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Minimum Single Transition-Time Assignments
for Asynchronous Sequential Circuits Using BDD

YoNG-JIN KwoN ' and Shuzo YAJIMA !

We propose a new method of the single transition-time (STT) assignments for asynchronous
sequential circuits, in which propositional calculus, or Boolean algebra is adopted. Exactly
minimum solutions of the STT assignments are obtained by our method. In order to handle huge
propositional formulas, the shared binary decision diagrams (SBDD’s) are used as an internal
representation of the formulas which denote the STT assignment for a given normal flow table.
Moreover, as an application of the method, an algorithm for the constrained encoding problems is
also proposed, for which so far only heuristic algorithms are known for solving large and practical
problems. However, our algorithm always guarantees minimum solutions. Experimental results
show that our methods are effective to obtain minimum solutions at significantly reduced computa-
tion cost. The STT assignments are said to be very practical so that the method is available at the
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design of asynchronous sequential circuits.

1. Introduction

While every state assignment, which has a
unique binary vector for every internal state of a
synchronous sequential circuit, may yield a cor-
rect circuit realization, it is not a sufficient
condition for asynchronous sequential circuit
realizations. The state assignment for asyn-
chronous sequential circuits must ensure that no
critical races exist among the state variables. We
are concerned with the state assignment for
asynchronous sequential circuits in this paper.

As for state assignments of asynchronous
sequential circuits, many methods have been
proposed, including a class of the single
transition-time (STT) assignments. In order to
find solutions having a minimum number of
state variables for the STT assignment problems,
we have to conquest NP-complete factors includ-
ed in the problems, so that it is said to be
difficult to calculate the solutions for problems
having large and practical size.

In this paper, we propose a method that
minimizes the number of state variables used for
the STT assignments. Propositional calculus is
employed for expressing the STT assignments
with introduced Boolean variables here, and the
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shared binary decision diagrams (SBDD’s)? are
used as an internal representation of
propositional formulas denoting the state assign-
ments. Thus solutions having a minimum num-
ber of state variables are obtained efficiently for
large and practical problems, where the solu-
tions are called minimum solutions.

Besides, as an application of the idea that
dichotomies of a given flow table are denoted by
propositional formulas by means of newly
introduced Boolean variables for obtaining the
minimum solutions, we also propose a method
for constrained encoding problems 2 whose
importance have grown with the recent advances
in the synthesis of sequential machines, where
Ref. 2) proposed a heuristic algorithm with no
guarantee of its results being minimum. How-
ever our method minimizes the number of state
variables necessary to satisfy all constraints of
the problems.

We have implemented the methods for the
STT assignments and constrained encoding
problems, and conducted experiments to evalu-
ate the performance. The results show that our
methods are very effective to obtain minimum
solutions at the significantly reduced computa-
tion time and memory. The STT assignments
are said to be very practical so that our newly
proposed method is available at the design of
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asynchronous sequential circuits.

The rest of the paper is organized as follows.
Section 2 covers unicode STT assignments. A
minimum unicode STT assignment is described
in section 3. In section 4, A minimum con-
strained encoding is proposed, and we present in
section 5 results of our experiments. Finally, we
have concluding remarks and point to directions
for future work.

2. Unicode STT Assignments

We consider a class of single transition-time
(STT) assignments.¥ State assignments for
which a single transition time is always sufficient
for any transition, are called STT. assignments
in which transitions may occur by means of
noncritical races among all of the state variables
distinguishing the internal and final states.
Speed of operation is often an important consid-
eration in the design of switching circuits, and it
is not unusual to pay for it with significant
increases in the number of components used. A
key factor influencing the speed of operation of
asynchronous sequential circuits is the maxi-
mum number of transition times required for an
interstate transition. Thus the STT assignments
are said to be very practical at the designing of
asynchronous sequential circuits. In this paper,
we limit our discussion to the following: Only
normal flow tables are treated here, and the
assignments are restricted to those with one
binary vector composed of state variables per
state of machines, which we refer to as unicode
STT assignments.

