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An Adaptive Restarting Procedure
for Pseudo-Residual Methods

TAKATOSHI INADUt and TAKASHI NODERA'

This paper is concerned with PRES (pseudo-residual) methods, one of the iterative methods
for solving large and sparse nonsymmetric linear systems of equations. The main variants of
PRES methods are exact, restarted, truncated, and combined methods. Unfortunately, in
the exact methods, the storage requirements and the computational work increase with the
iteration. The restarted and truncated methods also have the unstable convergence in some
practical problems. It is generally to say that the combined methods can not breakdown, it
is stable, because these procedures based on the restarting process of the truncated methods.
However, the combined methods that restart periodically represent bad convergence behavior
in some case. The possibility of the restarting technique may be exploited to develop efficient
algorithm and to enhance robustness. In this paper, we propose the new combined algorithm,
which is called the adaptive combined PRES method, to monitor the convergence behavior
of residual. This adaptive procedure is attractive because it only has the restarting process.
At last, we present some numerical experiments to illustrate the above fact using the parallel
computer AP1000.
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(1) choose an arbitrary zo,
compute 7o = Azg — b,
P: right-hand preconditioner.
(2) fork=0,1,2--.
compute zxy1 and 7,4 so that
Tk4+1 € To + Ky (PA, Prb),
Tk+1 = ATk — b,
with
r{+1Zrk+1_,-=0('i=l,~--,ak), (2.1)
where Z is an auxiliary, regular
matrix, or with
Iresallz =
min | Be+1(AP,ok)||z, (2.2)
Hidl—oy s bk

where
Bi+1 (AP ox) =
o)
Thktl—o) +z Me+1-i APTg 14,
=1
if residual norm converges, es-
cape the loop.

endfor

1 BARYEEOT LT XL
Fig. 1 Algorithm of GCG Method.

% %. Hestenes & Stiefel') |2 X > TH% XN 7 CG
# (Conjugate Gradient Method, $t#%aK2i: L & IF
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ELTWBDT, CGENEZ K EMHITH Z~IL
i L 72 GCG £ %8119 (Generalized Conjugate
Gradient Method, —#3tXAELEE HIFIENB) 2
AR s,

PRES EI3BUEE TICRE S W84 % GCG #D
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YarpEZONL, S TIREAEETDbAE V3
¥ D PRES 0%/ L LADINEM T 2 BEE
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CHET S, 22T, LWERELIGEEEBO NS
BICH %) A Y — MEEE BV H LV PRES #%
RET 2.

2. PRES %
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&) OFD1 207 VT) XL THS. L-T, PRES
EDFMIIDOVTRNBRL, GCGEIIPWTEL B,
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Table 1 Family of GCG Methods.
7N T) XL (algorithm) Ok
RE# R (exact method) k+1
HHE R (restarted method) (k mod ores) + 1
$TUI (truncated method) min(k + 1, omax)
# 7B (combined method) — k)
(F) YA H 2B THINRET 2 ik OT, &2
TlL on IMFETE LW,

2.1 GCG ENEREIE

H1TERERSNBT7LVIT) L%, GCCHEEWVS.
#E, or 1 GCG HEDF — ¥ LT, op DBRUF
LY GCGHERR1DED ICHHETE S,

BRSBTS E P L LT, A= AP L+ 2k,

Tk+1 € Kk+1 (A,To) (2.3)

£%%. 727U, Kiy1(A,10) = Span (ro, Aro,
Alrg, -, A ) A2 O TBAEBET D, Lo
T, GCG itz ) u7BSZEMEYOVESTH S
ZENTRBDT, i riyr L 8E eryr IRRD
B RNE 2 %

k+1
Thk41 = H (A)‘I‘o
1
k+1
= Zoi_k+1 A To + To (2.4)
i=1
k41
ks1 = H (PA)eo
1
k+1
= Z Oik+1 (PA)'eo + e (2.5)
=1
IAYAR DS
k+1 k+1
H(A) = Zai,kﬂA’ +1 (2.6)
1 =1

