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K, - factorization algorithm of
1G—1 symmetric complete tripartite digraphs

Kazuhiko Ushio

" Let K3, p, n, denote the symmetric complete tripartite digraph with partite sets V1, Vs, V3 of n1, ng, ng
vertices each, and let K, 9, denote the evenly partite directed bigraph from p start-vertices to 2q end-
vertices such that the start-vertices are in V; and ¢ end-vertices are in V; and ¢ end-vertices are in Vj
with {i, 7, k} = {1,2,3}. A spanning subgraph F'of K}, . .. is called a Ky s, - factor if each component
of Fis Kpog. If K}, ng is expressed as an arc-disjoint sum of Kp,gq - factors, then this sum is called
a Kpaq - factorization of K .. ..

Theorem 1. If K . ,, hasa Kp9q - factorization, then (1) ny = ng = ng = 0 (mod p) for p = ¢,

(i) n; = ng = ng = 0 (mod dp'q/(p' +2¢)) for p # ¢ and p’ odd, (ili) n1 = ng = nz = 0 (mod

dp'q (¢ +2¢')/2) for p # g and p’ even, where (p,q) =d, p=dp', g =d¢, (¢/,¢) = 1.

Theorem 2. If K, , , has a Kp,2q - factorization, then K3, , o, has a Kp g, - factorization.

Theorem 3. When n =0 (mod p), K, , , hasa Ky 9p - factorization.

Proof.(Algorithm 1) Put n = sp. When s = 1, let Vi = {1,2,..,p}, Va = {1,2/,..,¢}, and
Va = {17,2",...,p"}. Construct Kpop - factors Iy = (V1; V2, Va), Iy = (Vo3 V1, V3), F3 = (Va; V1, Va).
Then they comprise a Kj g - factorization of Ky . Applying Theorem 2, K o hasa K,9p - factor-
ization.

Theorem 4. Let (p,q) =d, p=dp, g =d¢, (¢/,¢) =1 for p # q. When n =0 (mod dp'q'(p/ +2¢"))
and p’ odd, Ky ,, , hasa K, 94 - factorization.

Proof.(Algorithm 2) Put n = sdp'qd(p +2¢') and N = dp/q'(p) +2¢'). When s = 1, let V} =
{1,2,..,N}, Vo = {1',2,.., N'}, and V3 = {1”,2",.., N"}. Construct (p’ +2¢")? K94 - factors Fy;
(i=1,2,...,p +2¢;5=12,...p +2¢) as following:

Fi={{((A+ 1, A+p;(B+f+1,.,B+f+q,(C+g+1,.,C+g+q)

(A+p+1, .. A+2p;(B+ f4+q+1,..,B+ f+ 20),(C+g+q+1,...,C+g+2q))

(A+@d —Vp+ 1, A+ Pgdpi(B+ f+@d ~ g+ 1, B+ [+, (C+g+Fqd - g+
1,..C+g+pdq)

(B+1,...B+p)s(C+f+1,.,C+f+q,(A+g+1,.,A+g+q)

(B+p+1,.,B+2p);(C+ f+q+1,..,C+ [+29),(A+g+q+1.,A+g+2q)

(B+@q¢d-Dp+1,.,B+pdpi(C+f+ ¢ -1)g+1,.,C+ f+Pdq,(A+g+ ¢ —1)g+
L., A+g+pdq)

(C+ 1, C+p(A+f+1, . A+ f+,B+g+ 1., B+g+q)

(C+p+1, ., C+2i(A+ f+q+ L.y At f+29),(B+g+q+1,.., B+g+2q)

(C+@qd —p+1,.,C+pdpi(A+ f+ @ - Vg+1,.. A+ f+Pd9,(B+g+@d ~1)g+
1) ) B+ g =+ p,qIQ)) })

where f = pldp'q, g = (' +¢)dp'q/, A= (i — )dp'¢, B = (j~1)dp'¢, C = (i +j—2)dp'q, and the
additions are taken modulo N with residues 1,2, ..., N, and (A + z), (B + z), (C + z) means (A + z),
(B + z), (C + )", respectively. Then they comprise a Kp g, - factorization of Ky y . Applying
Theorem 2, K3, , , has a Kp o, - factorization.
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Theorem 5. Let (p,q) =d, p=dp’, ¢g=d¢, (¢, ¢) =1 for p# q. When n =0 (mod dp'¢'(p' +2¢')/2)
and p’ even, K, . . has a K94 - factorization.

