNIEL Y. EHROAEES
FOEHE, 3D 7~16 THIZRT LD1Z, MEIZFK
DHEFAUBDOEHS FCBEKREEITE, 1 ODOFHTH
52O EEHRTDIENTESL. £/, FIFENES>,
DOEANEE 3D 1~11FHB LT 17T~23F7HIZRT. 117
HOXHTENES 2 ETE7-O0BBRTHD, TXTOD
RAZETFOAPEIPN TRV L 2T L EET 5.
HFOFOREL 2~6THEL T~11{THD 2 2ITHI T,
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1| REL Rt (x0, x3) = ex x1, x2 (R(x1l, x0) and R(x2,
2| REL

x1) and R(x3, x2))
Ct(x0, x3) = ex x1, x2 (C(x1, x0) and C(x2, x1) and C(x3, x2))
3| REL RT(x, y) = R(x, y) or Rt(x, y)
4| REL CT(x, y) = C(x, y) or Rt(x, y)

4 Toss ITHBITEREX 4x4Db—F7 ABHDOES

Y (RS
-REOHER Toss - ﬁf&f:mﬁ)
"B 274
P4 R j;,frs %

Al NN

( SAT

QBF QBF or
PRIZA UNSAT

Toss

5 QBF VLN %&HWZHRR— AL =3~ D BEHCHE DB

VTSmO E Ui enTcEd, Thliso
FIIVBE O L SO N TERVWL ERT 3.

TorusGTTT(m, n) ICNT 2 EHE

&IZ, TorusGTTT(m,n) IZHI1F 5 b—F ABHDEH
27D, MA4IZKREIAXx4D =5 ABHDEZHEZRT.
B 4D 147EIC3BH O %2 /A~ X, BEOANME A~
AL ULTORR>TWBHEREZEHRT S, HEKIZ2/7HIC
RO EROORD 0 2EHKRT S, 7z, 3{7HE 447
HIZIZ b =5 2ABEIZ BT 5T 2D D200 3@
DOZMWVIZIAT b —F ABEIZB T 2 EE DD D%
NOEEZLMBREERTS.

=% Toss EAWVWTEMT 2121, BHOKREZ
By, =0T A—RIZE>Ttoss 771 NV%eHE
MNRIFNIER SV, B R8T A =2k U THRIR— &1L
ZiR%E QBF (ZEHT 272D toss 7 7 1 VDIERKIZ X
FEFIZTRDBDLN S, FIT, L IADNRT A—=RITH
UT— =M% QBF A3 572812, toss 7 7 A
VEERT 2707 LEERT S, AT 7T LIEH
DREX, Y, p, gl Y, Bl A3 57210 T, Toss
WZHTEANT 7 ANEERT DI ENTE S,

QBF V)L 3% D 72 PR — AL =3 R D B BCHIE D 4
HROFNER 5 I1ZRT. AT, toss 77 ANV ELEKT
2707507, BEHOKE IPHEHYRY, HER—KRL=
WRDNT A =K% AT, AJIUZNRT A=K7z
toss 77 A INVEERT S, IRIZ, ERI NIz toss 7 7 A
N HIZTr—LDFEIBE L CHEEDER GEF £k
F) % Toss (ICAH L, Toss iZ&>T QBF h&EhrNAT7 7
A IEAERT S, B2, QBF % QBF VI NIZAHT S
ZET, ANINZHEDLSBPEL D (SAT) hE D H
(UNSAT) 2HH$ 5.

5. ER

QBF VIV ANDMERE % FE D 7201T, LR — AL =00
FERCHE O REREIE 12 B W T, BMFEOBETIEE QBF V

WNE DI AT S . EERTHOWZBFEOBERFIRE,
MY S SRR (DFS) LifBEER (PNS) TH 5.
QBF VU \1Z, DepQBF & RAReQS #H\W\ 3.

QBF YN, FTEFOGMANST —LE2MRE, KT
RBBETHNE, BFOHRE» S DHEIXfThRWV. ThiZ
HNUT, BFBBTRVGEX, BFEOLS,»SOHESR
TV, BFEBEEIBIE TP ZHET S, £72, BRI E
LU CTHIR— (L =R D QBF ~DZH#1Z Toss, QBF @
#EI1Z blogger [2] Z W 5.

RERRTIE, HIZEY % 4 MITaEY) Tippy &3 5. f5R—
E=AMARE LT, 3x3 & Ax4 DBEIZBITS b—F 2 —
L=, BXOGTTT(1,1), GTTT(2,1), GTTT(2,2)
ERHWS. £72, L08R (EFHFOXR-—VEOA
) Z3NS9FT, FHERT-LPKLEZETOTHRE
T 5.

F1IZ3x3DBMIZH I 2EBRERERT. X1 L0,
EE AL DT — LB\ TREHBEER D b < BEHcHE
IO ZENTERLD, GTTT(2,1) DEX 3128 WTIE,
QBF VIV ND AP ERFEL D HFNZ E2¥bnrd. £z,
QBF Y VO HT DepQBF 1% RAReQS & D #HW\WZ &8
bbb,

K212 4Ax4DOBHIZH I 2EBRERERT. X240,
ST BN ITERTIED S BENT NS Z 2 2ibh
5. TR LT, 5IEQTOFHIZENT, BEOKE
IHMKEWVIFY QBF VLD DepQBF O HMERFE &
DL B Z e Bbhrb.