The fundamental conception of the STT
assignments is that of dichotomies. Letting U
and V" be disjoint subsets of states of flow tables,
we define a dichotomy as the unordered pair (U
V). For example, given a pair of transitions i—
Jj and k—m, where i and j are each different
from k and m, we say that the dichotomy
associated with the pair: of transitions is (U ;
V), where U={i j} and V={k, m} or vice
versa. This dichotomy is generally written as
(ij ; km)(or (km;ij)). In the following, we
will consider that a dichotomy (ij ; km) denotes
a dichotomy (i ; km) or (km ;ij). In cases in
which one of the transitions is degenerate (say i
=j), we obtain a dichotomy such as (i; km),
and  if both . transitions are degenerate, the
dichotomy reduces to (i ; k). A state variable y;
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in a particular state assignment is said to cover
a dichotomy (U ; V) if y;,=0 for every state in
U and y;=1 for every state of ¥ (or vice versa).
Using the above notion, we can now state a
basic theorem for the STT assignments as fol-
lows:

Theorem® : A state assignment for a normal

flow table is a valid unicode STT assignment

iff, for every pair of transitions i—j and k—

m that appear in the same column and such

that j=m, the dichotomy (ij ; km) is covered

by at least one state variable of the state

assignment. O

A symple and general procedure finding

minimal unicode STT assignments for a normal
flow table using the above theorem, is simply
summarized as follows.

1. For each column, form the dichotomy (7 ;
km) for every pair of transitions i—j and
k—m where j=+m.

2. Find maximal compatibles corresponding
to the dichotomies.

3. Find a minimal set of the maximal compat-
ibles that covers every dichotomy.

The above procedure contains some factors so
that it is said to be difficult to obtain the
minimum solutions for large and practical prob-
lems. The factors are that the number of maxi-
mal compatibles may be exponential in the
number of states, and the covering problem is
NP-complete. Thus efficient solving methods
have been expected and have been proposed so
far.

3. Minimum Unicede STT Assignments
Using SBDD

We propose a method for the unicode STT
assignments that minimizes the number of state
variables used. We express the state assignments
in propositional formulas which are specified
with SBDD’s as internal representations. The
solutions are obtained by searching the SBDD’s
in time linear in the number of Boolean vari-
ables appeared in the SBDD’s. We call this
method a minimum unicode STT assignment
using SBDD.

3.1 Introduction of Boolean variables

We introduce Boolean variables which are
used for denoting the unicode STT assignments
problem with propositional calculus.

We will let:
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S=a set of n states
B =a set of binary vectors (by---b;-+-bp-1),
b,={0, 1}

When a codeword b(by::b;+-byi)EB) is
assigned to a state X &S, we introduce a
Boolean variable DZ&{0, 1} in the following:

1 if the codeword by-by--- by is
assigned to the state X& .S and
b,‘: 1

0  otherwise.

For example, if a codeword 101 (bbb,) is as-

signed to a state s;, then b is 1, b is 0 and & is

1 so that DZ, is 1, D, is 0 and D%, is 1. Using

these Boolean variables, we can show that a

dichotomy is covered by a state variable.

Namely, if we have a propositional formula §

given as follows, then =1 denotes that “A

dichotomy (ij ; km) is covered by a state vari-

able &.” S
@EDgoDéngo ?0+Déo D{m D’bzoDzno-

3.2 Propositional representations of the

unicode STT assignments

We denote the assignments with propositional
formulas based on the Boolean variables
introduced above.

In order that the unicode STT assignment of a
given flow table is expressed by propositional
calculus, we have to calculate necessary dichot-
omies for the assignment of the given flow table.
Given a normal flow table, we can derive a set of
dichotomies with ease. We show an example in
the following. We assume that a normal flow
table is given and three state variables y, ¥ and
y» are used for the assignment of the flow table,
where each variable is binary. For building
propositional formulas denoting the unicode
STT assignment of the flow table, suppose that
we obtain the following dichotomies from the
flow table.

(S()S];S4Ss), (S4Ss;S3), (S] Sz;S3S4), (SzS4;S1
Sg), (SZS4;53$5)

Then, a proposition that “The dichotomy (SsSi;

S4S5) is covered by at least one state variable

among o, 71 and y,” is denoted by D (s =1,

where the propositional formula 2 (oi.45) is given

as follows: L

D woiss = D3y D3, DY, D+ DE, DY, D3y D
+ D3 D3 D§: D+ D D3
D3y D+ D3y, D3, D3y D3
+ D%y DS, D3, D;
Similarly, for the dichotomy (S,Ss;Ss) we have

X
b:
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the following formulas 2) ws; 3):
D sy =D34 DY D3 + D3y DF; D3+ D3
D3 D3 + D3 Df; D§s+ D3, Dis
D33+ D3y D3 DE;
For all the dichotomies (U;V), we make
propositional formulas 2 (v.v) like above, and let
£ be the product of all the formulas @) (uv):
D= I Dwr
all(U V)

Then, the unicode STT state assignment is
denoted by #). A minimum solution having the
minimum number of state variables is obtained
when the ) that is not contradiction is acquired
for the first time, while the number of state
variables is increased one by one each step, and
the minimum solution is associated with a pro-
duct term which is involved in the ) when the
D=1

Good representation of propositional for-
mulas is a key to efficient implementation. In
our implementation we use shared binary deci-
sion diagrams (SBDD’s)? as an internal repre-
sentation of the ) in order to handle huge
propositional formulas: The SBDD’s, improved
binary decision diagrams, are graph representa-
tions of Boolean functions, and have the follow-
ing desirable properties;

® Many functions are represented compactly

and simultaneously by sharing isomorphic
sub-graphs.

