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A Comparison between the Formulations of Symm and
Hough & Papamichael for the Numerical Conformal
Mapping by the Integral Equation Method

Kaname Amanof

The formulations of Symm (1966, 1967, 1969) and Hough & Papamichael (1983) are
compared, which are well known as the integral equation method of the first kind for
computing the following three conformal maps: (1) from a domain interior to a closed
Jordan curve onto the interior of the unit disk, (2) from a domain exterior to a closed
Jordan curve onto the exterior of the unit disk, and (3) from a doubly-connected domain
bounded by two closed Jordan curves onto a circular annulus. We can see that the latter
is superior to the former not only in the uniformity of computational procedures but also
in the invariance to the translation of the coordinate system and in the accuracy of numer-
ical results. Additionally, the integral equation method is numerically compared with the
charge simulation method (1987, 1988 a, 1988 b, to appear), which has recently been pro-
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posed as a simple method of the numerical conformal mapping.
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Table 2 Errors of the capacity and the inner radius of the annulus corresponding
to Table 1, together with their exact values. The values* are obtained
with N=128 intervals.
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2 9.0E-5 7.2E-5 6.7E~5 51E-5 4.2E-5 5.2E-5| 0.6047*
2E3 En 1.6E—4 B8.0E-5 9.7E-5 9.5E—~5 4,1E-5 1.1E—4| 0.7401*

4 26E—-4 B8.1E—-5 5.3E-3 2.4E—-4 3.6E-5 53E-3| 0.8493*

5 8.3E-4 28E—-4 9.8E--3 2.3E-3 4.1E—~4 9.8E-3| 0.9187*

6 Em| —8.4E—-5 27E-7 —-1.6E—4| -3.7E—5 3.2E-~-5 —1.6E—4| 0.5

Hough & Papamichael @& R i &k 25 EBER
Symm OERMIC XA EBEEIAESTIZEND
+ThHs. coBEomER, 2%(a), (b), (¢)
BROBACREBLALEEE) DHEC, »2TX
Ry (e afb) DREBEBTELN. 4, 2E
R 6 OB AL, BERT AR tHOKEY
W OKEH ETRREAN - TV 5.

K20FR I WELTR, TA~<s PHOMEE
T Symm OERXOBESEL, TARJ b
Hps k%155 & Hough & Papamichael OERAL
OENEL LS. LbL, RKOXIRBERT, Ch
L0 I’ OBERE L OBESROBEICENTHY
NOBA TR CENMETHBEEZL B LT
x5,

ERIBEEOBRE O FREIC £ 0, SAHHERDOEM
EREROBERER L L RERE S TEXREZK
3. B, #10 E, 3EREOEE (TR
MoRRE L MEEEERELY) OBETHAICTER
v, —F, EUBEEROEH» S, Symm OER(LE
Hough & Papamichael DERILONTHOEAK D,

ﬁgJF&Mﬂﬂ~lk=M““””P—H

=|logy—log I’ |
E12-T, Ewsr=|logl —logr| HSWERE S DM
MEDIEETHL Ebhr B, ZLT, E1LE2
DT NTOFEARK Eoer<(ZL OHA, ) Er 735
BAROBRIM LU TV B T L ATERT B EHBTES. L
7233-T, AFEROEAICS Er BBEERD (E

RT3, MY BEORVIEEIL > T3,

HEROWIBEE M cBEL TN Eu (&
L84, <) En (fHER6 T2 Er) 735 BEIERL
LT3, ChiZBREDFMRU0)T ¢« ORbDIC
M EZROBCEORBEATHEL TS,

H2 LR3I, ThThAMER 2 & 2 EEEER
27T, EHOE#S L EHcH-TRAT DL (=,
y) EBRHIELEAORBEROBETHS. Kb
5, Symm OERILOBEZFESORYFITIREL,
FEABBRICGESCREETT 3 &, 2DETFTR
AT ROBEROSEOBEI/NSVEERENC
&, EXbDd B BEEGOBEOETICE-T I
E M OBELERTTS. Lid-T, £1EE20D
&, M2 LK DEMOMEICIEL, Symm OER
L » THROBFHDOROERTH > EVZL B, &
To, SRS 2 EESES TR X BIEEBES
T35,