Proof.(Algorithm 8) Put n = sdp/q'(p/ + 2¢')/2 and N = dp'q'(p + 2¢')/2. When s = 1, let
Vi={1,2,..,N}, Vo ={1,2',..,N'}, and V3 = {1”,2", ..., N"}. Construct (p/ + 2¢')%/2 K2, - factors
FZ»(J-U, Fz-(f) (=12, +2¢)/27=1,2,...,(p/ +2¢')/2) as following;

FP= L (A4 1, A+ p)i(B+ f+ 1,0 B+ [+ (CHg+1,.;C g +q)) )
(A+p+1,.,A+2p)(B+ f+q+1,.,B+[+29,(C+g+q+1,..,C+g+29)

(A+(p'q /2= V)p+1,.., A+ (' /2)p)(B+ f+(Pq /2= g+ 1, ... B+ f+ (¢ /2)9),(C+g+ (P ¢ /2~
Dg+1,..,C+g+('q/2)9)

(B+1,..,B+pi(CH+f+1,..,C+ f+q,(A+g+1,..., A+ g+q)
(B+p+1,..B+2p);(C+ f4+g+1,.,C+ f+29),(A+g+qg+1,.,A+g+2q))
(B+q/2—Dp+1,..., B+(P'q/2)p);(C+ f+®'q/2-1)q+1,...,C+ f+ ¢ /2)),(A+g+ (v'q /2 -
Dg+1,....A+g+(p'q/2)q))

(C+1,.,C+pi(A+F+1, A+ f+q),(B+g+1,..,B+g+q)

(CH+p+1,., C+2p)(A+ f+qg+ 1, A+ f+2¢),(B+g+qg+1,..,B+g+2q)

(CH+Pd /2= p+1,..,C+ (¢ /2)p)i(A+ f+ (¢ /2= Vg +1,.., A+ f+ (0 d /2)q),(B+g+ (¢ /2~
Dg+1,...,B+g+@d/2)9) },

FO= { (A1, A4 pi(CH+ f+ 1,0, Ct [+ @) (B+g+1,., B+g+0))

(A+p+1,., A+20);(C+ f4+q+1,.,C+ F+2¢),(B+g+qg+1,.,B+g+2q)

(A+(d/2=Dp+1,..., A+ (p'd /2)p)i(C+ F+('d /2= 1)g+1, ..., C+ f+('q /2)q),(B+g-+(Pd /2
Dg+1,...,B+g+('q/2)q)

(B+1,. . B+phi(A+f+1L, . A+ f+q,(C+g+1,.,C+g+4q)

(B+p+1,. ,B+2p)(A+f+qg+1,. , A+ [+29),(C+g+qg+1,...,C+g+2q)
(B+('d/2-1)p+1, ... B+('q/2)p)i(A+ [+ @'q/2-1)g+1, ..., A+ f+(Pq/2)q)(C+g+ (P /2—
Dg+1,..,.C+g+('q/2)q9)

(CH+L..,C+ph(B+f+1.. B+ f+q,(A+g+1 ., A+g+q)
(CH+p+1,.,CH+2p)i(B+f+g+1,.,B+f+2q),(A+g+q+1,...,A+g+2q))

(C+ /2= p+1,...C+ (' /2)p)i(B+ [+ @'¢ /12— g+ 1, ..., B+ f+(0'q /2)q),(A+g+(p'd /2
Dg+1,.,A+g+d/2)9) },

where [ = (p'/2)dp'q, g = (¢ + ¢')/2)dp/q, A = (i = D)dp'¢', B=(j—Ddp'¢, C = (i+j—2)dp'q,
and the additions are taken modulo N with residues 1,2, ..., N, and (A + z), (B + z), (C + 7) means
(A+z), (B+a), (C+x)", respectively. Then they comprise a Kp g, - factorization of K3 n - Applying
Theorem 2, K, ,, ,, has a K9, - factorization.
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