® Logic operations between functions can be

carried out much efficiently.
These two advantages are very much suited to
our purpose. Since in our method, we need to
represent many propositional formulas to
express a set of dichotomies, the former property
is very favorable. The latter one is also favor-
able for making an SBDD denoting the STT
assignments. The propositional formulas
appearing in our method are produced by logi-
cal operations. We can expect efficient imple-
mentation because SBDD’s are known to have
good affinity for the operations.

When the 7) is represented by an SBDD, the
minimum solution of the unicode STT assign-
ment for the flow table is associated with a path
which is involved in the SBDD when the path

‘goes to node “1” (the “1” leaf). Thus there are

many minimum solutions in the SBDD. Name-
ly, by searching out all the paths going to the
“1” leaf, we can have all the minimum ones.
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The minimum solution, or path going to the leaf
is searched out in time linear in the number of
Boolean variables appeared in the SBDD. The
number of Boolean variables B is B=nXk if
using the Boolean variables introduced in this
paper, where # is the number of states and % the
number of state variables allowed to the assign-
ments. Using coded Boolean variables, it can be
expected that the figure is decreased. See Ref. 4)
for details. There are methods”-!? that repre-
sent given problems with cost as a SAT and uses
BDD to solve it. A method'” aims at minimiz-
ing logic circuits representing sequential
machines. However we are interested in the state
assignment and minimizing state variables being
used for it. Moreover the method denotes con-
straints necessary for solving given problems
with formulas as it is so that long formulas may
be derived. However in our method, the con-
straints are transformed into dichotomies and
then we make formulas for the dichotomies so
that we obtain more simple and regular ones
which may derives SBDD’s having smaller sizes.
The algorithm is summarized as follows.
Algorithm[STTBDD ]
(Inputs)
A directed graph G consists of » vertices.
k state variables allowed to the unicode STT
assignment.
(Output)
If a solution exists, a minimum solution.
(Algorithm)
step 1 [:=TRUE,
step 2 while (all dichotomies)

begin
Make a propositional formula
Dww ;
D:=DDwr ;
If 0 is a contradiction, then FAIL;
end
step 3 Search the minimum solution and out-
put it;

4. Complexity of the STT Assignment

We hope to discuss about a theoretical bound
of computation time. and memory space of our
approach in the worst case. Let be the number
of states n. As for the universal STT assignment,
a method is kwown to assign n-state machines
with » state variables. If we allow to use # state
variables for assigning »-state machines in our
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method, the number of Boolean variables
appeared in the SBDD’s is O(#?) so that the size
of the SBDD is O(2*) in the worst case. The
number of the dichotomies is O(#?) and the size
of a formula denoting the covering condition of
one dichotomy by state variables is O(#). Thus
the complexity of computation time is O(2"°)
and that of memory space is also O(2™).

If we make an STT state assignment for
sequential machines by the method described
simply in section 2, the computation time is O(2
™). This complexity is of course same with our
method. However as proved by using the
SBDD’s as internal representations in many
researchs -of the CAD field, many functions
which appear in practical extent of logic circuits,
are represented compactly, i. e. the polynomial
size of the number of Boolean variables, and
logic operation between function can be carried
out much efficiently. Moreover the procedure of
searching out the path associated with the mini-
mum solution is performed very fast, i. e. the
time linear with the number of Boolean vari-
ables, so that it is expected practically that the
solutions are obtained by much shorter time
than that of the theoretical complexity.

As using the manipulator,” the maximum
number of available Boolean variables is 1024.
If we use the Boolean variables introduced in
our method, it may be possible to assign up to
32-state machines in the best case.

5. An Application: Constrained Encoding
Problems

We propose a method for constrained encod-
ing problems as an application of the minimum
unicode STT assignment using SBDD described
in the previous chapter, in which constraints
denoted by dichotomies, are expressed by
propositional formulas with introduced Boolean
variables.