Symm QERCTEREASERICGESEAKCED
AHABBEOE TR EMEROEAE loglz| MHHK
NICEHEOBRREDHEETHS. LichsT, AEHEE
& 2 EEEABOMEI Symm OERLEBEAT S
BAKE, FAIERRTHINCERD [dul]
KRRANETHB. $f, £1DHMPEKRE 2 Bk
DB AIC, Hough & Papamichael OERIL T
BRODSEI(2), (b), (c)DJHBVEEKELH
TVWADIHL T, Symm OFER{LTRTR~<7 M
BRELBLZEBROVEEOEONE3EM (D)%
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B(c)oFicTNTHb, Z0HMmb log|lz] DBRE i1 a=1.8, b=1
BOEEL U THRICERT 2 2 LTS 3. 2 a=1.06, b=1
Fl2 Cassini OB 3 a=1.02% p=1
C: |22—t%|=a® (a>b) 4 ai=2(14072, bi="7, az=2, b=1
logE:
0
— 1 —
Symm
— 2 —
2
— 3 —
Hough & Papamichael
— 4 —
(0)0) (0’1) (XC,VC) (a,O)

B2 FAOBBHLHEEGOEE HNAMER, ¢=2.5, N=64)
Fig. 2 Error diagram of the numerical mapping of an exterior elliptic domain (z—z.)/a?
+(y—ye)*>1. The point (z¢,y:) moves on the two axes of symmetry.

logEn
0

-X- ® A

S -0- £ X
-A- HOA

Symm s
- 2 | ymm
T3 = 2 o A )

-4 - Hough & Papamichael

(0,0) (0,1/2) (Xc,¥e) (a’/2,0)
Fl 3 FEROBEEREEROBE (M2 EEkER, ¢=2.5, N=64)

Fig. 3 Error diagram of the numerical mapping of a doubly-connected elliptic domain
(x—zclfa* +(y—ye)'<l, (z—zc)fa*+(y—ye)*>(1/2)2. The point (zc,yc) moves on
the two axes of symmetry.
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WIER LSRRI 1 ~ 3, 2EFEEMBHERLI~4%
HET S, 2EEBEERI~3 TR ai=e, b=},
ar=a1f2, be=b1[2 TP 5. WHEROBEITRIZ

f1(z)=az/(b*2?+a*—b*)\/?,
SNEEIROBITIRIL
Se(2)=(22—b%)"*a,
r=a,
2 BRI OB, (art—brY)/bi%= (2! —b2*)[b2?
DEE,
folz)=aiz/(bi*2?+ a1t —br*)\ /2,
1= aibs/azb1
ThbH, ERANZOHTH 5.

BROSEIRO LSS, Tbb, BECE
wZ(a)EX, i3, (b)RATEHRICIES XD,
2N fHD A

(a) Iz»——m—ll‘—‘.IIZNSC |dz!,

z1=((a%+ 5?12, 0),
(b) =zr=(Recosbi, Rersinbs),
Ri= {b? cos 20:+ (b* cos? 26

* 3 HUEBBORE (Cassini iR, N=64)
Table 3 Errors of the numerical mapping of
Cassini's oval domains obtained by the
formulations of Symm (1966, 1967, 1969)
and Hough & Papamichael (1983).

Hough & Papamichael Symm

E ¥ "R A E g " A

1 4.6E—4 3.9E—4
A2 Ef Eil H 1.0E—2 3.3E-3
3 7.0E—-2 8.1E-3

1 2.5E—-4 2.4E—-4 4 5E—4 4,5E—4
A2 Ef| 1.1E—3 1.3E-3 1.0E—-2 3.0E-3
3 1.5E—-3 2,9E -3 7.0E—-2 7.6E-3

1 1.7E—4 1.2E-4 1.7E—-4 1,2E -4
22 En| 1.TE~3 7.TE—4 6.2E—-3 7.7E~4
3 6.8E-3 1.3E-2 6.1E~1 1.3E-2

4 Ef| 8.8E—3 3.0E-3 8.8E—~3 3.0E -3

x4 BRIMRONPLEORE (Cassini OB, N=64)
Table 4 Errors of the capacity and the inner radius of the annulus
corresponding to Table 3, together with their exact values.
The values* are obtained with N=128 intervals.