ThY, BB Okt (i=1,--  k+1) 3EEO@EE
EBbnkT 5,

2.2 PRES ZNEH 98

R2 TEHREINET7VT) XL% PRES & 15,
#H, or X PRESENA -7 EEN 2. R (2.7)
BRURED Z-7 V4 |feslz DERETRANC
R2E VM aip XEDTVEDT, ZOHERE
PHAEEEWEN S, 72750, Z il 4% FEild
BATSITH D, ([Fesally = 7L, 27k EF %, SO
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(2.1) L[FAfETHS. £ -T, PRES #id GCG D
NNI—=2 a3 D0EDTHh5,
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(1) choose an arbitrary zo,
compute ro = Azg — b,
Z: an auxiliary symmetric,
positive definite matrix.
(2) fork=0,1,2,---
Py: right-hand preconditioner
di = Peric s
Thy1—iZ Ady

—_— 2.7
Tg+1—izrk+1—i @7

@ik = —

for i=1,---,0k,

ok
Trt1 = Ade + E Q5 kTh+1—i »

=1
(Fr+1 : pseudo-residual)

Thtl = PkTh+1 ,

ok
Tet1 = ¢k (di + Zai,kﬂ?k+l—i)a
i=1
if ||k +1]|z converges, escape the
loop.
endfor

B2 BELUREEOTALTY XL
Fig. 2 Algorithm of PRES Method.
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Table 2 Family of PRES Methods.

7L T X4 (algorithm) ok Z Py
ORTHORES-E k+1 I I
ORTHORES-R (0res) (kmod ores) +1 I 1
ORTHORES-T (0max) min(k + 1, omax) I 1
ORTHORES-C (0max, Ores) — 11
ATPRES (CGNE) 2 I AT

IMELTWBDT, EOBRENY MV reqr & Z-7
VLI DOWTBRMEER B Z Eidkv., Tit, ERHE
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lIrksilly i1 = ria ZA7 [[(A)ro (28)
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=770,

k+1 k+1
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BT A, 8511, A * EEBIHITIET S E,
ROAER (2.10) AL H L2,

|27 Ay| < |l=lla llylla (2.10)
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ENGh L.
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E¥HE,
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k+1
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1

= min (2.12)
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2.2.2 ORTHORES-R (0..)

ZOTNTY) Xui, GRHETREY LLVEE K
ThHbD. o IIBK 0res THY, 0res BT EITFREN
MV &

Tha1 = AZpyp1 — b (2.13)
WEoTEEL, k41 EF-RMEUBN2 b,
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EDHDB, ZOEL ) AT — b (restart, BERE)”
EMEA. Lo, BHEBREOTRIILV L, FHEIZL
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2.2.3 ORTHORES-T (0,.,)

ZOTNT) XL, FRELEE L2 WTYRT
HbH. ok EBEK Omax THY, k> Omax — 1 1B
WTEHD omax BDOFRENRY MU F - R KRAEN
7 MV iy OFBIZHWONS, SHEILEL AT
VEIIDZVA, FORE, BRERD LI n @O
RETYOR S R 2. F7, SHEBREZOEHRA
S 5REMOBE . ITUMIZEHERE R LD,
k> Omax — 1 IIBWVTORII gnax KDFRENY b
NERBWT ||[fenllz ZBRMELTVEDT, EEXR
RERB YR ST, BHEBRE Y REE DS
LRV ENS .

2.2.4 ORTHORES-C (O naxs Ores)

ZOTNITY XLit, ORTHORES-T (0max) %
Ores AT LIZ) A= T BEEROVEDTH Y,
Weiss 2) (21361 & LT PRES20 A iFohTwa,
PRES20 1, 0max =5, 0res = 20 & LT, PRES it
WAL=T 7DD @A LTHBONLEENY b
SleRBL, RELEDLHETHA.