Given a set S={s, 51, ", Sn-1} of 7 states,
dichotomy-based constrained encoding® aims at
finding an assignment m of S into a set {m(s),
m(sy), -+, m(sy,-1)} of n binary k-tuples (bit
vectors), in such a way that k is minimized and
a set of dichotomy constraints are satisfied. A
dichotomy constraint DC on § is a pair DC =
(S*:57) of disjoint subsets of S; to satisfy such
a constraint the encoding must have at least one
state variable that has the value 1 for all the
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states in S* and O for all the states in .S, or vice
versa.

The importance of finding minimum con-
strained encodings has grown with the recent
advances in the synthesis of synchronous sequen-
tial machines. It is now accepted as a general
rule that, in order to find an economic logic
realization, it is desirable to assign  certain
groups of states to groups of neighboring ver-
tices in the hyper cube. In particular, if a
programmable logic array (PLA) is used to
implement the combinational part of the circuit,
such groups of states can be identified by a
technigque called symbolic minimization. Each
group is to be embedded into a face in the hyper
cube; such constraints are therefore called face-
embedding constraints. They can also be refor-
mulated as dichotomy constraints.?

For the constrained encoding problems, Ref.
2) proposed a heuristic algorithm. However, the
algorithm basically consists of the greedy step so
that, in general; the minimum solutions are not
guaranteed. We propose here a method of the
constrained encoding problems, by which for
practical and large problems, the minimum solu-
tions are always calculated. We define the
minimum constrained encoding problem as fol-
fows: We assume that a set' S of n states, and a
set DC of 4 nontrivial constraints on S are
given. The minimum constrained encoding
problem is to find an encoding m of S so that all
constraints of DC are covered by k state vari-
ables, where % is a minimum integer.

For obtaining the minimum constrained en-
codings, it is sufficient to build propositional
formulas for all given constraints that are given
by means of the type of dichotomies. Then by
representing the propositional formulas with
SBDD’s, we may obtain the minimum solutions
at significantly reduced computation time and
memory cost. Other steps of the algorithm for
the constrained encoding problems are similar
with them of that for the unicode STT assign-
ments.

6. Experimental Results

We implemented a unicode STT assignment
on UNIX operating system in C language on the
basis of the method described in the preceding
sections. This implementation was linked with
an SBDD manipulator.’) We conducted experi-
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Table 1 Experimental results.

name # msv # M nodes CPU(sec)*
S04D05 3 43 2.5
S05D05 3 65 2.6
SO5D12 4 522 2.7
S06D16 5 2922 3.2
S07D20 4 3678 3.7

* Time necessary to initialize 1,000,000 nodes (about
1.7 sec) is included.

ments to evaluate its performance on SUN
SPARC station 2 workstation (64MByte). We
assigned several normal flow tables by giving
them a number “k” which is the number of state
variables allowed to the state assignment. The
results are shown in Table 1. The first column
shows the names of the flow tables; for example,
S04D05 specifies a normal flow table which has
4 states and 5 dichotomies. The column # m sv
shows the minimum number of state variables.
The column # M nodes contains the number of
nodes of SBDD’s used for representing the flow
tables (maximum values). The last column
shows CPU times for initialization of SBDD’s
and the state assignment per flow table in sec-
onds. The number of nodes of SBDD’s was
limited to 1,000,000 (2%°), and the implementa-
tion (including the SBDD manipulator) used
approximately 20 MByte storage at most. It is
clear from Table 1 that our method is very
efficient in a point of view of computational
time. In order to prove the usefulness of our
method, it must be necessary of comparison with
other methods. However to the best of our
knowledge, it is difficult to find experimental
results of minimum STT state assignments.

7. Conclusion and Future Work

We have proposed a new method of the
unicode STT assignments which leads to exactly
minimum solutions. In the proposed method,
dichotomies of normal flow tables are denoted
by propositional formulas which are written
with Boolean variables introduced here. By the
use of SBDD’s as an internal representation of
the propositional formulas, we can reduce the
storage requirement required for representing
the formulas.  With experiments, the new
method may proves efficient. The STT assign-
ments are said to be very practical so that our
newly proposed method is useful at the design of
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asynchronous sequential circuits. In parallel, we
showed an application of the proposed method
to the minimum constrained encoding problems.

Our future work includes:

I. More sophisticated algorithm which
reduces the size of nodes of SBDD’s re-
presenting the minimum unicode STT
assignment.

2. New method which introduces Boolean
variables used for propositional formulas
should be found out in order to handle
more lager sequential circuits.

Besides, when we have an SBDD which is not
contradiction and denotes the minimum unicode
STT assignment for a flow table, there are a lot
of the minimum solutions in the SBDD. Though
our method now output any one among them as
the minimum solution, it is worth considering
for example that the minimum solution which is
associated with what we call the simplest state
transition functions, is searched out. This is
another our future work.
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