+a4,__b4)1/2} 1/2,
Or=n(k—1)/N, k=1,---,2N
=D, HEEEOD 22, 22 ZRXE 1,

J=k+1)2 OIE zi-12 zite EL,
BHEEHO z» #HHES 25, j=k2 & 3

LTRET 3. BEOHENOREIREH
(y#h) fE (@<2V% D&%, BED
&) TS B, 3

Hough & Papamichael Symm
. 7o
E 3 " A E 2 B A
1 ~1.7E—~4 -1.8E-—-4| —-1.6E—5 —-2.3E-5]| 1.8
42 Er | -1.3E~4 —1.8E—4| —1.6E—4 —1.6E—4| 1.06
—1.3E—4 —-2.1E—~4| —-3.6E—4 —27TE—4| 1.02/
1 4.8E—-5 4.9E--5 2.6E—5 2.6E-—5| 0.514948*
2®2 Eu| 2.3E-5 1.0E —4 9.3E-5 1.0E—4 | 0.71480*
1.8E —4 1.7E -3 1.2E-3 1.8E —3| 0.8629*
4 Em 1.3E—4 —9.4E:-5 1.9E—4 —4.4E-5| (2/T)/*

EIUCBEERDBREL, FTLICHK

FEROBRR L 2EEEFROPBRONE
MEZOBWEART. Symm OERALTIREAICEOM
HTEICRBRAL X BB TROVBEREShTY
%, i, 2EEHEER4OBAE, BERMET
HANMIOBR ETHRKREERIR>TN 5.
E30HEERICEAL TR, WTFhoBEdicd
Hough & Papamichael O ER{bIC & 55HEBEIZ
Symm OFERLICK 5 HERE LRSSz N
PUEThs. coBEOMLIZ, 4% (a), (b)DJHE
T, HOBEOMADKEZERTELL. B40%
B I CHBORSBYERE M cBL TR, BESMHE
DEAIIT Symm DEXLOWEHITEL, BEIY
i3 % & Hough & Papamichael OERILOKEE
BELIE, HWHOBA LRI, AREROT~NT
DBEIC Eogr<(BL DIFA, ) Er 13 5%,

2 EBEEROD T N T OBEEIC En(E DA,
L) E. R4 TIE E;) B5EBHRILTH 3.

5.2 KABHEEOLE:

TEOBRSFEREOHERLE LR UMEICHER X
NICRAEMEOHERERY 2 BT 3.

(1) BEEHBOKE ICE T 5 Hough & Papa-
michael DERILD Symm OERIbICH T 2EAH:
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KA1z g B EABOBEA L LD ENE
shic.

(2) BOFEALOBERONE LREAEREORH
HEOEBRHAOKEICKESEEL TS, Lk
¥oT, BROBFHH LHEAOHBEEZIVTH
DR ECHILFET IMRRETH 3. 0L > 7sHE
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b, BEROETHEENCK L THREL Hough & Papa-
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6. 5 b b [T

MIEEABERICET 58 18 Fredholm DS
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& Papamichael® D ER{LE LKL 7. Z DR,
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EEROBEELCBEO TS, Symm OERL X E
NTHWAZEnbhot. TR ETIKD, Hough &
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fefEIsh Tk, UL, EEoREIZEEOHRIC
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BABEET 20EMICEKEL V. BESATRO
HEEUTELIHE 1E Fredholm TS HENE
D2 DDERIOBIC D& S IBOBELET B &
REETHA.
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koT, AEREOHNLET 2BALETT2HELEMN
bote. UhL, BEEROBEORKEEZER O
HEETHETEZ LV IEKRTE, ThoBER
WIThoOBA&S+AETH 5.

g2 £ X #

1) Symm, G.T.: An Integral Equation Method
in Conformal Mapping, Numer. Math., Vol. 9,
pp. 250-258 (1966).

2) Symm, G.T.: Numerical Mapping of Exterior
Domains, Numer. Math., Vol. 10, pp. 437-445
(1967).