B AED 13, RARRASFTEIRR O E LM (D
Z, BHREROEREOEROAL L SEHREE LT
ZITHMCBVYWHETHLIER2R L. #2T, #1d
DEEERIBVT, Faf- BEFY CRESNBE
VL EE L 72N % 7R3 ORTHORES-C (5,50)
OMEIZD>VWTHRET S, LA L, ORTHORES-C
(Tmax, Ores) W AIRDETIHRARD L) RRES L HFE
T5.

2.3 ORTHORES-C (O paxy Ores) DRIES

ORTHORES-C (0max, Ores) 1 res M]T &Y A 5
— FFBDT, ores DBV HIZL ) BOUEMZ RT3
ahh5H (£8k 3.1, 3.2 B8). Z 1, ORTHORES-
C (Omax; Ores) DITYREE BV T L WIEM % R
LTVWABHETY, ores BIDOBRITHEIRIIZ) X 5 —
FERETAIELDNEREALNS., LT, TR
HFOINKUENEL 2oL RN ) A5 — T 5,
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BICH L EERPVLEL R D,

AT, CoOBCHE) RS~ FETI)EEGR
% ORTHORES-AC (0max) (Adaptive Combined
Method, @K 2 EM) IRV, ROBETH %
VAT —bIDIAL I TIZDOWTIRET 3.

3. ORTHORES-AC (0 max)

ORTHORES-T (0max) 280 :&E L, —EDO&MH
WMo SNIHEIZ) A — b AELEL L PRES
#%, ORTHORES-AC (0max) £ EIZT 2. B
LWVBIEH) %) 2% — MEEEZRET S8, Hr %k
PRES iEZOME A AL 70, KO L) nBEERY
1ot 1220, 3 XRTCOBIEERTII Z =P =1
L7 ¢
ME 1 (2 RcARENS HRXOHFEME)

AR Q = [0,1] x [0,1] (2B1F 5 2 RTkEMR
iy RN 7 1) 7 LIERAMHME

Uz + Uyy + AUz + buy = f(z,y)

u(z,y)|pq =0

N LTENHEY

u(z,y)=z(1-z)y(l~y)
EREL, ARERET A, 125U, a, b IIEBE
HThh, IhonfErZbaes I L CHEITH
ADBITHZ Ll d. ZOHFBRE 5 2
TERHCTHEBILL, BEEREYT-72. Ay aid
256 x 256 DEMBIE T AV, BFA~OFSHHT
BESEFL*HV2b0LT 5,
ME2 (7o 7xdmF5)

2 x 2 D/MTE) A %

Aj — ’\fe‘j ’\im,j
_)‘im,j )‘re.J
&L, REATEH A %

Ay

Ao
A= € R2mx2m

Am

5. COTH A OBREHI, j=1, -, m it
LT
Aj1 = Are,j +1 ’\im,ja Aj2 = Are,j — 1 ’\im,j

A ZHIIHL, B MVE L =(,---,1)T
LT, HlERET S, 22720, ey BE Nim
3HLEH Are BLU A (CR) ATT > ¥ Al
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EHEERTIE, PRES OMBEUME T L L,
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M3 AP1000 2L 2 PRES 055/ L 4 ||r 41/ liroll OUUAEsPE (HE 1)
Table 3 Convergence property of residual norms lirk+11l/llroll for the PRES
Methods using AP1000 (Problem 1).
ER 3.1 ‘£% 3.3
3 T (5) R (5) C (5,50) AC (5)
a b B KB LT 10 FE-I0E R o KGN MR R B KA iR b
3 50 — 2R — le-11 600 124.5 1140 22 119.2 1085 11
30 5 — Te+01 — le-03 600 175.8 1611 32 157.6 1433 9
3 500 59.6 537 47.7 491 98 53.4 487 9 56.0 511 7
300 5 64.7 584 48.5 499 99 57.0 520 10 60.0 547 6
3 5000 54.0 487 — R - 64.8 591 11 62.1 570 13
3000 5 50.2 453 89.5 919 183 54.8 499 9 52.3 482 13
3 5 — 3e-01 — 7e-01 600 — 2e-10 60 2786.8 2500 4
30 50 158.0 1423 — Ge-12 600 129.0 1177 23 117.0 1071 20
300 500 61.0 550 53.3 548 109 60.5 552 11 59.0 557 33
3000 5000 78.8 711 — E10d - 79.8 726 14 88.8 814 16

(EY 3000 WIARITUK L et 22 b DI L T3, KGRI OMI AR A/ b L Oftik il 172,

®3 PRES LK/ VA ||rigall/ liroll OIAT B4k -
(H1# 1: o = 30, b= 50}
Fig. 3 Convergence behavior of residual norms
[Irx41l / llToll v.s. computational time for various
PRES Methods (Problem 1: a = 30, b = 50).