F, R1IBIUOR 2150 B L5, b—F AGTTT
Wt — 4 & 0 BHLERIZ RS 0D 5. Z i, toss 7 7
ANVZBIT B b—F ABHEDERIZEL S OFHEPHBETH
EWHTHE. TNIZHLT, b= ABHEPE S »1iE
QBF VU NOEFHEEIZH U THEOREL RV &0
bhrb.

6. &
AL TIRIER — L =R, QBF Y L N%&HWT,
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K1 KEX3x30OBMHEIZETDERER ()

=L W | BEUCHE | RIS | GEHHEESR | BT | DepQBF | RAReQS
3 gl &1 0.005 0.005 | 3.438 0.011 0.021
4 G ) 0.007 0.006 | 4.654 0.036 0.075
5 G 0.018 0.011 | 5.688 0.052 0.100
F—=35Z GTTT 6 5l &3 0.095 0.031 | 6.743 0.108 0.430
7 JaF 515 0.024 0.039 | 7.745 0.386 5.754
8 ST 0.034 0.042 | 8.883 0.957 45.102
9 FaF 5 0.021 0.037 | 9.952 0.614 19.565
3 Bl &) 0.005 0.005 | 0.840 0.006 0.008
4 gl &1 0.008 0.005 | 1.116 0.018 0.055
5 G ) 0.018 0.009 | 1.287 0.032 0.077
GTTT(1,1) 6 5l €451 0.068 0.030 | 1.445 0.053 0.215
7 5l &3 0.224 0.106 | 1.681 0.147 0.397
8 CIESib; 0.515 0.235 | 1.843 0.260 3.014
9 STl 0.295 0.052 | 2.093 0.304 4.944
3 Bl &3 0.011 0.012 | 1.462 0.006 0.009
GTTT(2,1) 4 Bl E 0.042 0.017 | 2.082 0.027 0.084
5 I 0.056 0.015 | 2.402 0.045 0.206
3 gl &1 0.020 0.014 | 2.020 0.016 0.030
GTTT(2,2)
4 G 0.039 0.015 | 2.093 0.045 0.346

R 2 KREX 4 x4 OBWEIIET2ERER (W)

7= I WE | BSHCHE | EIEEERER | GEWIEBEER | AT | DepQBF | RAReQS
3 gl &5 0.007 0.007 | 22.804 0.028 0.040
4 5l & 431 0.021 0.008 | 33.370 0.064 0.090
5 5l & 531 0.189 0.055 | 43.266 0.145 0.186
k=5 A GTTT 6 Bl &5 6.840 0.824 | 53.522 0.395 0.752
7 T 0.433 0.939 | 64.044 4.326 6.484
8 HTF 2.845 1.011 | 74.830 18.303 46.756
9 T 2.176 0.926 | 85.132 48.156 32.931
3 gl &5 0.007 0.006 | 1.976 0.019 0.027
4 gl &5 0.024 0.008 | 2.686 0.032 0.074
5 5l & 431 0.180 0.054 | 3.331 0.074 0.107
GTTT(1,1) 6 5| & 431 4.725 0.651 | 3.703 0.131 0.336
7 5l &5 38.215 8.603 | 4.404 3.838 18.835
8 5l &5 285.668 30.831 | 4.960 14.330 | 1,341.717
9 FeF 1 314.885 1.888 | 5.854 75.877 65.500
3 Bl &5 0.112 0.110 | 11.419 0.044 0.055
4 BT 1.277 1.429 | 15.623 0.993 0.377
5 BT s 8.823 2.182 | 21.036 6.163 3.359
GTTT(2,1) —
6 BT 0 68.609 4.861 | 26.084 93.777 27.714
7 BT 0 323.422 6.614 | 31.323 370.489 99.614
8 BT B 846.876 9.482 | 36.223 | 1,342.394 | 4,853.000
3 ST 0.119 0.130 | 15.703 0.134 0.073
4 ST 1.077 0.185 | 21.115 0.088 0.907
5 FeF 1 9.543 0.852 | 31.280 13.522 3.063
GTTT(2,2) —
6 FeTF 5 46.285 1.156 | 36.902 24.529 26.992
7 ST s 172.559 2.533 | 46.794 216.890 58.782
8 ST s 288.288 2.732 | 52.034 274.699 580.089

GTTT(p,q) B &LV TorusGTTT(m, n) (233 2 BEHCHIE % WDT = LBV THERFIEDIE S A & 0 < BECHE %
fio7-. QBF YU ADOWREZBIE T 572012, BEFDOH TABD, W OPDT —LIZBW\WTIX QBF VLD S
KPP OFFEH OB EZT o7z, #RELT, 20T NEVELSBIEFITOUEEITD Z LN TE .
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SBOBEL LT, TNFho QBF VUL NOWEIZ L -
T, 77— LBBHEICS T G2 RN T 2 BEDDH B
cEZOND. 12, T—LhSEHI N QBF OME
T A2 8T, F—LOBECHEMEICAR A QBF
VIVNOBFEBITZADEEZSNS.
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