3) Symm, G.T.: Conformal Mapping of Doubly-
Connected Domains, Numer. Math., Vol. 13,
pp. 448-457 (1969).

4) Gaier, D. : Integralgleichungen erster Art und
konforme Abbildung, Math. Z., Vol. 147, pp.
113-129 (1976).

5) Gaier, D.: Das Logarithmische Potential und
die konforme Abbildung mehrfach zusammen-
hingender Gebiete, E. B. Christoffel, The In-
Suence of His Work on Mathematics and the
Physical Sciences (Butzer, P.L. and Fehér, F.
eds.), pp. 290-303, Birkhiuser, Basel (1981).

6) Hayes, J.K., Kahaner, D. K. and Kellner, R.
G.: An Improved Method for Numerical Con-
formal Mapping, Math. Comput., Vol. 26, No.
118, pp. 327-334 (1972).

7) Hough, D. M. and Papamichael, N.: The Use
of Splines and Singular Functions in an Inte-
gral Equation Method for Conformal Mapping,
Numer. Math., Vol. 37, pp. 133-147 (1981).

8) Hough, D. M. and Papamichael, N.: An Inte-
gral Equation Method for the Numerical Con-
formal Mapping of Interior, Exterior and Dou-
bly-Connected Domains, Numer. Math., Vol.
41, pp. 287-307 (1983).

9) Henrici, P.: Fast Fourier Methods in Com-
putational Complex Analysis, STAM Rev., Vol.
21, No. 4, pp. 481-527 (1979).

10) Berrut, J.-P.: A Fredholm Integral Equation
of the Second Kind for Conformal Mapping, J.
Comput. Appl. Math., Vol. 14, No. 1 & 2, pp.
99-110 (1986).

11) Reichel, L.: A Fast Method for Solving Cer-
tain Integral Equations of the First Kind with



Vol. 35 No. 2 HEZEAEHOH» D Symm & Hough & Papamichael o &R 4Ld 8k 323

Application to Conformal Mapping, J. Com-
put. Appl. Math., Vol. 14, No. 1 & 2, pp. 125-
142, 1986.

12) Gaier, D.: Konstruktive Methoden der kon-
formen Abbildung, p. 294, Springer-Verlag,
Berlin (1964).

13) Henrici, P. : Applied and Computational
Complex Analysis, Vol. 3, pp. 823-570, John
Wiley & Sons, New York (1986).

14) Trefethen, L.N. (ed.) : Numerical Confor-
mal Mapping, 269 pp., North-Holland, Am-
sterdam (1986) ; reprinted from J. Comput.
Appl. Math., Vol. 14, No. 1 & 2 (1986).

15) RE E: RABERHRCE TS SAEGROMIE
FHEE, HRAEFEARIGE Vol 28, No. 7,
pp. 697-704 (1087).

16) KEF E: UHERRCES S AREHERD
BUERHSE, WHLERARIGE, Vol. 29, No.
1, pp. 62-72 (1988).

17) X¥ 2 RASEHERCE S 2ENEERS
ABROEEEE, BHRLESESHE, Vol
29, No. 10, pp. 914-924 (1988).

18) Amano, K.: A Charge Simulation Method for
the Numerical Conformal Mapping of Interior,

Exterior and Doubly-Connected Domains, J.
Comput. Appl. Math. (to appear).

19) XY ZE: REBEWHEIC L 2 BEEAERDK
HD 2 D20FER[DO R #BF).

20) R¥ E, HF F: HESABRICBT 3K
BN EBOFERNEOLE, BHnEYLas
33k, Vol 33, No. 4, pp. 428-437 (1992).

(EER 54 7 H 19 HEA)
(E5k 5 4F 10 A 14 HiRe)

& E (FLR)

1948 &A=, 1971 E AP RFT Y
WMEFL¥EREE 1978 £LiE
RERERTEHANER T EER
EEEeT. I2Et RAElE
BREFRBHER Y 2 —BF. B
EEBERFTENERTENEBEE. MESFRIKE
AT EROERE R, BCREEREIT S o — R
% BHLEYALN 0 HELSR CHZHE BA
s, BASARERS ETEHREERES BX
DEZS, ACM £4H.