A VL OWPEEN %
lreill <y g x 1072
liroll  ~

FLT, 64 BOE M EFHOLFIFHES AP1000 (B
+8) FAVUERESERITo 2. BRARERKIR
3000 @l & LT, 3000 MIOKETINRLELLho7
FANTY) XLIZOWTIE, BEERERLTTROK
BEEOMIZ |Irsoooll/l|rol] PDIEZELEALT:. ZO5
&, 72k 212 “6e-03” 13 6 x 107 2RTY.

Fro, @YY ARY— P EEEXEZ LD, ERE
KBTS ¢ B aup ODEZEBRAL .

£§£3.1 LWALWALPRESZE (ME1)

RHEE 1 12D\ C, a,b DIEXRIL S, BHER, 1Y)
Wi, 4O 320 PRESEXFIA L THE KDL, 2
OYHEEBROERYTRSIITT. 72, a =30, b=50
Y a=30,b=5DPEDHEE/) N LDOIEKT BT
2E3 LE4 IIET. CRODEE2S, BHER
TR E DN R EARARETH D I EDTN 5.
FrACH L&A, BELIGEHZRL TV 5.
% 3.2 LWALA5%4 PRES & (1 2)

PHEE 2 (2 DWW T, m = 2048, Are = {1.0}, Ajm =

i .
S0 00 100,00 150.00 » 00 250,00

B4 PRESiLO§%%E 7 LA |regll / liroll OUET 58k §
(M%(1: a =30, b=15)
Fig. 4 Convergence behavior of residual norms
firc+11l / llroll v.s. computational time for various
PRES Methods (Problem 1: a = 30, b = 5).

M4 PRESEOKRAE VL ||repr l/lImoll OUEHEE (F& 2)

Table 4 Convergence property of residual norms
lrxs1ll/llroll for the PRES Methods using
AP1000 (Problem 2).

KB% 3.2 ¥ 34
ORTHORES- | T(5) R (5) C(550) | AC(5)
Bsr () 40.0 — — 39.9
B ] 2K 2438  RH 6 x 10”8 2429
MR 0 — — 1

(1) 3000 MIBAWNTULH L 2 A - 20 b DIZBI L T,
WAL SR DI R R N /b L DA R BB L 7e.

[-100,100] ¥ LT, BHEW, TUMR, HEHRD 3
5® PRES T2 HVWTRERD, BEEROER
%412, BRE/NVLOIET 24T ER 5 (IR
COMEERNEE, TR D BVWIGREZRL
TWh, AW, V) AY— A T BT, 7
PR D BVIGERE RLTWS. 20X ) REINFHF
ET22Eh0, BELXVAI— DIA I TER
ETHIENWEELFRA L Vb,

X3, 4, @559, ORTHORES-T (0max) P4X
FHMICEALTROFHEEZLTHIENTE S,

F18 3.1 ORTHORES-T (0max) {3, Omax H
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B®E ¢k & ook OBEIEOR (B8 1: o =30, b =5, ORTHORES-T (5))
Table 5 Observation of ¢ and o, (Problem 1: ¢ = 30, b = 5, ORTHORES-T (5))-

k Px aj ag az.k g as i I +11l/Hmoll

0 —1.7610e+02 —~5.7e—03 +0.0e+00 +0.0e+00 +0.0e+00 +0.0e+00 6.63e+00

1 —3.9042e+00 —5.0e—01 +2.4e—-01 +0.0e+00 +0.0e+00 +0.0e+00 6.57e+00

2 —3.8950e+00 —5.0e—01 +2.4e-01 —2.0e—04 +0.0e+00 +0.0e+00 6.54e+00

3 —3.8867e+400 —5.0e—01 +2.4e—01 —1.3e-05 —2.3e—04 +0.0e+00 6.53e+00

4 —3.8792e+00 —5.0e—-01 +2.4e—01 —6.5e—06 —1.1e—-05 —2.5e—04 6.53e+00

5 —3.8764e+00 —5.0e—01 +2.4e—-01 +3.2e—07 —3.3e—06 —1.1e-05 6.56e+00

6 —3.8737e400 —5.0e—01 +2.4e—-01 +6.5e—06 +4.2e—06 —3.3e—06 6.62e+00

7 —3.8593e+00 —5.0e—-01 +2.4e—01 +8.1e—-06 +1.2¢e—05 +3.7¢-06 6.72e+400

8 —3.6211e+400 —5.2e—01 +2.5e—01 —6.8¢—05 +3.3e—-05 +7.1e—06 7.47e400

9 —1.9648e+00 —8.3e—01 +3.2¢—-01 —1.7e—-03 +3.6e—04 —5.2e—05 8.77e+00

10 —1.8235e+00 —1.2e+00 +6.9e-01 —1.4e—-02 +2.8¢—03 —5.3e—04 7.33e+00

180  —1.9207e+00 | —1.0e+00 +4.8e—01 +1.8e~05 —3.6e—03 —1.5¢—03 2.66e+00

181 —1.9199e+00 —1.0e+00 +4.8e—01 —1.0e—-04 —3.5e—03 —1.3e—03 2.66e+00

182 —1.9214e+400 —1.0e+00 +4.8e—01 +6.0e—06 —3.6e—03 —1.5e—03 2.64e+400

183 —1.9192e+00 —1.0e+00 +4.8e—01 —8.8¢e—05 —-3.5e—-03 —1.3¢—-03 2.64e+00

184 —1.9221e+400 —1.0e+00 +4.8e—01 —5.9e—06 —3.6e—03 —1.5¢-03 2.62e+00
(pr DELRE)

448 —2.2416e+00 —1.0e+00 +5.5e—01 +9.1e—03 +2.5¢e—02 +7.5e—-03 1.05e+00

449 —2.9277e+00 —9.5e—-01 +5.7e—01 +9.0e—03 +2.4e—02 +2.4e—-03 1.62e+00

450 —5.6842e+400 —1.0e+00 +7.8e—01 +1.9e-02 +3.8e—02 +3.1e—03 4.40e+00

451 +3.1549e+400 —1.1e+400 +1.2e+400 +2.8e—02 +8.6e—02 +2.2e—-02 7.06e+00
(LD ¢)

452  —-5.3886e—01 | —9.5e—01 —7.8e—01 —24e—02 —9.5e—02 —7.5e—03 2.03e400

453  —1.1319e+00 | —1.0e+00 +1.5e—01 —4.5e—03 —2.1e—02 —5.0e—05 1.11e+00

454 —1.2606e+00 —1.0e+400 +2.5e—01 +1.0e—03 —4.3e—03 —1.5e—03 7.18e—01

e wews | T 3.3 ORTHORES-T (0max) i&, ¢ B X

ACERTCS Y

000 10.00 20.00 10.00 30,00 S0.00

5 PRESILORAE/ VL |[rigill / liroll DULKT 245 1
(H&2)
Fig. 5 Convergence behavior of residual norms

Hre+1]l / llroll v.s. computational time for various
PRES Methods (Problem 2).
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L aip BHLEIZEDWTRETHE, BE /LA
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INSLDOFEE L L2, ORTHORES-AC (0max)
DTNIT)ZILERT DOXHIERRT L. M7 I05R
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(1) set initial ||rmin|| = ||7ol|
(2) do ORTHORES-T (0max)
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(Truncated Method Part)
(3) minres_updated = FALSE
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minres_updated = TRUE
endif
endfor
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else
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endif
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